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Summary. — Ler and YANG have shown that from the assumption that 
the approximate equality of masses of the +- and 6-mesons follows from 
a symmetry principle it follows that particles of odd strangeness exist 
in parity doublets. It could be possible to observe in some cases inter- 
ferences between amplitudes relative to the two components of doublets. 
It can be shown, for example, that the angular correlation in the cascade 
B= Ar, AO > pr is given by 


F(cos 0) = exp [— 4,t] F (cos 6) + exp [— At] F_(cos 0) + 
+ exp [— 4(A; + A_)t] cos m, — v_)t F' (cos 0) 


where A,, A_, and »,, v_ are the inverse lifetimes and masses of IN 
respectively, F}(cos 0) and F_(cos 0) are symmetric for 0 — x — 0, while 
F'(cos 0) is antisymmetric; {is the time the AP has lived. The oscillatory 
interference term will be observable only if the mass difference is ~ 10° eV 
or smaller. If the electromagnetic interaction is minimal only the weak 
interactions can contribute to the mass differences which could result in 
this case ~ 10-5 eV or smaller. Quite similar considerations can be deve- 
loped for the correlation in the cascade (K- + p)pouna > Y tm Y>N+ m. 


This is a brief communication on what I call the « coherence effects » in the 
Lee-Yang parity doublets theory of strange particles. I shall only report some 
main conclusions. I may remark that a parallel investigation has been carried 


(*) Presentato al Congresso di Torino, 11-16 Settembre 1956. 
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out by MORPURGO and similar results have recently also been obtained by 
Lee and Yang. 

It is assumed in the Lee-Yang theory that the approximate equality of 
mass of + and 0 follows from a symmetry principle. A necessary consequence 
is that particles of odd strangeness exist in parity doublets. Let us consider 
a cascade process such as &°> AP+ x, AP> p+r7, or similarly, (KT+P)pona > 
—Y-+r, Y = N +7. The intermediate hyperon can have even or odd 
intrinsic parity. We discuss the distribution of the angle 6 between the line 
of flight of the hyperon and the direction of emission of its decay pion in the. 
hyperon center of mass system. Let us fix our attention to the case of the 
=” cascade. Similar conclusions also hold for the (KT + ph, cascade but 
in the 37 case we can assume that perturbation theory is valid and so obtain 
more compact expressions. If we assume that the interaction hamiltonian is. 
invariant under time reversal we obtain for the distribution of cos d 


(1) F(cos 0) = exp [— 24]F,(cos 0) + exp[— 21]F (cos 0) + 


+ exp [— 4(2,; + À jf] cos (v, — v_)LF'(cos 0) , 


where: 2,, A_ are the inverse lifetimes of A° , A° respectively: »,, »_ the masses; 
t the time the hyperon has lived before decaying; F,, F_ the distributions in 
the case that only AP , A° respectively existed, and F’ the interference term 
between the two members of the parity doublet. Æ, and F_ only contain 
even powers of cos 0 and therefore they are symmetric about 90°. F’ only 
contains odd powers of cos 0 and therefore it is antisymmetric about 90°. 
I would like to note that if the alternate possibility is assumed of parity non- 
conservation in weak interactions, then one obtains a symmetric distribution 
in the KT + p case (a strong and a weak interaction) and a distribution in 
general not symmetrie in the Sr vase (two weak interactions). The oscillating 
interference term in (1) can be observed only if the the mass difference »: — v_ 
is very small, say — 10°? eV, otherwise the very rapid oscillations will average 
to zero. Such very small mass differences are expected in the case the electro- 
magnetic interaction is invariant under parity conjugation so that only the 
weak interactions can contribute to the mass differences. If photons only 


interact with charges and currents — this is the postulate of minimal electro- 
magnetic interaction — then the electromagnetic interaction is invariant 


under parity conjugation and the mass differences are only due to weak inter- 
actions. 

In conclusion we would like to stress the two peculiar consequences of the 
Lee-Yang parity doublet theory: (i) certain terms occur in the angular cor- 
relations which are not symmetric about 90°; (ii) the angular correlations have 
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a rather peculiar dependence on time. The observation of the interference 
term would constitute a rather strong evidence in favor of the Lee-Yang 
theory and in favor of the postulate of minimal electromagnetic interaction. 
On the other hand failure of observing two different lifetimes for the I* 
emerging from KT capture would be a strong argument against the theory. 


RIASSUNTO (*) 


LEE e YANG hanno dimostrato che dall’ipotesi dell’eguaglianza approssimativa 
delle masse dei mesoni + e 0, per un principio di simmetria segue che le particelle di 
stranezza dispari esistono in doppietti di parità. Sarebbe possibile osservare in alcuni 
casi interferenze tra le ampiezze relative ai due componenti dei doppietti. Si puö dimo- 
strare, ad esempio, che la correlazione angolare nella cascata H-— A’+r,, A>p+n- 
è data da 


F(cos 0) = exp [— 24#1F,(cos 0) + exp [—- A-t]F_(cos 0) + 
+ exp [— 4(4: + A_)t] cos (v: — v_)t F'(cos 6) , 


dove A;, A_, e v;, v_ sono gli inversi delle vite medie e delle masse di A2, AP, rispet- 
tivamente Æ,(cos 0) e F_(cos 0) sono simmetriche per 0 rn — 09, mentre F'(cos 0) à 
antisimmetrico; t & il tempo che il A° ha vissuto. Il termine d’interferenza oscillatorio 
sara osservabile solo se la differenza di massa è — 10° eV o minore. Se l’interazione 
elettromagnetica & minima, solo le interazioni deboli possono dare un contributo alle 
differenze di massa che potrebbero risultare in questo caso — 10°? eV o minori. Si pos- 
sono fare considerazioni del tutto simili per la correlazione nella cascata (K~-+p) 
—Y-+r, Y>N-+n7. 


> 
lim 


(*) Traduzione a cura della Redazione. 
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The Annihilation of a Nucleon-Antinucleon System 
into a K-Anti K Pair (*). 


R. GATTO 


Istituto di Fisica dell’ Universita - Roma 
[stitulo Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto l’11 Settembre 1956) 


Summary. — The selection rules are derived for the annihilation of a 
nucleon-antinucleon system into a K-anti K pair. The selection rules 
follow from conservation of angular momentum, of parity, of the charge 
conjugation quantum number, and from charge symmetry. Moreover it 
is shown that, if the Lee-Yang parity doublets theory holds, other 
selection rules can be derived from the conservation of two new quantum 


numbers, # and F. 


You have learned from the contribution of Professor AMALDI that there is 
a definite evidence in favor of the emission of K-mesons in the annihilation 
of antinucleons. For the reaction nucleon + antinucleon > K + antiK one 
finds the following selection rules: 


Initial state of p-p Final state | Final state 
singlets 12 
J = L —1 12 
triplets JF C Jz E 
DRE EN 12 
Initial state of p-n Final state Final state 
| singlets le 
| JT fee 
triplets J = L IE G F | 
J = L+1 12 


(*) Presentato al Congresso di Torino, 11-16 Settembre 1956. 
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These rules follow from conservation of the charge conjugation quantum 
number (C), of parity (P), and of the quantum number @ (@ = C exp [izl,]). 
Moreover other selection rules are indicated which follow from conservation 
of the new quantum numbers Æ and F, which we shall now discuss. DALITZ 
has shown that, if parity is conserved in the decays Kr rt nt 407 
and Ke — rt + 7°, these two modes of decay cannot be due to the same 
particle. On the other hand the masses, the lifetimes, the cross sections of 
all K-mesons are coincident within experimental errors. Two different possi- 
bilities have been discussed. A first possibility is that parity is not conserved 
in weak interactions. A second possibility is to assume that at least two dif- 
ferent K-mesons exist: the + and the 0. In this case the approximate equality 
of masses suggests the existence of a symmetry principle responsible for the 
degeneration. This symmetry principle, discussed by Lee and Yang, is equi- 
valent to assuming that the strong hamiltonian commutes with a parity conjug- 
ation operator O,: This symmetry principle leads here to the existence of 
the quantum numbers # and F. E and F are defined by: H = CC, and 
HO tre? 


RIASSUNTO (*) 


Si derivano le regole di selezione per l’annichilazione di un sistema nucleone-anti- 
nucleone in una coppia K-anti K. Le regole di selezione conseguono dalla conserva- 
zione del momento angolare, della parità, del numero quantico della coniugazione delle 
cariche e dalla simmetria delle cariche. Si dimostra inoltre che, se & valida la teoria 
di Lee-Yang dei doppietti di parità, si possono derivare altre regole di RE dalla. 
conservazione di due nuovi numeri quantiei, # ed F. 


(*) Traduzione a cura della Redazione. 


1025 


IL NUOVO CIMENTO VIOLAVENT ES 1° Maggio 1957 
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A. H. ROSENFELD, F. T. SoLMmITz and R. D. Tripp 


Radiation Laboratory, University of California - Berkeley, California 


(ricevuto l’11 Dicembre 1956) 


Summary. — K -meson from the Bevatron have been stopped in a 10 in. 
hydrogen bubble chamber. This is a preliminary report on the first 
137 interactions. There are photographs confirming the existence of the 
6° and the ©, which must be lighter than the X” by at least several. MeV. 


x’s are produced more profusely than A’s in the absorption of K’ by 
protons: we observe the production ratios 27: 27:20: 2 4:2:2:1. 


The large observed absorption cross-section of slow K” by protons sug- 
gests that the interaction takes place in p states as well as in s states. 
There is evidence that the spin of the Y is greater than +. There is no 
evidence for parity doublets. Our data rule out the proposed selection 
rule AJ = +}. The accepted value for the mean life ta is checked, 


and we find ty- = (1.83 + 0.26)-10-s and 75+ = (0.86 + 0.17)-10-10 5. 


1. — Introduction. 


From examination of the interaction of slow K-mesons with hydrogen and 
deuterium a great deal can be learned about the properties of not only the 
K-mesons, but also the X and A hyperons and the 6°-mesons that are produced. 
Many authors have pointed out the experimental importance of stopping K7 
in hydrogen ("*) but this experiment became feasible only this year when 
hydrogen bubble chambers were operated successfully at the Bevatron. 


(*) On leave from C.E.A., Saclay, France. 

(1) K. M. CASE, R. KarPLus and ©. N. YANG: Phys. Rev., 101, 358 (1956). 

(?) R. Garro: Nuovo Cimento, 3, 5 (1956). 

GT. Ds len: Phys Rev, 99, 33741955). 

(4) S. Gastorowicz: Isotopic Spin Conservation in KT Interaction with Nuclear 


Matter, UCRL-3074, July 1955. 
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This is a preliminary report on the first 137 interactions seen in the 
Berkeley 10 inch hydrogen chamber. Because of the limited statistics most 
of the quantitative analysis is still uncertain; however, there are enough data 
to permit the following conclusions: 


es. 0°. — The experiment furnishes excellent evidence for the existence 
of a neutral © hyperon and of a neutral K-meson (0°) with the strangeness 
of the KT and decaying into two charged pions. The %° must be lighter than 
the © by at least several MeV. 


b) Strong interactions involving strange particles. — No violation of the 
Gell-Mann-Nishijima scheme was observed in the absorption of the K~-mesons 
by protons. %’s are produced somewhat more profusely than A’s in these 
absorptions. We observe the production ratios 27: 2*:X%:Aæ4:2:2:1. 

The large observed cross-section of slow K” by protons suggests that the 
interaction takes place in p-states as well as in s-states. 

The absorption of %”s by protons leads to comparable numbers of »°’s 
and A’s. 


c) Hyperon spins. — The angular distribution of the decay products of 
the charged %’s suggests that the © has a spin greater than 4; this suggestion 
is strengthened by similar evidence from emulsion experiments. The corres- 
ponding evidence for A’s is still quite inconclusive. 


d) Parity doublet question. — If the %’s and A’s exist in parity doublets, 
one would expect to observe two lifetimes (for =*, %”, and A) and forward- 
backward asymmetries in the decay distributions. No evidence for either one 
of these effects was found. 


e) Hyperon decay mechanism. — The observed lifetime ratio ee = 
— 2,2 + 0.5 and the branching ratio (Xt > p+n°)/(&+ —n-+rt) = 1.0 + 0.2 
are in conflict with the predictions based on the I-spin selection rule AJ = +4. 


f) Hyperons lifetimes. — The accepted value of the A° lifetime is checked, 
and our knowledge of the =* and 2” lifetimes is considerably improved by 
this experiment. We find: 

2.0.6 2105's), 


Sie 0.17) SLOSS ; 


6 
Tr- = (1.83 + 0.26) -10-0 s. 


The experiment is still in progress. There are plans to observe K7 absorption 
in deuterium. 
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2. — Experimental. 


The experimental arrangement is shown in Fig. 1. The «KT beam » con- 
sists mainly of u-mesons and electrons with a slight contamination of KT. 
We find one stopping K™ per 

250 pictures. A K coming to 

BEVATRON BEAM, 6.3 GeV rest in our chamber is three 
K” BEAM, 435 MeV/c mean lives old. Further 


IRON YOKE OF experimental details are gi- 
BEVATRON MAGNET 


10 ven in the Appendix. About 
| 4' QUADRUPOLE MAGNETS 100000 pictures have been 
bes . 
ww taken so far; this report 
w LEAD . 3 
SHIELDING LS on Summmarizes the results from 
Jule EL STEHEN the first 35 000. 
—BEAM REDUCED TO 290 MeV, : : 
HE 2 Ue The 10inch-diam. bubble. 
DEER RATS BUBBLE chamber is 6.4 inches deep (). 
CHAMBER Tt isa Ve 
WEDGE MAGNET t is in a d.c. magnetic field 
ol MIAONET-AND-BLATEORN EE kilosauss and er 


; i panded at the Bevatron re- 
Fig. 1. — KT” meson beam. ee : à 
petition rate, which is ten 
times per minute. 

We believe that careful scanning of our photographs can detect with nearly 
100% efficiency K7 interactions leading to charged secondaries. However 
some of the data in this preliminary report are based on a quick scan (— 80% 
efficient) which was done while the run was in progress. 


3. — Distribution of events. 


Seventeen of the K’s decayed in flight; the rest interacted with protons, 
either in flight (11 cases) or after the K had come to rest and formed a K-mesic 
atom (126 cases). 

Table I-A lists the eight possible reactions compatible with the energy 
available and with conservation of strangeness (%”) and involving previously 
identified or postulated particles. We have not yet considered the relatively 
rare electromagnetic decays or interactions involving charged particles. We 
have observed all the reactions listed in Table I (except VII and VIII) and 
no others. 


() L. W. ALVAREZ: Berkeley Bubble Chamber, 1956, CERN Symposium. 

(%) M. GELL-MANN: Phys. Rev., 92, 833 (1953); M. GELL-MAnN and A. Pais: Pro- 
ceedings of the Glasgow Conference (London and New York, 1955). 

(7) K. NısmisImA: Prog. Theor. Phys., 12, 107 (1954). 
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TABLE 1. — Distribution of Events (*). 


A) K interactions. 


Cireumstances of F 


(4) Indicates identification uncertain. 


analogously. 


with isotropy. 
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K +p interactions 
In flight | | At rest | Total 
B I a : = À emia ee 
be | | 
1 K +p (elastic scatter) . 3 | | — 3 
tr (1) (4) | | (2) (2) 3 
Tike AN | TE, Rn m | Ko () 
| 0, or + decay | None observed 
nt a 0 | wur Ss 
y+ ERS EN ee | | 
un Zi + Ter ag ceed = Fe f T° 1 | 
IV oa ig b> n+7 4 | 44 | 55 
FR" À 27 interacts 0 | Fr | 
I = par 1.0 Bald: 14 
Vi ee Oey ee Ko (*) | 
DIET 1 | i | 8 
0. 
Fo NE a {2 + m Ko (’) | | 
VI. A+7°+4+7° None observed 
NIDITE Nee re 0 0 0) 
Total excluding Ko . 10 | 101 ea 
Ko () 26 () 
| —— 
Total Interactions | | 137 
| 
B) = Interactions. 
x + p> | Cireumstances of Ÿ interactions 
= : ae en al 175 ee 
In flight | At rest Total 
en == — = — 1 = ==) | = | | 
IX. +p (elastic scatter) 0 = 0 
Per 0 | 2 2 
I 2 tn; Doy+A; A> { n + 7° Lo () | 
a p+ rn 0 2 2 
XI. A+n; A= es So P) 
>, events (P) 1 | 2 3 
Total il 6 7 


(d) Between 20 and 40 K’s disappear in the chamber, yielding no visible interaction or decay 
products. We call these «Ko» endings, and assume that there are 26 of them. Le are defined 


(*) Note added in proof. — In the coutinuation of the experiment, the number of analyzed 
hyperons has been doubled. All the qualitative conclusions suggested by the earlier events are 
now strengthened, with the following important exception. Preliminary analysis of the present 
angular distribution, which now includes 155 Z-decays, shows that it has become consistent 
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The K”-mesons produced 83 charged % hyperons. All the D* and 48 7 
decayed; 7 27 interacted with protons—one in flight, and six after they had 
come to rest and formed an atom with hydrogen. 

In analogy with Table I-A), Table I-B) lists the possible reactions for 
a + P. 

Some of the bubble chamber pictures are reproduced in Figs. 2, 3 and 4. 


4. — The charged & hyperons. 


The 27 coming from stopped K’s (Reaction III) have a kinetic energy T+ 
of 13.8 MeV (181.2 MeV/c) (8). We have 27 such 2*, all of which decay in 
flight. The distribution of the 
times in flight is given in Fig. 5. 
The mean life is 


E*MEAN LIFE= 0.86 £0.17 x107'° s 


to. = (0.86 + 0.17)-10-9 8. 


There are no accurate measu- 
rements with which this result 
may be compared; there are se- 
veral estimates by nuclear emul- 
sion workers (°). 


Fig. 5. — Distribution in time of the 
y* decays. Four short N’s were 
found whose charge could not be 
determined. Two of these were ar- 
bitrarily called S* and are repre- 
sented by a dashed area. Straight 
line is best fit for a unique mean 
life of 0.86.1010 s. The solid curve 
represents à mixture of two mean 
lives (see Sect. 5). 


MODERATION 
TIME 


(6) W. VW. Cuvpp, S. GOLDHABER and F. H. Wess (The Mass of the Negative K 
Meson and Negative © Hyperon, UCRL-3584, Nov. 1956) have used their own events 
plus some found by other emulsion groups (W. F. Fry, J. Scuneps, G. A. Snow and 
M.S. Swami: Phys. Rev., 103, 226 (1956)) to compute the following masses (in MeV): 


Mmr- = 493.7 + 0.7, Msy+ = 1189.3 + 0.5, 
= 1196.5 + 0.9, My- — My+ = 7.3 + 0.8. 


ME 


(°) See, for example, W. F. Fry, J. Scunups, G. A. Snow and M. S. Swami: Phys. 
Tev., 100, 950 (1955). 
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We have taken the density of liquid hydrogen at the time of bubble for- 
mation to be 0.060 g/em* (see Appendix); this leads to a E* range of 1.29 cm 
and a moderation time of 3.98-10-15$, or 5.7 mean lives. 

The 2” is (7.3 + 0.9) MeV heavier than the &* (#). The 2” coming from 
stopped K’s (Reaction IV) should have 7T,- — 12.6 MeV (173.8 MeV/c), a 
range R;- = 1.09 em (7°), and a moderation time of 3.45-107-1s. 

As shown in Table I, 44 such %”’s decay and seven interact. We can 


use these events to calculate a mean life 


ty = (1.83 + 0.26)-10-2 8. 


This agrees with the mean life reported by BUDDE et al. (11), who observed 
the reaction 7-+P — =~ +K*, using a propane bubble chamber. They found 
bee ATE Oates. 

The mean life was calculated on the assumption that all 4 decays occurred 
in flight. Actually the uncertainty in range measurements is such that we 
cannot rule out the possibility that as many as six of the 27 could have come 
to rest before decaying. If all six come to rest, our mean life should be 
increased by a factor 44/38, i.e., by ~ 15%. 

The total path traversed by the 55 =~ was 27 cm. In our liquid hydrogen, 
a cross-section of 1 barn corresponds to a mean free path of 30cm. These 
facts give some idea of the cross-section associated with the one De that 
interacted in flight. 


5. - Can there be two % lifetimes? 


There have been many attempts to explain how two particles with ap- 
parently different parity (the + and the 0) can have the same mass. 

LEE and YANG and GELL-MANN (22) have suggested the idea of parity 
doublets. If the K-mesons are doublets, then © and A hyperons must also 
be doublets—specifically there should be two %* (and two 27) of opposite 
parity and presumably with different lifetimes (13). 


(1%) The observed range of the 6% is (1.07 + 0.03) em; we thus confirm the = 
mass value obtained from nuclear emulsion technique. 

(1) R. Buppe, M. CuRÉTIEN, J. LEITNER, N. P. Samos, M. Scuwarvz and J. STEIN- 
BERGER: Phys. Rev., 103, 1827 (1956). 

(2) T. D. Lex and C. N. YANG: Phys. Rev., 102, 290 (1956); J. J. Murray and M. 
ELL-MANN (private communication). 

(3) Moreover, according to this theory there should be equal numbers of the two 
sorts of K’s produced at the target. There is good evidence that the mean lives of the 
charged K’s of both parities are indeed very similar, so that the two parities of K 
should come to rest in our chamber in about equal numbers and make comparable 
numbers of even- and odd-parity &'s. 
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We have tried to fit our observed distribution of =*+ lifetimes by assuming 
that we have equal numbers of D* of each parity, and that the mean lives 
for the two cases are t and Br. We find a best fit for B = 1 (ie. for the 
assumption that the X& has a unique mean life), and the fit becomes increa- 
singly poor with increasing B. The distribution of decay times to be expected 
for the case B = 4 is given in Fig. 5; it can be seen that for values of B this 
great or greater the fit becomes noticeably bad (4). 

The À can be treated the same way as the %*, and the conclusions are 
qualitatively the same. The %” lifetime distribution does not extend over 
so many mean lives as that for the &*, therefore our 55 Es are no more 
valuable for this analysis than our 28 2. 

A different test for the existence of parity doublets is considered below. 


6. — Angular distribution of © decay products. 


The angular distribution of hyperon decay products with respect to the 
hyperon direction of flight is of interest both because it may yield some in- 
formation on the spin of the © and because a fore-aft asymmetry would con- 
firm the existence of parity doublets (1°). The two aspects of the problem 
may conveniently be separated for the following reason. If the ¥ has a well- 
defined parity, the angular distribution of its decay products can contain only 
terms which are even in cosd. If the & is a parity doublet, then additional 
odd terms are allowable. If the angular distribution is folded about 90°, these 
odd terms must cancel, and one is left with a folded angular distribution that 
is independent of the existence or non-existence of parity doublets. 


61. Spin of the 2. — The folded angular distribution for the %* decay 
products is independent of the decay mode of the &* (> N-+rt or Pr!) 


(4) The problem can be discussed more quantitatively as follows. For a mixture 
of X's assume a probability of decay at a time 1 


1 t 1 a 
EX G5. 15) x == X N Wee Tes = SS) 
(LT, B) C exp | U: exp et MB == SS) 
28 


A likelihood function L(B) is then defined as follows: let L(z, Bys= |] P(t;, 7, B); then 
i=1 
the value of 7 that will maximize L is roughly that which makes the mean life of the 
particle mixture equal to the observed mean life 0.86-10-!s. However this guess can 
be slightly improved upon, and for each assumed value of B a value of + called tz 
has been calculated such that L(t,, B) = L(B) is a maximum. We then find that L(B) 
is very nearly of the form L(B)/L(1) = 107-27, This confirms the qualitative observ- 
ation that a value of B greater than 4 is improbable. 
(5) T. D. Lee and C. N. YANG: Phys. Rev. 104, 882 (1956). 
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but it is not in general the same as the angular distribution of the =~ decay 
products. If, however, the K~ has spin zero and is captured from an s-state 
or a p, State of the K-mesic atom, then both =* and =~ must be produced 
in the same angular momentum and spin states, leading to the same angular 
distribution of their decay products. 


61.1. S, = +. — The folded distribution for the decay of a spin } particle 
must be isotropic. If we can show that our (folded) data are inconsistent 
with isotropy, then Sy; must be >4. In order to make this test quantitatively 
it is convenient to analyze the events (total number — N) into n, polar events 
(Icos0|> +) and n, equatorial events, with n,+n, = N. The data are given 
In Table II. For the 2” we find n,/N = 25/41 = 0.61 + 0.08, and for the 
Ir, nt/N* = 15/24 = 0.625 + 0.10. 

These values are to be compared with the expected value n,/N —3 for an 
isotropic distribution. The result for either the X” or the 2* taken separately 
is almost consistent with isotropy; however, the argument against isotropy 
becomes stronger if both results are considered together. Let us therefore 


TABLE Il. — Angular distribution (centre of mass) of the pions from 3 decay (“). 


| Forward | Backward | 
if = COM = lee oe Din 1 aa. 2 | Total Pro. | 
Ue aes: Same 4 2 i 1 | bability 
m oo i eee ee | | 
Ic) | Y | Y Ÿ Ÿ Y | | | 
m ———— — = = = —_ — — = 1 _ | — — + 
| Experimental dis- | 
| ñ x 
| stribution: 
| Se en Kur Op ne) 34 2 7 6 4] = 
| ST 4 € . < 
arten Ne 1 Fie ae 0 3 1 LIT ee 
ET mr +p Si EL CT) 0 1 2 13 | — 
| 
| Total les Seal: 6 6 2 10 9 65 — 
' Folded through 90° eee eh Se A 15 13 18 22 | 65 — 
| 2 ; os 
| Theoretical distribution: 
Sy = 4 f(0) =constant 1622500 1622550 16525, 10:25 65 Seoul 
= f(0)=1+ 37° 36 ALT 17.8 26.9 65 na 
| Ss = 3 (0) leone ang! | kT | OM 12,06 1306 65, ells MO? 


(4) We have included only the &’s from K’s that came to rest. The theoretical distributions 
for Sy= 3, 3, are caleulated on the assumption that the = originates from a K-mesic atom 
with angular momentum # (for example, capture of a spinless K from an s-state). The calcul- 
ation of the probability that our data are consistent with isotropy is discussed in the text and | 
in footnote (1%). The probability associated with the angular distributions assumed for Sy= # 
is calculated in similar fashion, For Sy = § we applied the x? test for the separate units of 
solid angle given in the table, instead of further grouping the data into two intervals as done | 
for Sy= 4, 3. This was done because any limping would tend to wash out the sharp forward | 
| peaking of the theoretical distribution. | 
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assume that the true distributions of the decay products of &* and of IT are 
both isotropic (for example because S;— +), and calculate the probability that 
the data should fit this assumption as badly as they do, or worse. Since both 
ZT and X” are here assumed to 
have identical (isotropie) distribu- 
tions, we can combine the data, 
and we then find n,/N = 0.615 + 
— 0.06, and the probability of 
finding a deviation from 0.50 this 
large or larger is 3.2% (2°). The 
combined distribution is plotted 
in Fig. 6. 

Since receipt of a private com- 


munication from Professor W. F. 
FRY (university of Wisconsin), we 
attach added significance to the 


EVENTS / m STERADIANS 


evidence against isotropy for % 
decay. The Madison 
group find the same ratio n,/N, 
based on 84 hyperon decays, as. 
we do from our 65 cases. 


emulsion 


Icos 91 
‘19 VU eve | = 5 
| 75 25 de 7 61.2. S, = 3. - It can be shown 
; RER i in general that in the angular dis- 
Fig. 6. — Angular distribution of the pion 


tribution of decay products of a 


produced in © decay. The histogram repre- 
sents the sum of ©” and X” folded 
through 90°. The three dashed curves represent 
the theoretical distribution for D’s of spin 4, 3, 
and 3 (the latter two are valid only for K™ 
captured in a state of angular momentum 3). 
The thin solid line is the best fit to our data on 
the assumption that the distribution is of the 
form (1+ A cos? 0). 


events, 


particle of spin S no term in cos 0 
raised to a power greater than 
the (2S — 1)-th can appear. If we 
take S,—=3, the angular distribu- 
tion must be of the form (1 + 
+ A cos? 6). For 
ZT and = decays our experi- 


the combined 


mental result ,/N = 0.615 + 0.06 
leads to A= 1.3393. This angular distribution is plotted as a thin solid line in 
Fig. 6, and it can be seen that it fits the data well within our statistical errors. 


(6) For the binomial distribution P(n,, N) = Ola the probability P(n >40, 
N=65) is 4.1% (see Tables of the Cumulative Binomial Probability Distribution, Cam- 
bridge, Mass., 1955). The distribution is of course symmetric in n, an n,, and we must 
take into account the additional 4.1% probability that n,>40, ie., that n,< 25. 
Therefore the total probability of finding a fit this bad or worse is 8.2%. It may 
be noted that the above formulation reduces to the usual 7? test in the limit of large 
statistics. 
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Let us, therefore, consider this case S,;=3 in more detail. The angular 
distribution is governed by the total angular momentum J of the K-mesie 
atom from which the = originates (17). Girro has pointed out that K’s are 
quite possibly absorbed from p-states as well as from s-states (2). We shall 
assume that the spin of the K is zero; then we need discuss only the two cases 
J=% and J=3. 


a) J=4. — (If the K is captured from an s-state, this is the only case 
we need consider). For this simple case, the folded angular distribution is 
unique (17), namely, it is proportional to 1+3 cos?6. It can be seen from 
Fig. 6 and from Table II that the fit is only moderately good. 


b) J=3. — The angular distribution is no longer unique, but depends 
upon the amplitudes of various angular momentum states in which the is 
produced (and A,—for the &* decays—and A_ could be different). Although 
A is not unique, it must lie in the range — 1 to +3 (as must A. and 4_). 


Since J=4 forces A to be 3, we conclude that if the K absorption takes 
place partly from s-state and partly from p-states A must lie in the range 
— 1 to +3. Our best value of 4= 1.3 evidently falls within this range. Our 
individual values of A, and A_ are almost equal to A, and individually pass 
this test. 


61.3. S>3. — On the basis of our data we certainly cannot rule out 
S>3. However, it may be of some interest to note that if NS, is large and 
J small the angular distribution becomes sharply peaked towards 0° to 180°. 
Our data show no sharp peaking. This peaking is already apparent for the 
case J =}, S,;=3, which is included in Table II and in Fig. 6. 


62. Fore-aft asymmetry. — LEE and YANG (!?) have shown that if the % 
has mixed parity (see Section 5) its decay products could show a fore-aft 
asymmetry. This asymmetry need not be the same for each of the three 
possible modes of decay: 27 > N-+7-, X+ N-+rt, and &+ — P+7° should 
be considered separately. The data are displayed in Table III. 

There is some preference for forward over backward, but only one of the 
three modes is peaked forward by more than one standard deviation. Any 
conclusion drawn from this single mode is weakened by data from the Wis- 
consin emulsion group, who inform us that they have 38 examples of this. 
mode of decay, divided equally between forward and backward. 


(27) S. B. TREIMAN: Phys. Rev., 101, 1216 (1956). 


1035 


1036 L. W. ALVAREZ, H. BRADNER, P. FALK-VAIRANT, J. D. GOW, A. H. ROSENFELD ETC: 


TaBLe III. — Evidence for possible asymmetries in D decay. Forward and backward refers 
to the pion direction in the centre of mass system relative to the X direction. 


No. in forward| No. in backward Total 
hemisphere | hemisphere 
| 
| Nr | Ny N n,|N 
Seren | 22 | 19 41 | 0.536 + 0.08 
SR NC 6 | 5 IT OMe OB DITS 
+= n° +P 10 | 3 13 | 0.769 + 0.12 


7. — 2° and À hyperons. 


A 2° is expected to decay rapidly (~ 10-%$s) into A+y; thus the 2° should 
be detectable via its secondary y or A originating essentially from the point 
of production of the 2°. We have as yet no y-ray converter inside the bubble 
chamber, but if the A decays through its charged mode, then we can detect 
it with high efficiency (the bubble chamber is large compared with the mean 
decay distance of a slow A). 

Both 2° and A can be made by the interactions of K~ with protons (Re- 
‚actions V through VIII) or of =~ with protons (Reactions X and XI), but 
the primary A’s can be distinguished from those which are the daughters of 
Es by measurements of the A energy. 


71. Hyperons from K~. — For neutral hyperons coming from a KT” mesic 
atom, Ts = 13.5 MeV (179.8 MeV/c) (#), 7, = 28.7 MeV (253.0 MeV/c), for 
the two-body Reaction VI. For the three-body Reactions VII and VIII, 
DE E23 MIEN. 

The energy spectrum of the A’s coming from KT mesic atoms is given in 
Fig. 7. The various contributing spectra are drawn schematically in the upper 
part of the figure and the experimental distribution is given below. Our best 
estimate is that of the 21 events 14 +2 are 20s and 7+ 2 are primary A’s. 

We shall now discuss the experimental spectrum in more detail: with our 
present technique, we can measure the kinetic energy of a A to about 2 MeV 
if the secondary proton stops in the chamber—if it does not stop the uncer- 
tainty is greater. With this coarseness of measurement, we cannot resolve 
the line from the continuum. Not only do the two merge, but also the mixing 
makes the peak in the experimental spectrum appear at a slightly lower energy 
than that of the line. We attribute the one at 47 MeV to a K -p interaction 


(5) We have taken my = 1193 MeV; this guess is based on the evidence pre- 
sented in Sect. 72. 
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in flieht. It is not surprising that we should observe one such interaction: 
for the 78 =* from K’s that have come to rest, we see five made by K’s still 
in flieht; therefore for 21 (primary and secondary) A’s coming from K’s at 
rest, there should be about one made by a K still in flight. 


FE Bin at of are Poll ar a A | 


er: lt ES : 
0 4 8 12 1007200 72400287327 367 ~~ 40) 44 48 
7, (MeV) 


Fig. 7. — Energy spectrum of A’s from K captured by protons. The spectrum of 

secondary A’s from 2°’s will be a rectangle (as drawn) if the ©° has spin $; in any 

case this spectrum must be symmetric about its average energy. The histogram is 

constructed by assigning to each event a rectangle of unit area (indicated in black); 
the width of the rectangle shows the energy uncertainty of that A. 


We feel that the contribution of Reaction VII to the spectrum is quite 
small because the phase space is an order of magnitude less than that available 
to Reactions V and VI. Moreover there is the experimental evidence that 
we do not see the easily detectable Reaction VIII, which should show up 
more strongly because (a) we can detect it even if A +~N-+7°, (b) it can 
proceed through states in which the two pions have either /-spin 1 or 0, whereas 
Reaction VII is limited to 7 — 0. 


72. Hyperons from 2” interactions; mass of the ZX. — When a %” comes 
to rest and is captured by a proton, it can yield primary A’s (Reaction XI) 
with a kinetic energy 7, = 36.9 MeV. If my-— my > m, — m, = 1.3 MeV; 
the =~ can also give Is by Reaction X. These %%s will give rise to a spectrum 
of secondary A’s, and the limits of this spectrum depend sensitively on 
My-— Myo. 

We have observed four A’s from stopped %”; two of them had 7, con- 
sistent with 36.9 MeV and were evidently primaries; for the other two, 7’, 


7 


66 - Il Nuovo Cimento. 
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was (2.8 + 0.5) and (4.5 + 0.5) MeV, and these we interpret as secondaries. 
These two events show that 1.7 MeV < (ms- — My.) < 22.7 MeV. Fig. 8 shows. 
the likelihood function for ms-— My, based on these two events under the 
assumption that the %° decays isotropically. It can be seen that the most 
probable value of my. is somewhere between my- and My+. 


T 
Q 
S 
10 =x 
Lon 
< 
ors 
eS 
>= 
ie 
Ar = 
in oss 
22 
L My- Mal MeV) 
de 1 1 ILL 1 mt II ur 
0 4 8 12 16 20 24 
Fig. 8. — Relative likelihood for 2° mass values based on the kinetic energies of 


three %°’s coming from absorptions. One additional event, found after the text 
for this paper was completed, has been included in computing the likelihood function. 


73. Mean life of the À. — On the assumption that the A has a unique 
mean life, we calculate from our 25 A’s 


Ta = 3.25 +0.6-10- 5. 


This is in a good agreement with the values 3.75% given by PAGE (1%), and 
2.0*5; by BUDDE et al. (1). The distribution of these 25 events in flight time 
is consistent with a unique mean life. The average K stops about 10 cm from 
the wall of the chamber, and the flieht time for a typical A (20 MeV) to reach 
the walls (if it does not first decay) is a little more than 10° s. We could there- 
fore miss extremely long-lived A’s. If short- and long-lived A’s are assumed 
to be produced in equal numbers, then we can put a lower limit of — 5:10. 
on the lifetime of the long-lived component. 


8. — Angular distribution of A decay products. 


The angular distribution of A decay products gives information on the 
A spin. The considerations are analogous to those in the preceding section. 


(2) D. I. PAGE: Phil. Mag., 45, 863 (1954). 
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Experimentally, the analysis is more difficult because of our inability to dis- 
tinguish (except on a statistical basis) many of the primary A’s and those 
coming from 2°s. About all that can be done at this time is to add the 
angular distribution from all our A’s (primary and secondary) coming from 
stopped K’s and to see whether the distribution is consistent with isotropy- 

We find n,/N = 15/24 = 0.62 + 0.10. 

There have been a number of experiments on the production and sub- 
sequent decay of A’s (11221) that should shed some light on the spin on the A; 
however the evidence still seems inconclusive. Considerations of the ratio of 


mesonic to non-mesonic decay of light hyperfragments do suggest that 
S,=$(???%). Our value of n,/N is not inconsistent with this conclusion. 


9. — The 6° meson. 


Three events have been observed in which a neutral particle is produced 
in a K~+p interaction and decays into two charged light particles (one of 
these is shown in Fig. 4). The kinematics suggest the 0, decay: 0, >xz++z7-. 
In order to conserve strangeness the neutral heavy meson that was produced 
must have been a 0°, which then decayed as a 0, (2425). 

The kinetic energies of the 3 0's are (10+ 2), (9+ 2), and (1.5+ 1) MeV (°°). 
Since they are not of unique energy, at least one of them, and possibly all, 
must have been produced by a K7 in flight. We cannot rule out interactions 
in flight because Coulomb scattering of a stopping particle produces fluctuations 
of track curvature such that occasionally a K could disappear 10 em before 
the end of its range (when it still has ~30 MeV kinetic energy) and still look 
as if it had come to rest. Bubble counting leads to a comparable uncertainty. 

It must be remarked that the low-energy 9° was found in one of our most 


(2) M. W. FOwLEr, R. P. Suurr, A. M. THORNDIKE and W.L. WHITTEMORE: 
Phys. Rev., 98, 121 (1954). 

21) W. WALKER and W. SHEPHARD: Phys. Rev., 101, 1810 (1954). 

22) M. A. RUDERMAN and R. KARPLUS: Phys. Rev., 102, 247 (1956). 

) H. PRIMAKOFF, Nuovo Cimento, 3, 1394 (1956). 
) M. GELL-MAann and A. Pais: Phys. Rev., 97, 1387 (1955). 

(5) A reaction has been reported by FOWLER, MAENCHEN, POWELL, SAPHIR and 
WRiGur (Phys. Rev., 103, 208 (1956)) in which the production of a 0° was required 
for kinematical reasons and in order to preserve strangeness. However the postu- 
lated 6° was not observed to decay. Also R. G. GLasser and N. Seeman (abstract 
submitted for APS meeting, Chicago, Nov. 1956) report evidence for neutral particles 
which may be 6°s and which are capable of producing hyperons in an interaction. 

(26) The mass of the 9° enters into the caleulation of the kinetic energies, but in 


a very insensitive way. For this calculation we assume m5, = My. 
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unsatisfactory photographs, where the beam was many times as intense as 
it should have been. This event could possibly be just a small-angle pion- 
proton scattering. 

If our two high-energy 0”s come from stopped K’s, then the mass of the 
0° must be smaller than that of the K~ by about 15 MeV. This is in disagree- 
ment with Thompson’s finding that the mass of the 0° and the K* are equal 
within + 5 MeV (?”). Our two high-energy Os both come forward from the 
place where the K” disappears, so we can get agreement with Thompson’s 


mass by postulating that the K” charge-exchanged when it still had a kinetic 
energy of about 10 MeV (R — 1.5 cm). 

On the assumption that there are no parity doublets, half the Ks pro- 
duced should decay in the chamber as 0,’s, and about 90% of the other half 
should escape from the chamber before decaying as 0,’s. We may not observe 
all the 0,’s however, since there may be a decay mode 0, + x°+7° (although 
there is some evidence that this is absent). In summary, if the K is not a 
parity doublet we can expect to detect one-half or less of the Os. (If K’s 
are a parity doublet, half of them will be long lived rs, and we can then 
expect to detect < + of the total number produced). BUDDE et al. (1!) find 
experimentally that a fraction « ~ 4 + À of the ps produced in high-energy 
z+p collisions decay in their bubble chamber. We have identified three 6, 
events; dividing three by « we suggest that there are probably (9+ 3) 6's 


made altogether, 6 of them showing up as Ko’s. 


10. — Matrix elements and phenomenology. 


10°1. Production of Z’s. -— We assume conservation of isotopic spin / during 
the production of &*, 27, and %° via Reaction III, IV, and V. We shall also 
make the much less justified assumption that only one atomic state (i.e. only 
one total angular momentum and orbital angular momentum) is dominant 
in the KT capture. Both the states J=1 and J — 0 are involved; our data 
permit us to estimate the relative strength and phase of the matrix elements 
J, and J, (4). We shall show that |J,|<|J)|, and y & 70° 

Let 


7 =rexp [iq], 


Io 


and let %+--" stand for the number of hyperons produced. Then we have 


(1) 83 rexp [im] + v2/3\? 
Lt |= exp [io 34/268 


(27) R. W. THompson, J. R. BurWELL, H. O. Conn, R. W. Hucewt and C. J. 
KARZMARK: Phys. Rev., 95, 661 (1954). 
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and 
Sr JP NUE 3 
(2) a ES 
Pe 2 


From the experimental numbers %+° let us now calculate r and gq. 

From Eq. (1) and the value ©~/=*= 2 (see Table II), we obtain the lower 
limit r > 0.14. 

There is considerable uncertainty about the total numbers of X°%S pro- 
duced because the secondary A’s may decay by the neutral mode or there 
could also be a long-lived type of A. If x is the fraction of A’s decaying by 
the charged mode, then «dX? is the number of observed X" (14 according to 
Table I). 

The value « is subject to the following considerations: 


1) Inserting the lower limit r > 0.14 into Eq. (2), we find 


(27 +27) = 83 > 1.0372 20 = 1.03:2:14/«, 


hence & > 0.35. 


2) From the number of 
Ko endings we estimate 
DA = (046: 


3) BUDDE et al. (11) have 
examined the associated 
production of A’s in 
high-energy r+p col- 
lisions and find 0.18 < 
<a< 0.45. 


4) The proposed J-spin se- 


if] . » strs oe- 0 
lection rule for strange à me de ae 08 


particle decays, AI = ; | 
Fig. — 9. Ratio of the Z spin 1 and J spin 0 


matrix elements (J, and J,) tor the reaction 

K +p- I +rasa function of x, the fraction of 
Fig. 9 gives r and @ as A’s decaying into 7 +p in the chamber. 

functions of «. Jı/J, can be 

used to calculate the relative abundance of %’s produced by K” 


with neutrons. 


—-+$ (f), requires x—2. 


interactions 


402. Relative production of A’s and 2’s. — Since A’s are assumed to have 
I-spin 0, Reaction VI can proceed only in an J — 1 state; we shall call the 
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matrix element for this process @,. We wish to compare G, with the matrix 
element J, responsible for © production, which has already been discussed 
in Sect. 10°1. Again assuming conservation of isotopic spin, we find 


G, z HN ee cree 3 
ST SE = ovo _ ’ 
J, a ate 2 — 22° a(> de 2+) ar 2 Diop derved 


here « is, as before, the fraction of A’s observed to decay into charged particles. 
Our data suggest that « = 0.5 + 0.1; inserting this into Eq. (3), we find 


ae ES 
er 


Gy 
J; 


> 
Versa 


Observations of K~ stars in nuclear emulsion have already led to the suggestion 
that the production of %’s may be more intense than that of A’s (28). 
11. — Deeay of the % hyperon. 

The decay products of the ZT represent mixtures of 7=} and 1—3 states, 
whereas for & the final state is entirely /=3. If we define the ratio of the 
I=} to the 1—È matrix elements for the &* as 


RilR3 = wexp[iy], 


we have the branching ratio 


(4) es È+— P +7 2 + x? — 24/22 cosy 
CERN Ent 1 +92 + 21/28 cos y 


experimentally we find f — 1.0 + 0.2. Solving for x, we get 


6 we MEU +1) cos y + [21 + f)* cost y (DR 
RE ae 


A number of authors have pointed out that the symmetry and unitarity 
of the S-matrix implies that y = (0, — ö,) (**%1); here 6,, 0, are the [=3, } 
r-p phase shifts appropriate to the parity and angular momentum of the final 


8. GOLDHABER: Proceedings of the Sixth Annual Rochester Conference, April 1956. 
G. Taxepa: Phys. Rev., 101, 1547 (1956). 

M. Kawacucui and K. Nisuigima: Prog. Theor. Phys., 15, 182 (1956). 

B. D’ESPAGNAT and J. PRENTKI: Nuovo Cimento, 3, 1045 (1956). 
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state; these are determined uniquely by the spin and parity of the X”. Table IV 
lists the values of |v! we find by using Eq. (5) and our experimental branching 
ratio f =1 for various spin and parity assignments. 


TABLE IV. = 2 Decay. 


im | 


Type of & r-p system |cos(¢3 — 6x) (*)| |%] = |(Ry)/(Rz)| (°) 


| 


qe Sy | 0.95 0.18 or 5.5 0:34) ore 1 
| oe | IP. | 1.00 v ORIG tore ae De SRE 
| 3+ P; | 0.76 | 0.22 or 4.5 O85 “or ANT 

3 | ay. 1.00 0.17 or 5.8 0.34 or 12 
{higher spins d and higher 1.00 0.187072 5.8 0.34 or - 12 


(*) Phase shifts from Proceedings of the Sixth Annual Rochester Conference, April 1956. 
(d) Ry and Ry are the matrix elements for decay into 1 = 4 and J = # states. 


Several authors have discussed the decay of hyperons (?%'%3), One sug- 
gestion is to demand that the interaction responsible for the decay be a spinor 
in J space (implying AJ = +4 in the decays) (3-2). 


This assumption leads to the relationship 


S 
hh 
M 
[ei 
| 
oo] m 
ER 
ae 
re] 
iv 


From the last column of Table IV we see that our observed lifetime ratio 
(Ty-/Ty+ = 2.2 + 0.5) conflicts with Eq. (6) for all possible spin and parity 
assignments (#4) (*). i 


(2) M. Kawacucur and K. Nisntsima: Prog. Theor. Phys., 15, 180 (1956). 
(33) C. Iso and M. Kawasuchı: Prog. Theor. Phys., 16, 177 (1956). 

() The conflict is smallest for the (3/2)* assignment, and in that case would be 
removed if the branching ratio were as large as 1.4 and 7y-/7y+ as large as 3.2. 
However, these values are both two standard deviations away from our best values; 
this can be seen with the help of the plot of f versus 4(1-+2?) given by Iso and 
KAWAGUCHI (33). 

(*) Note added in proof. — Recent evidence against parity conservation in weak inter- 
actions involving neutrinos suggests that parity conservation may also be violated in 
other weak interactions such as hyperon decays which do not involve neutrinos. 
R. Garro has investigated the relationship between f and ty-/tTy+ using only the assump- 
tion of invariance under time reversal and finds that if parity is not conserved in the 
E-decay, then, regardless of the spin of the , our data are consistent with the selection 
rule Af = +}. 
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12. - K interactions in flight. 


Nine K_ interactions in flight have been definitely identified, three of these 
as elastic scatterings. The number of interactions in flight should probably 
be increased by about six for the K° contribution (35). In order to calculate 
a cross-section based on the observed track length of stopping K”’s, one must 
count only those interactions (about # of the total) in which the K would have 
stopped in the chamber it if had not interacted. We obtain an absorption 
cross-section of (210 + 100) mb and a scattering cross-section of (45 + 30) mb; 


the average K= enters the chamber with about 30 MeV. The uncertainties 
are evidently too large to permit any clear-cut conclusions, but it is interesting 
to note that complete S-wave absorption (ri? averaged over the K7 path) 
is about 200 mb; complete S-wave absorption implies an equal elastic cross- 
section. Our large absorption cross-section suggests that P waves as well as 
S waves contribute to the interaction. 


13. — Decays in flight. 


Seventeen K~ mesons decay in the chamber before coming to rest. This 
number is consistent with the number of expected decays from the known 
K lifetime. At present our momentum measurements are not sufficiently 
precise to distinguish between most of the K decay modes; however, 4 7 
decays were observed (Fig. 10). They have been analyzed by BERNARD 
WALDMAN, who finds m,. = 492 +5 MeV (963 + 10 m,) (**). As early as 
1953 VAN LINT and TRILLING observed a += whose mass they calculated as 
(493 + 3) MeV (87). Our mass value corroborates theirs but is of little help in 
reducing the uncertainty. These masses for the 77 agree with the better- 
known mass ((494 + 0.5) MeV) of the positively charged K (?®). 


It would have been impossible to carry out the work described in this 
paper without the co-operation of many individuals and groups, some members 
of the Radiation Laboratory and some not. Often this experiment required 


(5) We assume that two observable and four unobservable 6's are produced in 
flight (see Sect. 9). 

(5) B. WALDMAN: A Mass Determination of a += Meson, UCRL-3507, Aug. 1956. 

(57) V. A. J. VAN Lint and G. H. TRILLING: Phys. Rev., 92, 1089 A (1953). 

(38) H. H. HECKMAN, F. M. SmitH and W. H. BarKas: Nuovo Cimento, 4, 51 (1956). 
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extraordinary effort by supporting personnel. Space does not permit us to 
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chamber operating crews, under the direction of RICHARD L. BLUMBERG, 
ROBERT WATT, and GLEN ECKMAN. The personnel of the University of Cali- 
fornia Chemistry Department Liquified Gases Plant, under the direction of 
Dr. DAvip Lyon, provided large quantities of liquid hydrogen and nitrogen. 
operating for long hours, often at plant capacity. 

We wish also to thank the Bevatron operating staff, as directed by Dr. Ep- 
WARD J. LOFGREN and Mr. HARRY HEARD; the scanners; and also Prof. BER- 
NARD WALDMAN, who worked with us during the summer. Professors ROBERT 
KARPLUS, T. KOTANI, MALVIN RUDERMAN, and many others provided very 
helpful discussions on the theoretical aspects of this experiment. 

This work was done under the auspices of the U.S. Atomic Energy Com- 
mission. 


APPENDIX 


Experimental details. 


We are convinced that a careful, experienced scanner detects K-mesons 
stopping in the chamber with very nearly 100°, efficiency (providing beam 
and bubble chamber conditions are reasonably good). Sometimes a fast scan 
is done during a run to check on conditions; this is only about 80%, «efficient. 

The identification of most of the events is very simple and can be done 
by inspection. Thus when a K7 stops, leading to a %, one observes the char- 
acteristic collinear & and r tracks, with a secondary 7 track originating from 
the end of the %; the stopping KT and the Y are heavily ionizing, the two T's 
minimum ionizing; one can get additional kinematic checks by making rough 
curvature (and hence momentum) measurements with the help of templates. 
For K endings leading to A’s the identification is just as easy. Only in the 
case of K,’s (i.e., K endings giving no visible products) is there some difficulty 
in identification: A short, fairly straight, heavily ionizing track going through 
the entrance window can be either a K~ or a proton going in the opposite 
direction; a =~ charge-exchange scattering may also look like a KT ending 
if the chamber is oversensitive (since in that case minimum and heavily ionizing 
tracks tend to have similar appearance). 

Lengths, angles, and curvatures were measured with ruler, protractor, 
and templates on projections of the two stereophotographs; then the corres- 
ponding spatial quantities were obtained by desk calculation (a faster and 
more accurate method of analysis is being developed). These measurements- 
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are adequate for obtaining the lifetimes of the hyperons and the angular 
distribution of their decay products. 

The Q-values of the various reactions and decays observed could in principle 
be determined from the range and curvature measurements. For instance, 
the ()-value of the reaction K~+ p — %”-—- x* could be determined either from 
the curvature of the z+ track or from the range of the =~ in case it stops. 
If the measurement accuracy were limited by multiple scattering or by Bohr 
straggling, we could determine the Q-value to about 1 MeV from a single 
event. However, at present we have some difficulty in getting accurate mo- 
mentum measurements from either curvature or range. We suspect that cur- 
vature is not reliable to better than about 10% because of turbulence; the 
range-energy relation is also still uncertain because we have not yet measured 
the density of the superheated hydrogen. Preliminary measurements of the 
ranges of u's in r-u-decays, and extrapolation from the most recent thermo- 
dynamic data on liquid hydrogen both indicate that the appropriate density 
is (0.060 + 0.002) g/em°. 


RIASSUNTO 


Si presenta una relazione preliminare su 137 interazioni a riposo di mesoni K 
prodotti dal Bevatrone con i protoni dell’ Idrogeno liquido di una camera a bolle di 
25 cm di diametro. Si sono ottenute fotografie confermanti l’esistenza della 6° e della =’; 
la massa di quest’ultima risulta minore di quella della = di almeno qualche MeV. 
L’assorbimento dei K° da parte dei protoni da luogo pit frequentemente alla produ- 
zione di Ÿ che di A; le abbondanze da noi osservate stanno neirapporti: Uo: 2: RUN 
~4:2:2:1. Il fatto che la sezione d’urto osservata per assorbimento dei K di bassa 
energia è alta, suggerisce che l’interazione ha luogo sia in stati p che in stati s. I dati 
indicano anche che lo spin della 2 & maggiore di 4, mentre non danno alcuna indica- 
zione dell’esistenza dei doppietti di parità ed escludono la validità della regola di sele- 
zione proposta AJ = + 3. Si da una verifica del valore accettato per la vita media t, 
€ si trova Ty = (1.83 + 0.26):10 1 s e 7,+— (0.86 + 0.17)-10-10 8. 
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elementi leggeri (C, N, O) dell’emulsione si presenta con caratteri diversi da 


Caratteristiche delle disintegrazioni nucleari 
prodotte da protoni di 140 + 6 MeV. 


III. — Nuclei leggeri. 


S. JANNELLI e F. MEZZANARES 


Istituto di Fisica dell Universita - Messina 


(ricevuto il 14 Dicembre 1956) 


Riassunto. -— Si studiano le disintegrazioni prodotte da protoni di 140 MeV 
negli elementi leggeri (C, N, O) delle emulsioni Ilford G5 da 600 um. Sono 
state prese in considerazione 220 stelle (delle quali 108 cercate sistema- 
ticamente «per area»). Sono riportati i valori più attendibili di alcune 
grandezze caratteristiche del processo di disintegrazione preso in esame, 
ricavati dai dati del presente lavoro e da quelli di altri AA. Vengono 
riconosciute singolarmente le disintegrazioni prodotte nei diversi elementi: 
queste si accordano all’ipotesi di una struttura a particelle « dei nuclei 
leggeri ed agli schemi proposti. Tali schemi rendono conto del 45% circa 
delle disintegrazioni avvenute, nei rimanenti casi si ha l’emissione di 
alcune particelle (per processi di evaporazione locale, ad es.) e di un fram- 
mento (Z>2). La frequenza delle disintegrazioni nei diversi elementi 
sembra dipendere essenzialmente dalla loro abbondanza nell’emulsione. 


Lo studio delle disintegrazioni prodotte da nucleoni di alta energia negli 


quello relativo agli elementi pesanti. 


dell’evaporazione alla fase che la segue per la quale d’altronde non & dispo- 


Infatti, se ¢ applicabile (+?) alla prima fase della disintegrazione il modello 
della cascata nucleonica col metodo di Montecarlo, non pud applicarsi la teoria 


nibile alcuna teoria statistica che serva ad interpretarla. 


- (1) H. Murrupap e W. G. V. Rosser: Phil. Mag., 46, 652 (1955). 


(2) J. Compr: Journ. Phys. et Rad., 46, 445 (1955); Suppl. Nuovo Cimento, 3 
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Tali disinteerazioni, sono state studiate dapprima da un punto di vista 
statistico (°4) nel campo di energia (— 140 MeV) da noi considerato, ed in 
campi di energia diversi dal nostro oltre che dai predetti AA. da Lock e coll. (°). 

Particolare menzione deve farsi dei lavori di MUIRHEAD e coll. (!) e di 
CoMBE (2) i quali (nel nostro campo di energia i primi) hanno approfondito 
lo studio delle disintegrazioni prodotte in elementi leggeri tentandone, come 
si & detto, una interpretazione della prima fase in termini di cascata nucleonica 
e cereando di riconoscere le singole reazioni che prendevano origine negli 
atom di ©, N, ©. 

Abbiamo ritenuto opportuno occuparci dell’argomento allo scopo di dare 
risultati statisticamente più validi usando un campione più vasto e più omo- 
geneo (in quanto relativo ad un solo valore dell’energia dei primari) di quelli 
usati finora ed allo scopo di riconoscere, in quanto possibile, le singole reazioni 
che prendono origine dalla disintegrazione dei nuclei degli elementi leggeri 


dell’emulsione. 


1. — Procedimento sperimentale e definizioni. 


La ricerca € stata condotta su emulsioni (*) Ilford G5 da 600 um esposte 
al fascio di protoni del ciclotrone di Harwell (140 + 6 MeV). 

Sono state prese in considerazione 220 stelle prodotte in elementi leggeri, 
delle quali 108 cercate sistematicamente «per area » e il resto a caso per accre- 
scere il numero di eventi presi in considerazione. 

Per quanto riguarda il modo con cui sono state cercate le stelle, i criteri 
di separazione tra le stelle prodotte in elementi pesanti e leggeri e la legit- 
timita dell’aggiunta delle stelle cercate a caso, rimandiamo alle nostre prece- 
denti comunicazioni (6). 

Nelle stelle prodotte in elementi leggeri le tracce corte (<5 um) non sono 
State considerate «rineuli » nel senso che ad essi comunemente si attribuisce 
nella disintegrazione dei nuclei pesanti, ma «rami», attribuibili a particelle 
con Z >2 (vedi parte I). 

Fra tali tracce € opportuno pero distinguere le particelle x da quelle a numero 
atomico maggiore (Z > 3) che chiameremo «frammenti », f; tale distinzione ¢ 


() P. E. Hopeson: Phil. Mag., 44, 1113 (1953); 45, 190 (1954). 
(2) M. GRILLL, P. E. Hopeson, M. Lapu e B. Virate: Nuovo Cimento, 1, 314 (1955). 
(5) W. O. Lock e P. V. Marcu: Proc. Roy Soc., A 230, 222 (1955). 

(*) Ringraziamo i Ch.mi Proff. A. RosrAGNI ed N. DALLAPORTA, dell’Universitä 
di Padova, che ci hanno cortesemente concesso le lastre sulle quali & stata condotta 
la presente ricerca ed il Dr. M. GRILLI per Vaiuto gentilmente prestatoci. 

(5) S. JANNELLI e F. MEZZANARES: parte I: Suppl. Nuovo Cimento, 4, 939 (1956): 
parte II: Nuovo Cimento, 5, 380 (1957). 
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ovviamente solo approssimativa in aleuni casi e puö farsi in base alla com- 
patibilitä della disintegrazione osservata (numero delle cariche totalmente pre- 
senti nella stella) col numero delle cariche in gioco (7, 8, 9, rispettivamente 
DEA N; ©): 

In base a tale criterio nelle stelle a piccolo numero di rami (< 3) le tracce 
corte vengono comunemente interpretate come frammenti, mentre nelle altre, 
per lo pit, possono interpretarsi come particelle x. 

La presenza di «tracce a martello » nelle stelle osservate in elementi leg- 
geri (78) avvalora Vipotesi che non tutte le tracce corte (<5 um) possono 
attribuirsi a particelle «. 

Anche nel corso della presente ricerca € stata trovata una stella, Fig. 1, 
nella quale è riconoscibile nella traccia a un $Li che decade, a fine percorso, 
dando origine a due x (b e b'). 


+ 2 ts 


Fig. 1. — Microfotografia di una stella 4r in nucleo leggero; p: protone incidente; 
a:$Li; b, b': particelle «. 


Per le notazioni adoperate nel presente lavoro facciamo riferimento ai 
nostri precedenti (%) notando soltanto che in questo gli angoli e le grandezze 
che da essi dipendono sono riferite al sistema del baricentro poiche, a diffe- 
renza che per gli elementi pesanti, la correzione relativa € spesso di una certa 


entita (~ 5°). 


() E. W. TiTTERTON: Phil. Mag., 42, 113 (1951). 
8) M. DEMEUR, A. HULEUX e G. VANDERHAEGHE: Nuovo Cimento, 4, 509 (1956). 


cn 
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2. — Distribuzione angolare dei rami. 


Le Figg. 2 e 3 danno, rispettivamente, le distribuzioni angolari dei rami 
origi (142), T > 30 MeV, e neri (795), T < 30 MeV, nella Fig. 3 e riportata 
per confronto la distribuzione isotropa (istogramma a contorno trattegciato). 

La Tab. I da i valori di F, e Fy e dell’angolo medio £, confrontati con 
i dati di altri autori: non & chiaro se gli autori citati (qui e nel seguito) si rife- 

riscono al sistema del baricentro 0 a quello 


1 del laboratorio, in tale ultima ipotesi (che ci 
p es \ ; A 
sembra piu probabile) l’accordo con i nostri 
dati sarebbe ancora migliore. 
2 
1 
4 
Ar 
a Lae 
90° 180° 90° Paru 
Fig. 2. — Distribuzione angolare Fig. 3. — Distribuzione angolare dei rami neri- 
dei rami grigi. ._______! Distribuzione angolare isotropa. 
TABELLA I. — Frazione in avanti F ed angolo medio € per le tracce grige e nerve. 
| Be Fx Ca Ex 
MUIRHEAD 0.96 + 0.04 — 41.7° + 4.1° — 
NOSTRI 0.94 + 0.02 0.6 + 0.01 46.5° + 2.2° 80.2° 4 1.4° 


Dai valori surriferiti risulta evidente che le tracce G appartengono alla 
cascata nucleonica la quale si svolge prevalentemente in avanti, mentre le N 
possono pure in parte attribuirsi alla cascata. 


3. — Distribuzione angolare dei protoni e delle particelle « (< 30 MeV) 


Effettuata, fra le tracce che terminano in emulsione, la distinzione fra i 
protoni e le particelle « dalla conta delle lacune ed entro un angolo di dip 
di 25°, si sono ottenute le distribuzioni angolari che, corrette per le perdite 
geometriche, vengono riportate nelle Figg. 4 e 5, mentre la Tabella II da i 
valori corretti di Fe F, confrontati con quelli degli altri autori. 
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30° 180° OU deena, > su er 
Fig. 4. — Distribuzione angolare dei Fig. 5. — Distribuzione angolare delle 
protoni. particelle «. 
TaBerza Il. — Frazione in avanti F per i protoni e le parlicelle x (< 30 MeV). 
| i | 
I. Re | 
GRILLI | 0.58 + 0.2 0.66 + 0.17 
HODGSON 0.68 + 0.05 0.71 + 0.03 
MUIRHEAD 0.70 + 0.03 0.71 + 0.03 
NOSTRI | 0.59 + 0.04 | 0.64 + 0.03 


Il valore 


F — 0.53 + 0.08 


della frazione in avanti per i frammenti, prossimo a quello della distribuzione- 
isotropa, conferma la nostra interpretazione di questi come risultato della 
frammentazione del nucleo piuttosto che come rinculi nucleari (che dovrebbero 
essere fortemente collimati in avanti) e la notevole diversità dall’analogo valore 
per le particelle « conferma la legittimità dei criteri adottati per distinguere 
queste dai frammenti (che, evidentemente, avranno una distribuzione isotropa 
poichè nessuno di essi à attribuibile alla cascata nucleonica). 

La Tabella III da i valori del rapporto //, delle particelle x a tutte quelle 
cariche emesse (entro 30 MeV). 


TABELLA III. — Rapporto II, delle particelle x a tutte le particelle cariche emesse 
(< 30 MeV). 


Avanti Indietro Totale 
: GRILLI 0.61 + 0.15 0.50 + 0.15 0.55 + 0.1 
MUIRHEAD — — 0.48 + 0.03 
NOSTRI 0.56 + 0.03 0.48 + 0.03 0.53 + 0.02 
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L'elevato valore di //, è facilmente interpretabile con l’ipotesi, general- 
mente accettata, di una struttura a particelle « dei nuclei leggeri. 

La collimazione in avanti dei protoni e delle particelle x non & attribuibile 
al moto del baricentro (poichè in tale sistema sono misurati gli angoli) e pu 
quindi affermarsi la presenza di protoni e particelle « di bassa energia 
(T < 30 MeV) fra le particelle della cascata nucleonica. 

La differenza fra il nostro valore di //, e quello di MUIRHEAD, piuttosto ele- 
vata, anche se entro i limiti degli errori, potrebbe attribuirsi alla circostanza 
che gli autori citati (1) forse hanno calcolato /7,, considerando fra i protoni 
anche le particelle di energia > 30 MeV (tracce grige). In tal caso il nostro 


valore risulta 


IT, = 0.45 + 0.02, 


in migliore accordo con i dati di MUIRHEAD e coll. Non siamo in grado perd 
di precisarlo poichè essi (1) non distinguono //, secondo che le particelle siano 
state emesse in avanti o indietro: infatti, se si considerano le tracce grige, 
MTN re See (per i nostri dati 
rispettivamente: 0.44 — 0.02 — 0.47 + 0.03). 


deve essere evidentemente pit piccolo di (/7,) 


æ'indietro 


I dati di Grilli (4) si riferiscono come i nostri (Tabella III) a tracce nere. 
Per analogia a quanto fatto per gli elementi pesanti ci sembra più opportuno 
calcolare IT, solo relativamente alle tracce nere. 

Con i medesimi criteri (f) esposti nella nostra precedente nota, poiche le 
particelle vengono emesse isotropicamente nel processo di frammentazione che 
segue la cascata (anche se non interpretabile in termini evaporativi), € pos- 
sibile dedurre, rispettivamente fra i protoni e le x, le frazioni P,,, P,, di par- 
ticelle della cascata: 

122 — 0.20 ait 0.02, es 0.322 0.03% 

Nella Tabella IV sono riportati i valori delle grandezze caratteristiche quali 

possono ricavarsi mediando sui nostri dati e su quelli degli autori citati (+4). 


TABELLA IV. — Parametri caralteristici delle stelle prodotte in nuclei leggeri da protoni 
di 140 MeV. 


Presente lavoro Media ponderale 
le 0.94 + 0.02 0.94 + 0.02 
Fp 0.59 + 0.04 | 0.66 + 0.02 
ne 0.64 + 0.03 0.66 + 0.02 
[ Avanti 0.56 + 0.03 0.56 + 0.02 
IN, Indietro 0.48 + 0.03 0.48 + 0.02 
| Totale 0.53 + 0.02 0.51 + 0.01 
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4. — Distribuzione energetica dei protoni e delle particelle «(< 30 MeV) 


Fra le tracce a morte, gia distinte in proteni e particelle «, si & risalito 
dalla misura del range all’energia, e le distribuzioni cnergetiche ottenute, cor- 
eg. 6, 7: il fatto che 


Os 


rette per le perdite geometriche, sono riportate nelle Fi 


À 
4 
2 
Ir 
LI 
Emev 
N à Rue 1 
10 20 30 10 20 30 
Fig. 6. — Distribuzione energetica dei Fig. 7. — Distribuzione energetica delle 
protoni. particelle «. 


parte delle tracce corte sono state da noi considerate frammenti e quindi 
escluse dalla distribuzione angolare delle particelle x porta a notevoli diffe- 
renze con i dati di Hodgson (?) mentre il confronto con Muirhead e coll, (!) 
è soddisfacente. 

Nella tabella V sono riportate i valori dell’energia media 7 confrontati 
con quelli degli altri autori. 


TABELLA V. — Bnergia media T(30) dei protoni e delle particelle x. 


Avanti | Indietro | Totale 
— — ef — — — — —- — if | 
oer uk er | 9.6 | 8.7 | 9.2 
os particelle « | 8.5 | 7 | 8 
onl | 11.2 + 0.8 8.6 0.7 10.2 + 0.6 
| Nos es | : = js + 4 | : + 
| \ particelle x | 7640.5 | 6.3 + 0.5 | HMS 


Puö osservarsi che per le particelle emesse nell’emisfero anteriore, l’energia 
media & maggiore e cid è da attribuire alla presenza, prevalentemente tra esse, 
di particelle della cascata che sono le più energiche. 

‘Le differenze fra i nostri dati e quelli riportati per confronto possono attri- 
buirsi al fatto che i nostri sono riferiti a particelle con energia fino a 30 MeV, 


67 - Il Nuovo Cimento. 
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mentre eli autori citati prendono come limite superiore rispettivamente 20 MeV 
per i protoni e 40 MeV per le particelle «. 


5. — Conelusioni. 


La prima fase del processo di disintegrazione dei nuclei leggeri colpiti da 
particelle di alta energia pud interpretarsi col modello della cascata nucleo- 


nica: MUIRHEAD e coll. (1) e COMBE (?) hanno ad essa applicato il metodo. 


di Montecarlo. 

Una prima distinzione puö farsi fra le stelle a seconda del numero dei rami 
grigi della cascata; tale distinzione, eseguita solo fra le prime 108 stelle ricer- 
cate sistematicamente, è riportata nella Tabella VI. 


TABELLA VI. — Classificazione delle stelle secondo il numero dei rami grigi. 
| 
Org 45.4 + 5 
Lrg 51.8 + 4.7 | 
214 | DS EMI C 


Il confronto con Combe (?) e Bernardini e coll. (*) non & molto significative 
a causa della diversità dei valori dell’energia dei protoni incidenti. Nella cascata 
nucleonica perd vengono anche emessi protoni e particelle « di bassa energia: 
in base ai nostri dati si pud concludere che, per ogni stella, vengono emessi, 
oltre gli eventuali neutroni, 0.9 protoni e 0.7 particelle «. 

Se le particelle della cascata sono protoni (1) Penergia media di eccitazione 
del nucleo residuo & di 23 MeV: nell’ipotesi, generalmente ammessa, della 
costituzione a particelle « dei nuclei di C ed O (rispettivamente: 3x e 4«) 
e pensando il nucleo di N costituito da 2x ed un deutone diremo frammen- 
tazione completa del nucleo il suo spezzarsi nei costituenti. 

La frammentazione completa del nucleo eccitato potra aver luogo solo se 
Venergia di eccitazione del nucleo residuo è almeno uguale alla soglia per le 
reazioni %C(p; 3a, p); ';N(p; 3x, d,p) oppure “N(p; 3a, 2p,n); 'O(p; 4a, p) 
cioé rispettivamente 7.3; 17.5 oppure 19.8; 14.5 MeV. 

Se l’eccitazione del nucleo non raggiunge la soglia per le suddette reazioni 
si avra, nei processi seguenti la cascata nucleonica, solo l’emissione di alcune 
particelle e di un frammento (3 < Z < 8): questo & il caso delle stelle ad 1, 2, 
3 rami, di parte delle 4r e di alcune 5r. 

Se invece l’eccitazione supera la soglia di tanto quanto basta (28.2 MeV 


(?) G. BERNARDINI, E. T. Born e S. G. LINDENBAUM: Phys. Rev., 88, 1017 (1952). 
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per &) per spezzare una o più particelle x nei loro componenti (2p, 2n) si avranno 
delle reazioni più complesse e stelle quindi a maggior numero di rami: almeno 
5 rami e comunque non più di 8 per l’energia dei nostri primari. 

Le disintegrazioni che possono aver luogo sono rappresentabili secondo 
i seguenti schemi: 


re NEN per CS 
eA ie Ons oo. per: OF 


i NX + p = (k—i)x + (2i + 1)p + 2in +Q 


MY 4 p = (k—i)x + (2¢ + 2)p + 2in+Q tt hts ESEL POLE NG 


2k+1 


Per quanto si è detto uno o più protoni emessi nella frammentazione com- 
pleta del nucleo possono essere sostituiti da un deutone o da un tritone e 
risulterà diminuito, di 1 o 2 il numero dei neutroni emessi (per ogni d o t). 

Se nel processo della cascata viene emessa una particella « invece che un 
protone le espressioni precedenti non vengono alterate anche se, ovviamente, 
saranno diverse, ma di poco, le soglie per le reazioni di frammentazione completa 
poiche il nucleo residuo che la subisce non & più quello di partenza (%C, UN, 
%O) ma, rispettivamente ?B, %C, BN. 

Con le ipotesi fatte circa la costituzione dei nuclei di C, N, O dovrebbe 
escludersi l’emissione di neutroni nel processo della cascata e le stelle Or, della 
Tabella VI andrebbero interpretate piuttosto come se nella cascata fossero 
state emesse particelle x o protoni neri (< 30 MeV). 

Tenuto conto dei criteri adottati per la distinzione fra p ed x e della com- 
patibilità delle reazioni con le cariche totalmente in gioco, si à cercato di rico- 
noscere singolarmente le reazioni osservate. 

A tale scopo si è preso in considerazione un campione di 181 stelle com- 
prendente le 108 cercate sistematicamente e, delle altre, solo una parte scelta 
a caso e proporzionalmente alle sezioni d’urto per i diversi tipi di stelle 
(cfr. parte I). 

E cosi possibile giungere alla conclusione che nel 56% dei casi non si ha 
la frammentazione completa del nucleo e che le restanti stelle, escluso un 14% 
di attribuzione incerta, possono suddividersi secondo come indicato nella 
Tabella VII. 

Le disintegrazioni %C(p; 3x, p); “$N(p; 3a, d, p) e %O(p; 4x, p) sono indivi- 
duabili con buona precisione poichè, essendo emesse solo particelle cariche, 
è possibile controllarle mediante la conservazione dell’impulso e dell’energia. 

Le stelle 5r in N possono attribuirsi ai due schemi indicati nella Tabella VII 
(a causa della relativa povertà dei dati sperimentali non vengono distinte): 
dalle nostre osservazioni sembra che circa la metà di esse sono attribuibili al 
primo schema per il quale & possibile il controllo di cui si & detto. 

Il controllo da noi eseguito è anche conferma dell’esattezza dei criteri adot- 
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TABELLA VII. — Percentuali dei modi di disintegrazione dei nuelei leggeri. 
4r (p3 3a, ) Pha : 
12 | 13.2 +2 
sc 5r (p; 2% 3p, 2n) 22 J TR 
a [| (p; 3x, d, p) a 
aN = | (ps 3a, 2p, n) ae \ 3.020 Did! 
6r (p; 2x, 4p, 3n) 1.1 | 
sr (p; 4x, p) | 4.4 ] 
160) 6r (p; 3x, 3p, 2n) 6.6 | 12.2 4.2.5 
RE (p; 2x, 5p, 4n) 0.6 
sr (p; &. 7p, 6n) | 0.6 


tati per separare le stelle secondo la loro origine (in elementi pesanti o leggeri) 
e per distinguere i protoni dalle particelle «. 

Ci si deve attendere che la frequenza delle disintegrazioni nei diversi ele- 
menti della emulsione dipenda essenzialmente dalla loro abbondanza relativa; 
cid è valido per il totale delle disintegrazioni osservate mentre il confronto 
puö farsi solo per le stelle in cui non viene emesso un frammento e per le quali 
è stata possibile l’attribuzione ai diversi elementi: esse costituiscono circa 
il 30% di tutte le disintegrazioni prese in considerazione. 

Poichè tutte le stelle di attribuzione incerta sono fra le 4r e le 5r, viene 
sottovalutata la prima delle disintegrazioni in © e le 5r in O rispetto alle 6r. 

Entro tali limiti si puö affermare che mentre le quantita di C, N, O stanno 
come 4.7: 1: 3.5 le stelle attribuite ai diversi elementi stanno come 3.4: 1: 3.1. 
Nei limiti degli errori sperimentali il confronto & soddisfacente. 


OK 


Ci è gradito ringraziare i Ch.mi Proff. V. POLARA e G. CORTINI per l’inte- 
resse prestato al presente lavoro e le utili discussioni sull’argomento. 


SUMMARY 


The nuclear disintegrations produced in the light elements (C, N, O) of Ilford G5 
600 um emulsions by 140 MeV protons have been studied. 220 stars (of which 108 
found by systematie scanning) have been examined. The most reliable values of some 
characteristic parameters, in the examined process of disintegration, resulting from 
the data of the present work and from those of others, are here given. The disintegr- 
ations produced in the various elements are recognized: these are in accordance with 
the «-particle model of the light nuclei and with the proposed schemes. Such schemes 
give an explanation for about 45% of the occurred disintegrations, in the remaining 
cases there is the emission of some particles (by local evaporation, e.g.) and of a frag- 
ment (Z >3). It seems that the frequence of the disintegrations in the various elements 
depends essencially on their abundance in the emulsion. 
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Statistical Approach to the Domain of Action 
of Collective Co-ordinates in the Many Body Problem (*) ('). 


J. K. PERCUS and G. JVEVICK 


Walter Kidde Laboratory of Physics, Stevens Institute of Technology - Hoboken, New Jersey 


(ricevuto il 15 Dicembre 1956) 


- 


Summary. — The collective co-ordinates have a mathematical boundary 
whose nature is investigated in this paper. This is accomplished by 
comparing expressions for the partition function in collective co-ordinate 
space and configuration co-ordinate space. The resulting decomposition 
of the collective space into two-dimensional subspaces, whose extent is 
independent of wave-number, permits approximation to many body 
correlations. It also implies a new simple approximation to the many 
body partition function, some consequences of which are examined. 


Introduction. 


In preceding papers (2), the role of the collective co-ordinate g,— > exp [ikx,] 


for analyzing the classical many body problem was indicated. We have also: 
touched upon the peculiar mathematical properties of the g; — in particular, 
the boundedness of g,. Preliminary calculations () based on random walk 
considerations show that each q,, while mathematically limited in magnitude 
to the value N (the number of particles), spends most of its time around zero, 
with a standard deviation of the order of V N. In any approximation method 


(*) Supported by Office of Naval Research, Contract NONR 26311, NR 017617. 

(1) Portions of this paper were first presented at- the Washington Meeting of the 
American Physical Society, April, 1954. See Phys. Rev., 95, 624 A (1954). 

(2) G. J. Yrvick and J. K. Percus: Phys. Rev., 101, 1186 (1956), Paper I; 
J. K. Prerous and G. J. Yrevick: Phys. Rev., 101, 1192 (1956), Paper II. 

(3) J. K. Percus and G. J. Yevick: Dynamical Lagrangian for the Many Body 
Problem (Paper III), recently submitted to Nuovo Cimento. 
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for treating the many body problem, using the q,, the precise domain of action 
is clearly à matter of great importance. This is especially true in quantum 
mechanics. 

The basic idea in this paper is to express the partition function both in 
q-Space and in configuration space, and then to compare the two, each sug- 
gesting approximations to be made in the other. In this way, for example, 
we obtain the moments of the g,, which if exact are sufficient to map out the 
boundary in g-space. The approximate decomposition into two dimensional 
subspaces carried out here presumably washes out fine details of the boundary, 
but its justification can only come by the fruit it yields. 

An immediate result of the above decomposition is an approximate eva- 
luation of the partition function. This evaluation depends upon the self- 
consistent computation of a number of parameters, an analysis of which will 
be deferred to a succeeding paper. However, application is made to the case 
of low density fluids, and to the general problem of many body correlations, 
in order to indicate qualitative bounds on the validity of the present treatment. 


1. — Summary of previous results. 


We review, with slight modification, the formulation developed in Pa- 
per III (*). The many body problem to be considered is represented by the 
Lagrangian 


“2 
(1) L, =} > m —+> 
à a 
where x; is the co-ordinate of the i-th particle located in a one-dimensional 


periodic box of length L; L, is now replaced by a «dynamical» Lagrangian 
given by 


1 Ur = lo 9 N 1 de 79 
(2) by = RS luna} +> Soe book? 


Fest 2 
where X is the center of mass and q, is the collective co-ordinate defined by 
(3) Qu = > exp [tka,]. 

Moreover, the u, and », are specified by 


(4) ur = (mN S ou )/ > a7") 


{U OH} 


> 
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and 
F - - 2S ty VE 
(5) Me = D Ou (Vo), 
@ 


where (Vo), is the /-th Fourier component of V(x)o(x). If N is the number 
of particles in the box, then the set {k} consists of any N integral multiples 
of kj —2x/L with the restriction that the presence of k in the set implies 
that of —k; further we assume k = 0 to be included in {k}. The function 
o(æ) denotes the two particle distribution function defined for near equilibrium 
conditions by 


1 


1 4 
(6) lim — Is. dt = i | fuir, 2,) 0(@; — %,) dx; de, , 


for an arbitrary function g. The matrix o = (o,,) is defined as that of the 
Fourier components of o(x): 


L/2 


1 : 
(7) On = Or = „low exp [i(k — l)x] dx. 
— 22 
2. — Partition function in x and q space. 
We shall find it convenient to employ the real variables 


* # 
Gr + Ue LE 


‘ ? 7 (14 
2 24 


(Il 
a 


(8) Cr = 


the Lagrangian of (2) now becomes 


9 en A) ea ke at, st) er 
{ ) ({ ky OkSy ) a Cr dé j Bos Ne Sj, VS; 
Tee DES AR 
+ N N (N 1)», + = Nu X? : 
(e>0} “ 2 


The Hamiltonian for (9) is as follows: 


Nk? 
du; 


Nk 
2 2 2 2 
Ent nc) SI > | ER Ar rs) = 
{0} / 


oie | : 
2 4 ix 
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where 


(11) = O0, =, oLles, and“ P=roLoX. 


The partition function in g-space may now be written as 


> 


(12) hy, == = 5 ' 0 A — 1), —N D] 


">0} 


_ Nok yt 
foot §P2/2Nu,] dX dP II exp|— ——”*| dy, - 
. {k>0} Fur À 


k°E 
- II exp - au À ad, [J exp [— Pr.(e + sk)] de, ds, . 


&>0 Au #>0} 


The integrals over P, 7,, and 4, are easy to evaluate: Eq. (12) is trans- 
formed into 


1 2 N 0 3 47 1 
(13) 0) ÎTI zu | 


{k>0} 


“en E 6) (5 N(N —1),—N > »)] 
- | … | IT exp Hl + s5)] de, ds, - dX - 
. tk>0} 


We shall also require the partition function in absolute space, which is 


given by 
9m; N/2 0 a 
milan if _fexp - 22 V(x; — x;,)| dx” 


where the momentum dependence has been integrated out. In (13) and (14), 
9 denotes 1/KT. 


(14) ZAC IE 


3. — Comparison of partition functions. 


According to the Lagrangian of Eq. (2), the q, behave, locally, as inde- 
pendent harmonic oscillators. However, as we have discussed in Papers I 
and III, the volume in q,-space is not just the direct product of intervals along 
the q,-axes; thus the boundary which a given q, will see depends upon the 
location of the other q,’s. If one takes a long time exposure, appropriate for 
an equilibrium state, of the space available for the pair q,, 9-., a function 
PAV 4x) results which according to the analysis of Paper III, extends to 
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about |9.|?=N. Thus, in the picture in which the pairs (q,, 4x), and the 
single co-ordinate X, are regarded as independent entities, the decomposition 
of the integral in Eq. (13) is to be written as 


(15) | TI exp [— 9 (eg + 8%) |] dc. ds,-dX = 


{k>0} 


=| -dX [] IE: [— 0», (c + 8%) ] 9.(cx. 8x) de, ds, - 


{k>0}, 


It was noted in Paper III that the w, of Eq. (4) may be taken as close 


to m. Since > u, — Nm, we then have 
i 


les” = TT] exp bi In (1 nee —) = 


{k} {x} ‘3 


na 1 ‚— m\? | 
Ma : te = > (" >) rn a — m exp 


1 Be m\? 
ne eae a 


=m exp 
and so through first order terms, 


(16) Onl male m: 


it develops that the precise value of this product is not crucial to the ensuing 
discussion. Finally, then, we may rewrite Eq. (13) as 


1 
re 5 ON(N — ] Wo 


ns 2 Dmsc\ "12 
(17) Yd A (ik tb)\ ip IN aa se (hie) exp 


> 0} 


pe -AX Al [ | fest Ov.( + 5) + Nr] gx, Sx) de, ds, - 


Let us now focus our attention on Z,(0, L) in Eq. (14), which we wish to: 
write in a form in which comparison may be made with Eq. (17). This end 
is achieved first by noting again the fact implicit in the transition from Eq. (1) 
to Eq. (2): for equilibrium processes, we may replace V(x) by V*(x) defined by 


(18) V*a) = >», exp [tka] . 


{x} 


Next, the transformation law for the volume element from x-space to q-space 
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may be written as 


L 
(19) JEUN |, | [] de, ds,-dX , 
Cc, S, X {k> -0} 
where J(r/c, s, X) is the Jacobian for the transformation, and where we have 


used the fact di a single traversal of æ-space spans g-space N! times. 
Employing Eqs. (18) and (19), one readily finds that Eq. (14) may be written as 


2ma\7/2 
(20 Z_(0, L) = |\—— ex 
(20) Z,(0, L) | exp 


1 
— EN(N— D 


Le 4h IT exp [— @v,(e + & — N)]J(aje, s, X) |] de: ds dX. 


>0} {k>0} 


Assuming the identity of Eqs. (17) and (20) establishes the relation between 
Gifs 8x) and J(æfe, s, X): except for normalization, g,(¢., 8.) may be regarded 
as the dynamical projection of J(x/e, s, X) onto the ¢, s, plane, and indeed 
in the present approximation, J is the product of its projections. This is, of 


course, consistent with our original picture of g;(¢x, Sx). 


We proceed next to examine more closely the decomposability implied 
by Eqs. (17) and (20), thereby setting the stage for the evaluation of both 
g, and Z(0). 


4. — Decomposition of the partition function. 


In this section we shall analyze the factor in Eq. (20) given by 


(21) i f dl exp [— 0»,(c% + s})]d(a/e, s, X) [I de, ds,-dX = 


{k>0} EN 
N! i … | TL exp [ — 0v,02]4° , 
J tk>0} 
where 
(22) Qt = 4% = > exp [4k(w — 2). 
ij 


To the extent that the decomposition of the Jacobian into the g, is kinematic, 


the g, will be independent of the »,; the form of Eq. (17) then implies that 
each factor exp [— 9,92] in Eq. (21) should contribute separately to the 
value of the integral. Let us now examine the nature of the argument which 
is required to produce such a decomposition of the «-space integral (21). 
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For the purpose at hand, it is sufficient to evaluate integrals of the form 


(23) i | ae fit (Gey) AT ; 


here the k* need not be distinct. We may expand the product in the integrand 
of Eq. (23) in the following manner. Let {R,, R,... R,} be a decomposition 
into ordered subsets, some of which may be empty, of the set of {k,}; we 
assume for convenience that no k, is zero. Then from the definition (3) of q, 
it is clear that Eq. (23) may be written as the sum over decompositions: 


(24) 3 i | ~ fexp [i > (> k,)a,]dx”. 


decomp. I-1 Xj: in #; 


In order to analyze Eq. (24), we shall assume explicitly that the wave- 
number spectrum is of a «random » type, containing numerous gaps, as in 
Paper II; the extent to which one is justified in making this assumption must 
be found in the results of the theory. Now the separate terms in Eq. (24) 
integrate to either unity or zero, with unity occurring only if the coefficient 
of each x, vanishes. But since the set of all {k} in the spectrum is of random 
type, except for the enforced pairing of k and — k, the only vanishing linear 
combinations of k, which are present in profusion are those which vanish 
strictly by virtue of being composed of vanishing pairs k, —k. Thus, we may 
assume that each R, consists of a set S; together with its set of reversed sign 
wave numbers S,; two consequences stem from this fact. 

First, the complete set of {k,} must likewise decompose into reversed-sign 
pairs, which means that the only integrals of type (23) which are significantly 
different from zero can be written as 


(25) L*| vo) TL (Qe der. 
Fs k>0 


Next, since each k multiplying an x, must be associated with a — k, a given 
decomposition may be indicated diagrammatically by a set of directed « mo- 
mentum » loops, an entering or exiting 
arrow corresponding to k or — k; a typical 
example is shown in Fig. 1. Now, the dis- 
tinct k’s at a given vertex x, are totally 
unrelated; this means that the total number 


of diagrams is the product of the number 
containing only k, loops, the number con- Fig. 1. — A typical term for the 
taining only k, loops, ete. In other words, integration of (Q%,)°(Qj,)?- 
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we conclude that 


en 2ef. frame [fra]. 


so that as far as æ-space integration is concerned, the Q? may be regarded as 
independent variables. 

Finally, we apply Eq. (26), through Eq. (21), to the evaluation of Z, in 
Eq. (20), and obtain at once 


LT” (2mn\*l? 
(27) GAL} = Vi eal exp |— 


Zone 1. 


rer : 
oth = [exp [— 0,.(Q; — N)| da” - 
= L : 


5. — Extent of q-space. 


Having now shown that as a result of the gap spectrum of wave numbers, 
the g-space decomposition is »,-independent and thus essentially kinematical, 
we are prepared to evaluate the function g, of Hq. (15) which determines the 
space available to a pair q, gx. A comparison of Eqs. (17) and (27), an 
identity in d and the »,, tells us at once that, except perhaps for normalization, 


(28) [fox [= Ov,Q%] 9x(Cx, Sx) der ds, = 


a (ENTE | 4 fox» [— 9,02]da? ; 


the e/2N factor in Eq. (28) arises from using the Stirling approximation for 
(N!)/S~Y, and <k> denotes the geometric mean of the set {k 0}. Since Rg. (28) 
is an identity in 0, the exponential may be replaced by an arbitrary function 
of Q,. Let us further observe that a shift of origin of v-space, serving to rotate 
the pair €, 8,, can have no physical effect in a translation invariant system; 
thus g, can be a function only of the magnitude Q,, and not of the « angle » 
Pr = tg”! (s,/¢,). Hence Eq. (28) takes the form 


(29) [non 9.9) Qe AQe = (e/40N) (Ck L)2L =. ‚nos ) da” 


There remains only the problem of extracting g, from Eq. (29). 
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A simple combinatorial argument is utilized in Appendix I to prove that 
430) frz ine ora” = (—)"(n!)? coef. y" in (J,(24Y))" ; 


Since Ky. (30) is independent of k, g,(Q) should likewise be independent of k, 
and this validates the normalization used in Hq. (29). We then have, employing 
Eqs. (29) and (30), 


(31) | Ty (2\/ GY) g(Q)Q AQ = (e/4xN)(<k> L)L-* | ae fr even dar = 


= (e/4rN)(<k)L)L > —)"yr (m)? | = [oe aus — 


= (eH4rN)(k)L}(J(2V7)". 


Applying a Bessel transform (4) to Eq. (31), there results 


foo} 


(32) g(Q) = (e/2aN)(<k>L)? | Ty (2 Q?y((Jo(2V 9)” dy ; 


0 


an asymptotic evaluation of the integral on the right hand side of Eq. (32) 
presented in Appendix II, finally yields 


Rare 
(33) g(Q) = (e22N*)(<k>L)? exp[— Q?/N] (1 TN m(Q?/)) : 


where h has leading term unity. Eq. (33) is the basic result of this section. 

One observes that the domain of action represented by g(Q) is independent 
of k, and for all practical purposes, extends only to Q —4N; these results 
coincide with those obtained in Paper III. In fact, the characteristic depend- 
ence of exp[—Q?/N] is precisely that which was given by the random walk 
interpretation. Regarding g(Q) as a projection of the Jacobian, its form co- 
incides with that obtained by other investigators (56), in a somewhat dif- 
ferent context. 


(4) W. Magnus and F. OBERHETIINGER: Special Functions of Mathematical 
Physics (Chelsea, 1949), p. 136. 

(®) D. PINES and D. Boum: Phys. Rev., 85, 352 (1952). 

(6) A, A. BROYLES: Phys. Rev., 100, 1184 (1955). 
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6. — Effect of decomposability on many-body correlations. 


The decomposability of g-space into two-dimensional subspaces and the 
rewriting of the kernel of the partition function integral in terms of the q,, 
while of clear computational aid, have thus far been given only limited phy- 
sical significance. Although our formalism has been centered on the two-body 
correlation function and should not be required to predict more than this, it 
does make definite statements as to higher correlations, which should yield 
further information as to the approximations actually involved and the limit- 
ations of the present simplified approach. 

The instantaneous s-body distribution function is clearly given by 


| (N — 8)! | | 
(34) Ors Var WE À a). 8 — 2) ; 


NUE 


taking Fourier components, we readily find that for s = 1, 2, 3, 4, ... 


1 
| Los a x » 
| x 1 
| L'on = N(N—1) [4G — Axa] 5 
55) | | 

) | Loym Zr N(N —1)(N = 2) {ri a > QxQi+m ar 2Grritm] , 
| DR ee 
| Yklmn N(N 1)(N 2)(N -3) Ie myn ke m+n 
| se Perl nate 2 > Fx+t4+-m Im — GQriiimin] ; 


and so forth. In computing the mean distributions over time or phase space. 
we recognize that for a translation invariant state, o,,..,—= 0 unless I k,—0; 
hence 


| Te Or À = Ox, 1 
L? 0% = SEN [ <q.q% > — N ] 64; 
Oni NN — 1) kQr k+L0 + 
1 ; r 
(36) } LE On — NN — N — 2) Lei m > == > (QrQx > + 2N ] Outten 9 
/ 1 | ù | 
2 Om? = ON IN — 2)(N 3) Lan) — 2 unge) + 
| = » Ger Gier > +2 D: Gk oad 6N | Öprsnihn,ei, 1 ebe- 
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Thus far, all is exact. Now, since the kernel exp[—6 > V(x;— x;)] of 
t>j , 

the partition function, which represents the canonical many body distribution, 
has been written (Eq. (17)) as a product of separate functions of dd, the 
argument of Sect. 4 tells us that in the present approximation, an average 
of the form (qx ge, + x > is non-zero only if its factors separate into q,'s and 
pairs 4,4; = 14-x. Indicating the quantities obtained in this way by bars, 
we now have 


(37) Oy = MO, 


but 


Im = LIN EN — LIN — 2): 


py. Nô% qi > — 2 NS 00010 — > digi ain 2N Ons: 19,0 + 


with higher order distributions following in a similar manner. One notes 
that (37) does correspond to a sequence of many body distributions in the 
sense that integration over one particle yields the next lower distribution, 
as verified by 


Oxo? = <Ox? 5 Oxto? = OKI? 3 etc: . 


According to (37), the 3-body distribution is completely determined by 
the 2-body distribution, so that there is in a certain sense no «intrinsic » 
3-body correlation. Such a concept is somewhat nebulous (7) and so to fix 
our ideas, we reverse the Fourier transform (8), and easily obtain 


(38) <olm, Y, &)> — <o(x, He Ad 
= N*/(N —1)(N — 2)<(o(@) —1/L)(o(y) —1/L)(o(@) — 1/2) 


One may argue that the relative deviation in Eq. (38) is generally small; it 
certainly is if space consists largely of regions in which one of the factors in 
Eq. (38) is uncorrelated with the product of the other two. As one goes to 
higher distributions, the mixed two body terms still predominate, many body 
correlations being crudely chains of two body correlations, and one approaches 
computation of quantities involving such higher order terms with increasing 


(7) For another form in which 2-body distributions determine 3-body distributions, 
see J. G. KirkwooD and E. M. Bocas: Journ. Chem. Phys., 10, 394 (1942). 
(8) We imagine the wave number spectrum arranged e.g. to contain k, I, m when 


we are examining 9,,,, in detail; thus @,,,, is «continuous » in k, I, m, ete. 


® 
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trepidation. Nonetheless, specific many body terms, such as <q19xQ-rQ-x}» 
do make their appearance in our approximate formulation, so that « intrinsic » 
terms are not entirely neglected. One may conclude that a configuration 
space interpretation of the basic fact that « phonons » q,, of wave number —+X 
are regarded as interacting only with themselves is not wholly appropriate. 


7. — Evaluation of the partition function. 


Inserting the principal term in the asymptotic expression (33) for g(Q) 
into (17), we have 


27 } N/2 il 
(39) 20,1) = N21] /2 (ss) Be 507 Css im] 
fo) . À 
- II exp | (on. | (Qi. x) 0.40. 
&>0, N N 


0 


Before proceeding further, an interesting consequence of Eq. (39) should be 
pointed out. We have noted that the restricted domain of action for Q, pre- 
vented a direct integration over €. and s, in the harmonic oscillator partition 
function (13); however, we now observe from (39) that the boundary effect 
may be completely simulated by replacing the force constant », in the integ- 
ration by an effective force constant 
(40) „om =v, +1/N0. 
A similar result has been obtained by PINES and BOHM (°). 

The integration of (39) is readily accomplished (!%); taking logarithms, 
we then have 


(41) In Z(6, L) = const + N In (L6~*) — 4N(N — 1),0 + 
+ > (Noy, — In (1 + Nôw)) , 


{k>0} 


from which the various thermodynamic parameters follow at once, as e.g. 


(42) C, = k020? In Z/00?, pL0 = LôlnZ/0L. 


(°) D. Pines and D. Boum: op. cit., p. 353. 

(1%) The integral appears to diverge when »,+1/N0 < 0; a more careful treatment 
of g(Q) shows it to be finite but large. However, the self-consistent formulation given 
below operates to minimize the occurrence of this situation. 
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Actual computation, however, awaits evaluation of the », which enter into 
Eq. (4.1), Eq. (5) then shifts the problem to the determination of the o,. But 
since the statistical state of the system is now known, o, is readily obtained. 
From the definition (6), it readily follows that o, = L%Xo,,-), in the not- 
ation of Sect. 6. Hence 


(43) o, = 1/N(N KDD — N]; 


since the only portion of the q-space partition function kernel which affects 
<Q2> is exp[— (dv, + 1/N)(Q? — N)], we have for k 40, 


[exp [— (On. + 1/00 —¥)](Q2 — Malt — N) 
(44) o, = — = = : 
N(N —1) fexp[— (99, + UN) —N) ]a(Qi —N) 


Integrating Eq. (44) and rewriting Eq. (5) in juxtaposition, the », and o, are 
thus determined by the «self-consistent » set 


(45) o, = — (1/N —1)N6»,/(1 + NO) , k «0, 
Gp == 55 
> Or -dı = (Vo), A 
u} 


At this point, it is convenient to consider the sound velocity at wave- 
number k. If q, oscillates nearly harmonically in time at angular frequency o;, 
then clearly 


(46) Oo = (1 > dde - 


But from q: = ik > #,exp[ika,], we have <¢,g*> = Nk*<é> = Nk?/mO; to- 
gether with Eq. (43), this yields 


(47) wo? = (1/mO)k?/(1 + (N —1)o;) , 

‚from which the velocity v(k) = dw,/dk, or 

(48) “o(k) = (md) *(d/dk)k(1 + (N —1)o,)7?. 

It is of interest to note that, using Eq. (45), Eq. (47) becomes 
(49) où = (Nk&/m)(n, + 1/N) ; 
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referring to Eq. (2), this is the oscillation frequency which would be expected 
for u, = m as in Eq. (16), and the modified force term given by Eq. (40). 

We return to the evaluation of the partition funetion. This requires solution 
of the set (45), which for a given V(x) is trivial in principle but scarcely so 
in practice; relevant techniques will be treated in detail in a following paper. 
For the present, it will suffice to examine a special case, that of the low density 
limit. For low density, as is well known (11), the (nearly normalized) 2-body 
distribution function is given by the Bolzmann factor: 


(50) o(x) = exp[—0V(x)]. 


We shall require o, as k —0, which for a potential which is asymptotically 
zero, becomes 


(51) lim (k > 0)o, = B,(0)/L , 


where 


8, (0) = | (exp [— 0V(x)] — 1) dr ; 


B, is the 2-body cluster integral of the Ursell cluster expansion (17). It follows 
from Eq. (45) that (assuming continuous »;) 


(52) Vo = — (Bi/L6)/ + NB,/L). 

But for low density, Eq. (41) reduces to 

(53) In Z(6, L) = const + N In (L9 À) — 4N29v,; 
comparing with the standard cluster expansion (!”) 


ee | N +... ’ 
2L 31? 


(54) In Z(0, L) = const + N In (Z0-à) - 


we observe that the », term includes all 2-body cluster effects and introduces 
some 3-body terms as well. Finally, we compare the hydrodynamic sound 
velocity at constant temperature 


(55) c = (6p/0o)* = (mN9) *(— L? 0? In Z/OL)* , 


(1) H. S. GREEN: Molecular Theory of Fluids (New York, 1952), p. 75. 
(2) J. E. Mayer and M. G. MAYER: Statistical Mechanics (New York, 1940), p. 291. 
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| with e = v(0) from Eq. (48). Both yield precisely the same expression 


(56) e= (md) (1 + NB,JL) À, 


to the order indicated, a useful check on internal consisteney. 


APPENDIX I 


Evaluation of an integral. 


In order (a) to evaluate the extent of g-space and (b) to obtain an approx- 
imate expression for the partition function, we must explicitly determine the 
following integral occurring in Eq. (26) of the body: 


| py = 1 | : fax dar, 
(1) —_ Là | bie | > exp [ik(x, — x,)]" da”, 


= I | aes | > explik | (Lig. — Cjy)] da” . 
. . &-1 


fig} ia} 


We observe immediately that, since k#0, any *,, which is present in 
Eq. (1) must be matched by an identical #,,. for the integration over an un- 
matched x; yields zero. Thus the {j,} must be a permutation of {à}. For each 
such permutation, the value of the integral will be one. Thus, we are left 
with the problem of determining the number of ways, DY, that n integers, 
with repetitions allowed, may be chosen from 1 to N and then permuted. 
We shall show that DY is given by 


{ 2 
n ! 
TE 2 (— TRE | 


N \ 
Linj=n 
J=1 


bo 
> 

2 
| 


To prove this, let m, be the number of times that the integer j between 
1 and N appears in the sequence {i,} of n integers. Clearly this set fi,} is one 
of n!/m,!... my! possible sequences for a given choince of my... my. Like- 
wise, the same is true for the {j,}. Therefore, for a particular choice of m’s 


N 
with Im, =n, the total number of possible pairs of sequences {i,} and {ja} 


ER 
is (n!)?/(m,!...my!)?. We conclude from this that D7 is given by (2). 
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We next note that DA is also equal to (n!)? times the coefficient of y" in 


(S ym/m 12}, or 


m=0 


(3) DI= (ph). in (Sym y* 
= (—)"(n!)? coef. y" in (Jy (2vY))?. 


Summing up, we have 


(4) TEE ie for au = (—)"(n!)? coef.y* in (Al2vY)) . 


APPENDIX II 


Evaluation of distribution function. 


In order to obtain the distribution for the extent of q-space we have to 
evaluate the integral 


(1) Ky(Q) = | Jo(2VQ?y(Jo(2 /y))* dy . 
0 à 

We note that 
(2) | J (2v/y) =1—y + y?/4 — ¥3/36 + ... 
and 
(3) 1,29) exply] = 1 — 92/4 — 2/9 +... , 
whence 
(4) Jo (2/y) = exp[— Ny] (1 — Ny2fa — Ny3/9 +...) . 
Thus 
(5) Ky(Q) = fexp [— Ny] (1 — Ny?/4 — Ny/9 ...) Jy(24/Q?y) dy . 

0 

Let us define 

(6) un) = [ent NX, Evan dy ; 


0 
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therefore Eq. (5) becomes 
(7) Ky(Q) = UN) — (N/)T'(N) + (N/9)T"(N) +... 
But /(N) is a well-known integral (1°) 
((8 IN) = (1/N)exp[—«/N]; 


we conclude then that 


Ky(Q) = (1/N) exp 


ge! ( Bere ON GEN 
N 2N NER ae) | =): 


(?) W. MAGNUS and F. OBERHETTINGER: Special Functions of Mathematical Physies 
(Chelsea, 1949), p. 131. 


RIASSUNTO (*) 


Le coordinate collettive hanno un contorno matematico la cui natura si esamina 
nel presente lavoro. A tal fine si confrontano le espressioni della funzione di parti- 
zione nello spazio delle coordinate collettive ed in quello delle coordinate di configu- 
razione. La risultante decomposizione dello spazio collettivo in due sottospazi bidimen- 
sionali, la cui estensione & indipendente dal numero d’onde, consente di approssimare 
la funzione di partizione di più corpi. Cid implica anche una nuova semplice appros- 
simazione della funzione di partizione di più corpi, aleune conseguenze della quale si 
discutono. 


(*) Traduzione a cura della Redazione. 
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Multiple Meson Production in the Cosmic Radiation. 
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(ricevuto il 20 Dicembre 1956) 


Summary. — 6 jets were selected from about 250 found in cosmic ray plates 
with the aim to get events representing nucleon-nucleon collisions as 
closely as possible. Scattering measurements on the shower particles 
showed that the mean total energy of the mesons in the center of mass 
system was 0.35 GeV for about 100 GeV primary energy and 0.4 to 1 GeV 
for primary energies of 1000 GeV and more. A large fraction of the 
particles has small energies in the ¢.m.-system, thus favouring the Hei- 
senberg theory of multiple meson production. No relation between the 
anisotropy of the angular distribution in the ¢.m.-system and the inelast- 
icity was found. The inelasticity seems to vary within wide limits. An 
analysis of the angular distribution of 6 further jets presumably produced 
by mesons was carried out. The mean energy of these jets was 200 GeV. 
The angular distribution in the ¢.m.-system is isotropic within the limits 
of error. 


1. — Introduction. 


During the last years a considerable amount of work has been published 
on multiple meson production by high energy particles of the cosmic radiation 
in nuclear emulsions (1-?%:37), The analysis of these high energy stars (jets) 


(1) A. ENGLER, U. HABER-SCHAIM and W. WINKLER: Nuovo Cimento, 12, 930 (1954). 

(2) R. G. GLasser, D. M. Haskın, M. Schein and J. J. Lorp: Phys. Rev., 99, 
1555 (1955). 

(?) K. Gorrstrrn and M. TEUCHER: Zeits. f. Naturforsch., 8a, 120 (1953). 

(*) C. C. DILworTH, S. J. GOLDSACK, T. F. Hoane and L. ScArRsı: Nuovo Cimento, 
12, 1261 (1953). 

(5) T. F. Hoane: Journ. Phys. et Rad., 15, 337 (1954). 

(5) D. Lan, Yas Pav, B. Peters and M. 8. Swamy: Phys. Rev., 87, 545 (1952). 
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is complicated by the fact that most collisions occur between a nucleon of the 
cosmic radiation and some heavier nucleus of the emulsion. It is then generally 
assumed that at very high energies part of the mesons are produced in a 
collision between the primary and one of the nucleons of the nucleus. The 
picture of a pure nucleon-nucleon (N-N) collision is then falsified by subsequent 
collisions inside the nucleus of the mesons produced in the primary act, which 
will lead to scattering and production of more mesons. In most of the work 
published it was attempted to minimize this influence of secondary interactions 
by selecting stars with not more than 4 grey or black prongs. This would in- 
dicate that the excitation transfered to the nucleus and hence the influence 
of secondary collisions are small. This assumption can furthermore be cont- 
rolled by measuring the energy of the shower particles, which will also give 
additional information on the mechanism of the multiple production. Little 
is known in the high-energy region up to now so we have analyzed 3 jets of 


= 


about 100GeV primary energy and 3 jets with energies > 1000 GeV by 


~() T. F. Hoane: Journ. Phys. et Rad., 14, 395 (1953). 
a) a Lat, YASH Pau and Rama: Suppl. Nuovo Cimento, 12, 347 (1954). 
‘" 


3) C. C. DILWORTH, S. J. Goupsack, T. F. Hoane and L. Scarsi: Nuovo Cimento, 
11, 424 (1954). 
(2°) C. C. DinwortH, 8. J. Gorpsack, T. F. HoANG and L. Scarst: Compt. Rend., 


236, 1551 (1953). 
(1) D. Hopper, 8. Biswas and J. F. Darsy: Phys. Rev., 84, 457 (1951). 
(2) M. DEMEUR, C. C. DinwortH and M. SCHÖNBERG: Nuovo Cimento, 9, 92 (1952). 
(8) R. R. DANIEL, J. Davins, J. H. Mutvey and D. H. Perkins: Phil. Mag., 
43, 753 (1952). 
(1) E. Pickup and L. Voyvopic: Phys. Rev., 84, 1190 (1951). 
(5) J. J. LORD, J. FAINBERG and M. SCHEIN: Phys. Rev., 80, 970 (1950). 
ee . Lat, YASH Pat, B. PETERS and M. 8. Swamy: Proc. Ind. Acad. Sei., 36, 


H. Muuvey: Proc. Roy. Soc., A 221, 367 (1954). 

E. NAuGLeE and P. 8. FREIER: Phys. Rev., 92, 1086 (1953). 

. L. BRADT, M. F. KAPLON end B. PETERS: Helv. Phys. Acta, 23, 24 (1950). 
C. CASTAGNOLI, G. CORTINI, ©. FRANZINETTI, A. MANFREDINI and D. MORENO: 
Nuovo Cimento, 10, 1539 (1953). 

(21) G. BERTOLINO and D. PESCETTI: Nuovo Cimento, 12, 630 (1954). 

(22) M. SCHEIN, R. G. GLASSER and D. M. Haskin: Nwovo Cimento, 2, 647 (1955). 
(2°) G. BERTOLINO: Nuovo Cimento, 2, 1130 (1955). 

(2) G. BERTOLINO: Nuovo Cimento, 3, 141 (1956). 

(5) A. WATAGHIN: Nuovo Cimento, 4, 154 (1956). 

(28) F. A. BRISBOUT, ©. DAHANAYAKE, A. ENGLER, Y. Fusimoro and D. H. PEr- 
Ss: Phil. Mag., 1, 605 (1956). 

a L. v. LINDERN: Zeits. f. Naturforsch., 11a, 340 (1956). 

(2°) E. LOHRMANN: Zeits. f. Naturforsch., 11a, 561 (1956). 

(2) A. DEBENEDETTI, ©. M. GARELLI, L. TALLONE and M. ViGoNe: Nuovo Cimento, 
4, 1142 (1956). 
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measuring the angular distribution and the energy of the shower particles. 
Measurements in the low energy region should be useful to check the assumpt- 
ions made above by comparison with jets produced by artificially accelerated. 
particles as soon as they become available. The aim of this investigation was. 
to find out the fraction of the primary energy which is transfered to the mesons, 
and the angular and energy distributions in the center of mass (c.m.) system, 
assuming a primary N-N interaction. 


2. — Selection of events. 


All the jets selected had 3 or less grey or black prongs. The primary part- 
icles were all singly charged. The length of the shower in one plate had to 
be so large as to allow reasonable scattering measurements. All measurements 
(including multiple scattering) had to be consistent with the assumption of 
a N-N-collision (symmetry in the c.m. system, see also ref. (%»%?”)). The number 
of shower particles had to be > 10 to allow a statistically significant treatment 
for the individual events. 6 jets from a total of 250 events with energies 
> 40 GeV found in 3 stacks of stripped emulsions complied with these con- 
ditions. No conclusions whatsoever can be drawn on the prong number distri- 
bution or the distribution of the inelasticity, as one must expect a severe 
scanning bias in this kind of work. This bias should also be energy dependent, 
as a highly collimated jet is not so easily overlooked as one of lower energy. 


3. — Measuring procedure. 


Particles having relatively great angles in the laboratory-(L)-system were 
expected to have low energies. Their scattering was measured directly. Eli- 
mination of spurious scattering was made after the proposal of ref. (°°) and (?8) 
by determining the spurious scattering from tracks of very high energy in the 
same region of the plate, having about the same direction and the same dip. 
A signal to noise ratio of 2 was demanded, else the measurement was assumed 
to give a lower limit only. The particles with small angles in the L-system 
should have high energies. They were determined by relative scattering measu- 
rements. It was confirmed that spurious scattering could be neglected in these 
cases as long as the separation between the tracks did not exceed 40 u, (51). 
This was the maximum separation of all tracks measured in the horizontal 


(3°) F. A. BRISBOUT, C. DAHANAYAKE, A. ENGLER, P. H. FOwLeEr and P. B. JoNES: 
Nuovo Oimento, 3, 1400 (1956). 


(1) S. Biswas, B. PETERS and Rama: Proc. Ind. Acad. Sci., A 41, 154 (1955). 
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as well as in the vertical direction. No correlation between the distance between 
the tracks and their scattering could be found in this case. In order to get 
the necessary signal to noise ratio, very long cells had to be used. Thus the 
statistical error of the measurement of an individual track was as a rule rather 
large, so that in many cases only the mean energy of a group of particles could 
be stated in a meaningful way. 


4. — Angular distribution and primary energy. 


The primary energy was deduced from the angular distribution of the 
shower particles. As a first approximation the method of CASTAGNOLI et al. (2°) 
was used giving: 


1 
In y, a > In te di, 


ys: total energy of the nucleon in the c.m.-system in units of its rest energy: 


Ÿ angle of the 7-th shower particle in the L-system. 


Li° 


The results were in all cases in accord with the «half angle formula » 


Vs = 1/tg Oy ; 


Ÿ,3 is the angle enclosing half of the shower particles. The transformation of 
the angles into the e.m.-system was carried out taking regard of the meson 
energy. According to WINKLER (32) all mesons were assumed to have equal 
energies in the ¢.m.-system, which was determined from the scattering measu- 
rements. The meson energy does not enter in a critical way except for very 
large angles in the c.m.-system. Thus a slight adjustment of y, (< 10%) was 
sufficient to reach symmetry in the e.m.-system in all cases. A peak at 180° 
due to a few tracks was assumed to arise from secondary interactions. These 
tracks were left off (see Table I). 


5. — Energy of the mesons in the c.m.-system. 


The scattering measurements gave for some of the tracks only a lower 
limit for the energy in the c.m.-system. This is partly caused by the fact that 
most measurements were carried out by relative scattering in the forward 
cone to minimize the influence of secondary interactions. It is well known 


(2) W. WINKLER: Helv. Phys. Acta, 29, 267 (1956). 
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that by measurements of this kind the scattering of a single track having a 
much higher energy than the rest of the particles cannot be determined. 
We have in Table I stated the fraction of particles having total energies 
<2m_c? in the c.m.-system, to show that a great part of them has rather 
low energies and that the lower limit of the mean energy values given should 
not be too low. In some cases the scattering measurements on the fast part- 
icles could be checked be energy measurements on the decay-ß-rays from the 
r°-mesons. An upper limit for the mean energy in the e.m.-system could in 
some cases be given by the method of the maximum angle. The energy de- 
termination from the maximum angle of the shower particles in the L-system 
was found to give too high values for the mean meson energy in a number 
of events which could be well measured; thus it was taken as an upper limit 
in some other cases. 

The particles were assumed to be z-mesons. This assumption can be safely 
made in the low energy interactions. On the high energy events, most measu- 
rements were made in the forward cone, so the results are practically not 
altered if a small fraction of the particles were K-mesons, as can be seen from 
the transformation law. (See remarks of jet 7 for an exception). 


6. — Results. 
The results are summarized in Table I. 


TABLE I. 


| Ina nz vi Mon rc. 
jet N N Je y Ee Ba K Q A | tracks | 
no. Gev | GeV GeV % | % | % ||left off| 
| 
| | Ai 
] At 7, 00 30 N) >11 30 | 55 0 
| | | 
2 1 297" 22000) ted. 02 US ATOS 32 1 
3 0 12 SIO.) KS 0.39 | 0.55 (+) 40 33 42 0 
4 4 16 100 | Reo 0.35 — 50 | — | 37 5 
5 0 19 | 3700 05175 0.32 — ‘100 38 | 38 3 
AN | ec oe ee | me ao 
6 3 36 | 700 | 19+4 0.60 | | 75 a er: 5 
DD el 23 | 3800 | 45 OA: Weld (HE 13° 12 70 226 1 
(*) See remarks. 
(©) From the maximum angle (see above). 
N number of black and grey tracks. 
Ng number of shower particles. 
Ey primary energy. 
Em mean total energy of mesons in the c.m.-system. 
E ya, an upper limit for Em. 
K fraction ot the energy available in the e.m.-system which goes into the meson field 
(inelasticity). 
| () fraction of particles having a total energy < 2m,c* in the c.m.-system. 
lf it is defined by A= ns( |cos 9, |< 0.5)/n,° 0,4 is the angle in the c.m.-system. A = 0.5 means 
an isotropic angular distribution, 4 <0.5 means a distribution peaked at. 180° and 0°. 


1078 


MULTIPLE MESON PRODUCTION IN THE COSMIC RADIATION 1079 


The following comments on the individual events should be made: 

Jet 1: If one assumes that this event is due to a proton-proton collision 
and interprets the black track as due to the recoiling proton (energy 97 MeV), 
one gets H, — 1.1 GeV and K=31%. This would be consistent with all 
other measurements, but cannot of course be proved. It shows however, that 
some stars with low K and one black track could be thus explained. It should 
be noted that the angular distribution is isotropie, which would contradict 
the Fermi theory because of the small inelasticity. 

Jet 2: E, was determined by measurements in the forward cone as in 
jet 1. The upper limit E,,, comes from the total energy available, it corres- 
ponds to K= 100%. 

Jet 3: It could be due to a proton-proton collision, as the number of 
shower particles is even. 

Jet 4: The analysis showed that the event cannot be well interpreted 
as a N-N-collision. It was included only to show that a large fraction of the 
particles may have low energies. 

Jet 5: This event cannot be a pure p-p-collision, as the number of shower 
particles is odd. This fact was also noticed in the kinematic analysis, where 
3 tracks had to be left off to get symmetry. 

Jet 6: Scattering measurements could be made in the forward and back- 
ward cone. The upper limit of y, results from the visible energy, the lower 
limit from demanding equal mean energies of the particles in the forward 
and backward cones in the c.m.-system. 

Jet T: On account of the very high energy of this jet some of the shower 
particles could be K-mesons. If one assumes all particles to be 7-mesons, 
E,„= 0.33 GeV. Because of this low value the result is altered if one assumes 
that 30% of the particles are K-mesons as is suggested by recent experiments (°°). 
In this case one gets #,,=—0.4 GeV. K is calculated with this value and a 
ratio of charged to neutral K-mesons equal to 1. 


7. — Conclusions. 


The mean energy of the mesons in the c.m.-system is in accord with other 
measurements made up to now (3%27-29,33.34), Tt seems to exhibit little fluctuat- 
ions as compared to the inelasticity A. The mean energy rises very slowly 
with primary energy. It is about 0.35 GeV at about 100 GeV (jet 3, 4, 5) 


(33) F. D. HAnnt, C. Lang, M. TEUCHER, H. WINZELER and E. LOHRMANN: Nuovo 
Cimento, 4, 1473 (1956). 

(34) S. Kaneko, O. Kusumoro and S. MarsuMoTo: private communication (pre- 
print 1957). 
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and between 0.4 and 1 GeV at about 1000 GeV and higher (jet 1, 2, 6, 7). 
This is also in accord with the Heisenberg theory (?5*) of multiple meson 
production, which predicts a logarithmic increase of E, with y,. But the data 
are up to now also in agreement with Æ,, rising like H* after proper normal- 
ization. This is predicted by the theories of Fermi (*’) and Landau (#8). There 
is however a rather large fraction Q of particles with low energies in the 
e.m.-system. This would favour the Heisenberg theory which predicts the 
most probable energy value to lie at very low energies. In the case of jet 5 
the energy distribution could be determined (Fig. 1). It also shows, that the 

emission of particles with low energies is 
16/2. favoured. This agrees also with results 


12 obtained previously. Measurements of the 
10 : 

8 energy of the shower particles and energy 
6 distribution in the ¢.m.-system have been 


given by ref. (2%27-2%), They all show that 
particles in the lowest energy intervals are 
the most frequent. All measurements are 
thus compatible with an energy spectrum 
of the form d#H/H? as proposed by HEI- 


+ BERN © 
dE pee ES sa Wale 


Fig. 1. — Energy distribution of 
the shower particles in the c.m.-sys- 
tem. #: total energy; m pion mass; 


n number of particles. --- jet 5 SENBERG. 
this work. — ref. (?) and (27) inc- There seems to be no connection between 
luded. —.— ref. (?*) included. the inelasticity K and the anisotropy A, 


although this is suggested by some theories. 
This can be seen by comparing our 6 jets and others (see ref. (?%27-2%33.34)) 
with one another. Every combination of K and A seems to occur. Further 
data are necessary, however, as not all of the events can probably be inter- 
preted as N-N-collisions (although they look like such) the analysis could thus 
be in error in some cases desscribed up to now. 


8. — Jets produced by mesons. 


In an event of type 20+56p and primary energy about 10%eV found 
in this laboratory (??) 6 jets have been found in the forward cone, two of 
which were produced by neutral particles and 4 by shower particles from the 
primary interaction. Most of these 6 jets should therefore be produced by 
a meson. Table II shows the results of an angular analysis of the jets (no 


W. HEISENBERG: Zeits. f. Phys., 126, 569 (1949). 

V. HEISENBERG: Zeits. f. Phys., 133, 65 (1952). 

%. Fermi: Progr. Theor. Phys., 5, 570 (1950); Phys. Rev., 81, 683 (1951). 

L. D. LANDAU: Akad. Nauk S.S.S.R., 17, 51 (1953); S. Z. BELENKIJ and 
L. D. LAnDAU: Suppl. Nuovo Cimento, 3, 15 (1956). 


ww wo Ww 
wo o 
LEE RS 

== 


1080 


MULTIPLE MESON PRODUCTION IN THE COSMIC RADIATION 1081 


scattering measurements could be made). In all but one of the cases good 
symmetry of the angular distribution in the c.m.-system could be reached by 
choosing the proper value for y, and by leaving off at most 2 of the tracks 
with angles > 60° in the L-system. For the transformation of the angular 
distribution the mean energy of the mesous was taken from the Heiseuberg 
theory; as was mentioned earlier the angular distribution depends only for 
very large angles in the c.m.-system on the meson energy. For cos 0, < — 0.8 
it was taken into account, that 

mesons emitted with small an- 

gles in the forward and back- 

ward directions appear to have 4 
higher energies in the ¢.m.- 


2 
system, (227-8). In any case not : 3 
0 f ; —cos Ue 
too much weight ought to be 0 02 04 06 08 10 12 14 16 18 20 
attached to these particles, as fie. 2. - Angular distribution of 5 jets produced 
the influence of secondary col- by mesons in the c.m.-system. 


lisions must also be regarded 

to be greatest for the largest angles in the L-system. The angular distribution 
of all jets (excluding no. 11) is shown in Fig. 2. There seems to be a slight 
asymmetry in the e.m.-system, but it is not statistically significant (on a 5%, 
level of significance). A slight anisotropy which is indicated, is also not signi- 
ficant, the anisotropy coefficient A being A = 0.399. A x°-test showed, 
that the angular distribution is compatible with an isotropic distribution on 


a 5% level of significance. 


TABLE II. 
== — — ee = 
| jet & | tracks Ai 
| mos | 4 Ng | N, Vs Ev A left off primary 
LAS D Be 12 270 6050 0 LS charged 
RE OF Me F7 12 270.09 0  charged 
10 20 22 a | © 30,0 OO ea charged 
11 23 37 10 | 190 RO 200 9 | neutral 
12 1 8 HL 230 0.38 1 | neutral 
13 3 | 11 7 90 0.27 0 charged 


The meaning of n,, N, y,, H,, A is the same as in Table I. 


The author wishes to express his sincere thanks to Prof. Dr. E. SCHOPPER 
‘and Prof. Dr. F. G. HOUTERMANS for their interest and for giving him the 
‘possibility to work in Berne and to Prof. Dr. C. PEYROU for many stimulating 
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discussions. The financial help from the Deutsche Forschungsgemeinschaft is 
gratefully acknowledged. He is also indebted to the Schweizer Nationalfonds 
and the Office of Naval Research which provided for the stacks, and to the 
scanning staffs of Berne and Hechingen. 


RIASSUNTO (*) 


Tra circa 250 jets trovati in lastre nucleari ne furono scelti 6 nell’intento di trovare 
degli eventi rappresentanti con la massima possibile fedeltà collisioni nucleone-nucleone. 
Misure di scattering effettuate sulle particelle degli sciami dimostrarono che l’energia 
media totale dei mesoni nel sistema del centro di massa era di 0.35 GeV per circa 
100 GeV di energia primaria e da 0.4 a 1 GeV per energie primarie di 1000 GeV ed 
oltre. Una gran parte delle particelle ha debole energia nel sistema del centro di massa, 
appoggiando pertanto la teoria di Heisenberg della produzione multipla dei mesoni. 
Non si è trovata aleuna relazione fra l’anisotropia della distribuzione angolare nel sistema 
del centro di massa e l’anelasticità. L’anelasticità sembra variare entro vasti limiti. 
Abbiamo eseguito un’analisi della distribuzione angolare di 6 ulteriori jets presumibil- 
mente prodotti da mesoni. L’energia media di questi jets risultö di 200 GeV. La distri- 
buzione angolare @ isotropica entro i limiti di errore. 


(*) Traduzione 4 cura della Redazione. 
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Reciprocal Static Solutions of Field Equations 
Involving an Asymmetrical Fundamental Tensor. 


H. A. BUCHDAHL 


Hobart - Tasmania 


(ricevuto il 28 Dicembre 1956) 


Summary. — It is shown that from any given static solution of the field 
equations of Einstein’s unitary field theory another static solution may 
be inferred by inspection. Some special cases are considered. 


I. — Introduction. 


1. — Let Y, denote an n-dimensional space provided with a linear connection 
1% Which depends only upon an asymmetrical fundamental tensor g,. Then 
in particular the Y, forms the basis of the unitary field theory of Einstein (1). 
His definitions of the various kinds of covariant derivatives, of transposition 
invariance of hermiticity, of curvature tensors, and or the notation relating 
to all these will be taken over into the present context, on the understanding 
that all greek indices shall run from 1 to n, instead of from 1 to 4. On the 
other hand, contrary to the usual practice of establishing a relation between 
g,, and 1%, by applying Palatini’s device to some action integral, the her- 
mitean relation 


(1.1) Ip = Tas I a Go rn Gig = 0, 


will here be postulated from the outset. (This has the advantage that one 
may study for instance the effect of conformal transformations on the Einstein 


() A. Einstein: The Meaning of Relativity, 5-th edition (London, 1951). Ap- 
pendix II. 
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tensor (cf. $$ 5, 6) irrespectively of the subsequent choice of the action integral 
and subsidiary conditions which generate the field equations.) In view of 
the identity 


(1.2) BV. =97l),, 
which easily follows from (1.1), the equation 


(1.3) . r=0 


L 
is equivalent to 
127010370757, 
(1.4) GQv=é Fi Poncaon-st ’ 
where &%r9-” ig the numerical contravariant tensor-density of Levi-Civita, 


and Ps. 8 a completely skew-symmetric tensor. If À, is the hermitean 
Lon On— 
Einstein tensor 


(1.5) BA (UAE I 


LRO 10,% 


OT los Ta 
IB | Tes 


3) 


and if the equation (1.3) is required to be identically satisfied, then the va- 
nishing of the hamiltonian derivatives of the Lagrangian 


(1.6) R=g"R,, 


with respect to the essential field variables g“, y... implies the equations 
(ef. $ 9a) 


«1.7) el ee 


72 "Lır.Al 


When n — 4, eqs. (1.1), (1.3) and (1.7) constitute Einstein’s set I-b (loc. cit. 
p. 144). (Schouten’s general notation (?) for the symmetric and skew-sym- 
metric parts of quantities will be used here side by side with Einstein’s more 
specialised notation.) 

I now define the fundamental tensor g,, to be static with respect to the 
.co-ordinate x, if the relations 


= 
fen 
we] 


Ja = 0 à thes == Wea == 0 
are, satisfied. Roman indices everywhere take the values 1, 2,...,.a—1, 


a—]1,..., n, the index a being fixed throughout. When (1.8) is satisfied it 
is often convenient to indicate the (in general) non-vanishing components of 


(?2) J. A. SCHOUTEN: Ricci-Calculus, 2-nd edition (Berlin, 1954), Chap. I, 14. 
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the fundamental tensor by (Gir; 9a.); and any other tensor which depends 
only on the y,, and their derivatives may then also be called static. The theo- 
rem to be proved can now be stated as follows: 

If the equations 


(1.9) Gena = 9, = R,=0, Ryn = 

ye Le 
are satisfied by the static fundamental tensor (gj, Ga.) then they are also 
satisfied by the fundamental tensor (ga) gr, (a). 

Two solutions so related will be called reciprocal to each other; and the 
process of passing from a solution to its reciprocal may be called a «reciprocal 
transformation ». The theorem above is an extension of the corresponding 
result previously obtained (?) for the case of a symmetrical fundamental tensor, 
though the method of proof is somewhat different. With n — « — 4 the 
known general static spherically symmetric solution of Einstein’s field equa- 
tions of course transforms into itself under a reciprocal transformation (§ 10); 
and in § 11 a static solution of these equations is obtained without « solving » 
them in the ordinary sense of the term. 


II. — The statie Lagrangian. 


2. — With n > 4 throughout, let q, = (gx, €”) be a static fundamental 
tensor in Y,, with which the linear connection IE is associated through (1.1). 
The components of this connection may then be referred to the Y,_, whose 
fundamental tensor is g;,, and in which the scalar field y is given, in the fol- 
lowing manner. One has 


7 N EINE — 9 a 

Jaa,a “a 0 22 oes aa Tao or; 20 aan ? 
whence 
(2.1) Be 0% 
Next 

2y, as $s 
+ (Gaia ole Gian == re) SS Tg Vi eo i aa Ts ’ 
° © © ©] = 


in view of (1.1). Hence if a is the tensor reciprocal to g,, 


(2.2) ri, =—atery,. 


(8) H. A. BucnpanL: Quart. Journ. Math., 5 (18), 1161 (1954) (Oxford). 


69 - Il Nuovo Cimento. 
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Continuing in this way one obtains without difficulty the remaining equations 


(2.3) i Ya" ya re Jia"? 0 3 
(2.4) Lie = 9; Dia = Lu = 95 
(2.5) LD = Tu 


8. — From (2.3) it follows that 
(3.1) T; = m IY ‘ 
Fron: (1.2) on the other hand one infers that 
(3.2) T=T, + hgyya; 


where h;, is the tensor reciprocal to 9*. The important identity implied by 
this result, viz. 
(3,3) Ct! =i Ge 
Vv 
may also be confirmed directly. From it certain other useful identities follow 
easily, e.g. 
(3.4) pt = ge at = gVgen,, 
(3.5) Nin = PT PCR 


and so on. 
4. - From the results of Sec. 2 it follows that Rai = Ria = 0, So that 


(4.1) (yes 


© © 


= 


er a g"R, un 9° Ron x 


Now the non-vanishing terms of Raa are 


i 

to 

= 
| 


s t s 8 a 
ca De os Dell Re 


es ea y) an ay Va] 2 


where subscripts folowing a colon denote covariant differentiation in Y,_,. 
Note that the following convention is being used throughout. An index is 
called a positive, a negative, or a null-index according as it has, in the usual 
notation, a + sign, a — sign, or a zero placed under it to indicate its cha- 
racter during covariant differentiation. Any index whose character is not so 
indicated explicitly shall be understood to be a null-index. 
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Next one has 
A = a a Ja 
(4.3) Rix FT: Ip, — (ax et 5 akt 5) Sr 1% Pdi woe fot ak 


2 st tm 
f= Ri, Fr Vire DEN is dix À a Via Vim 9 


SE 


where R;. refers to Y„_,. (4.1) therefore becomes 


(4.4) R=R—[g"y.- (ey). + 20.67 4] - 
+ 


III. — Conformal transformations. 


5. — In any Y, the fundamental tensor 7, will be called conformal to the 
fundamental tensor g, if there exists a scalar function e’” such that 


(5.1) GET Re 


If the linear connections [7 


oo? 


1%, are associated with g,,, 9,, respectively, one has 


Goa = OG 4 ts Joel = CAT Gr ae Pro.) 


Writing 

(5.2) Pon Moa Yoo. 
this gives 

(5.3) Val Taek ele 20.0 x 


as the equation determining y,,. From it certain results required Jater may 
be derived as follows. Transvecting (5.3) with g” one has 


(5.4) Vie = no ,. 
Alternatively transvecting with 9” 
(5.5) = yig = 920,4 — ya): 
On the other hand, from (1.2), writing Yes jr 
V 
(em Pegi), = eT, + y.) 


= 6g + (n— 2)g¥%o,15 
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whence it follows that 


(5.6) y, = (n—2)h,, 9°F 9 ,. 


Therefore, using (5.4-6) and (3.3) 


— 
OL 
“1 

— 


wo! = — (n — 2)9%(E8 + g,.a)o ; = — (n — 2)a*o 
Vv 


Ac ae 


Finally, transvect (5.3) with g%g'’y%,. After changing dummy indices one 
obtains at once 


(5.8) = EN NO ee 


ATI OX 


6.- If À, R are associated with g, and g,, respectively one obtains directly 
on inserting (5.1-2) in (1.5) and using (5.4) 


Te 20 ji gl#[,,0 m 2 LA CET 
R=e [R 9 (Were no, Vil ox = i vor] 
+ + a 
=e [R+ eo, — ng" o,,, — 7x + nw’o,,]. 
+ 


(Covariant differentiation here refers to g,,). 
In view of (5.7-8) this finally becomes 


(Gall) 18 SO Sr NGM Os (t= 2) (GO N lie OS ORO ne 


IV. — Reduction of the Lagrangian. 


7. — Consider in Y, the static fundamental tensor g, = (9,,, €”). Then 
in view of (4.4) 
(7.1) R= R—[9"y., + Gy.) + 28" 7.6.41 5 
+ 


where covariant differentiation here refers to g,;,. Now write 


es 2 ‘ 22720 2y 
De = Cian AO wares I EN > 


= 
co | 
bo 


Then from (6.1), keeping in mind that g;, is the fundamental tensor of a Y,_,, 
MOU ae Dene 


(7.3) R = e (R — (n —- 1)g*o,,, — (n — 3)(a**o.,)., — (n — 2)(n — 3)a“o,e,]- 
+ 
The semicolon now refers to covariant differentiation with respect to g,,. Now 


(7.4) Vig = Ves = Vis? 
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and 
(7.5) (ay) eee ye Ie Matt, 
er.) he ar, 
=e T(a%y..), + (n — 3)a*o..y.,], by (5.4). 


In à similar way, using (5.7), 
(7.6) ru zZ eg" Ye + (n rs 3)a*o.,yx] 2 
4 + 


The density % is obtained from À by multiplying by w, where 


— 
SA 
- 

— 


uw (debg,) = er  (detg) = er Pertıp. 
Inserting (7.3-6) into (7.1), and keeping in mind that ww, — 0 one has finally 
er er 2 on Ve, Yel Lan 3,4 Y,.) 1a — 
+ + 
— a*[(n — 2)(n — 3)o,,0,, + 2(n —3)o,yı + 2y.,y4]}- 
8. — (a) If S is any scalar 
(8.1) dS a= (6 Sede el (US) egy lS, 
# 


Eq. (7.8) may then be rewritten so that only ordinary instead of covariant 
derivatives appear in it. Thus 


(8.2) R= ern —[g*t((n — De, + y,)],—L[a"((n — 3)o, +y)], 


Le) 


— a" (ln — 2)(n — 3)o,0, + 2(n — 3)0,y4 + 27,7] — av TR — Lo, + Halte 


Whenever # serves as the Lagrangian of an action integral which is to be 
varied subiect to the condition that all variations vanish on the boundary of 
the region of integration contemplated, any terms of R which are in the form 
of an ordinary divergence are redundant. Accordingly I shall use the symbol = 
to indicate equality if terms constituting an ordinary divergence be rejected. 
For instance, rejecting a term —[(e"~°?*”) a], on the right hand side of (8.2) 
one gets 


(8.3) RH PER —[G2((n —1o,, + Y,)1.— 2° Lm — 3)0,.04 + 7,7.l — 


= 97 Lo feeds Veale 
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(b) Two cases need now to be considered, viz. 


[|® ZUR y=, 
(8.4) We 
| ea. Mg ce nem 


where œ is a scalar function. Let À be a numerical factor which has the altern» 
ative values À — 1 and À = (n+1)/(n —3) in cases (i) and (ii) of (8.4) res- 
pectively. Then the corresponding alternative forms of (8.3) are both con- 
tained in the equation 


(8.5) R =- N — À[ (gp), + ap Yıt+ NT. 


© 
To this the ordinary divergence A(g“@ ,c’), may be added, so that 


(8.6) RER + App, — gl pl - 


V. — Proof of the theorem. 


9. — (a) If, in the general case, one adds to the variation SR of N the 
ordinary divergence (— g*01%, + 3g"01%, + 4g°*51"%,), and rewrites the deri- 


vatives of the g*? everywhere by means of (1.1) (which, it will be remembered, 
was postulated at the outset), then one obtains at once 


(9.1) JR = RK, 09% + 49,872 — LOTS), 


numerous other terms cancelling out. If one lays down that (1.3) shall be 
identically satisfied one is simply left with 


(9.2) SR = Rdg + R,0*, 
2 7 


subject to the condition (1.4). If SR is to vanish for arbitrary 39%, dp, 
eqs. (1.7) must be satisfied. 


(b) Returning to the notation of Sect. IV, the field equations may be 
taken to arise (by variation of q’* and y) from the Lagrangean given by (8.6) 
in the special case in which only static fundamental tensors are contemplated; 
and provided the variations are carried out subject to the condition (1.3) the 
equations which result must be just (1.7), purely formal differences aside. Now, 
because of (3.2) and (5.6), 


(9.3) P= Lytham — 3)o, +7, = T, + ha GPx» 
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in view of (8.4); so that 


(9.4) vl, =aVvl,— pp) by (3.4). 


Hence, keeping in mind that J’, vanishes identically in the static case, 
comparison of (9.4) with (8.6) shows that in the presence of the condition 
J’, = 0 one has simply 


(9.5) RN, 


in both of the cases (8.4). Accordingly, if the static fundamental tensor 
(Yixs Yaa) Satisfies the equation (1.9) one need only choose 9=4 log g,, and the 
theorem stated in Sect. I follows at once. 


VI. —. Ancillary results. 


10. — It is of interest to confirm explicitly the invariance under a reciprocal 
transformation of the general statie spherically symmetrie solution of Einstein’s 
field equations (n =a — 4), as obtained by WyMaAn (?) and BoNnwnor (5). It 
suffices to consider the result of WyMAN who assumed g,3 to be real. It should 
be noted that to conform with the definition of static ‘tensors one must take 
Ina to be zero. Write, as usual, 


IH EX, Yor = (cosec?H)ga = —P, Yu —Y) Ga = sind, 
(10.1) x 
9,0 urn), Ja =, Gis = hs 
Vv v 


where «, ß, y, f are functions of r only, the co-ordinates used being r, 0, ¢, 
t=%,%s, %, %. The solution in question is then 


ke u toner 


(10.2) 
| "2(f? + B?)(4m?y)- 

Here y is an arbitrary function of r; m and € are real arbitrary constants; 

b is of the form 4(1-+ih)?, where À is another real arbitrary constant; whilst 

a is a complex arbitrary constant. If quantities with a subscript 1 refer to 

the solution obtained by the reciprocal transformation of (10.2) one has at 


(*) M. Wyman: Can. Journ. Math., 2, 427 (1950). 
(5) W. B. Bonnor: Proc. Roy. Soc., A 209, 353 (1951). 
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once 
[ fi + bi = y(f + 1B) = 16mb?y(e + Ä) (ey + erey>)-2 
(10.3) | Cy 9 ay (2 = B*\(4m?) Eye" he + if,)?(4m?) 
| PU 
If one now replaces y by y; ' in the extreme right hand members of the first 
two of eqs. (10.3), fi +78, and a, become the same functions of y, as f+iß 
and « are of y except that —a now appears in place of a. Since a and y are 
arbitrary it follows that (10.3) is only trivially distinct from (10.2), as it 
must be. 
It should be noted that m has been supposed not to be zero. If m = 0 
another form of the solution applies in which, however, y = 1; so that this 
is of no interest in the present context. 


11. — An example of the generation of solutions of the field equations (n —4) 
by means of reciprocal transformations is the following. The fundamental 
tensor 


{Gun == 22 = 33 —= 1 , aa — 1 , (a3 =(= const , 
(11.1) { v 
(0 (LAX), az); Siz = Gis = 0, 


which is static with respect to #,, trivially satisfies the field equations, since 
all the if oo are zero. The co-ordinate transformation 


(11.2) a = 2, cosh 7, x 


2,0 ! . I pol 
a = #, sinh a, , 


4 


followed by suppression of all primes, leads to the (again static) fundamental 
tensor 


(11.3) Gu = Ia = Is = —1, Gh a, 923 = GF 


and all other components zero. A reciprocal transformation then yields the 
following non-trivial solution of the field equations: 


ig) ZU NU LT Gig Ds Gog = Cis c 
(11.4) ‘ à 
Lge, OMAN Or, NT = 0 


4 
V ; Vv Vv 


(b) It may be noticed that Papapetrou’s (%) spherically symmetric so- 


(%) A. PAPAPETROU: Proc. Roy. Irish Acad., 52, 69 (1948). 
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lution 
rl) Gas (a, COseC — 7", 
g 


Gag = (1L— 2mjr)(1 + Wlr®), Jia = PJr?, 
Vv 


D (115) | 
Lg, = 0 (Fr), ga 0, N: 

where m and lt are real constants of integration, is not static with respect 
to t, unlike the solution which occurs in $ 10 above. It is however static with 
respect to y. The appropriate reciprocal transformation will therefore gene- 
rate a new solution of the field equations: this multiplies all the non-vanishing 
9,, Of (11.5) except gss by r* sin 0, whilst the new 9, itself becomes r-? cosec? 9. 
This solution, unlike (11.5), is not spherically symmetric. However, it is not 
likely to possess any physical interest. 


RIASSUNTO (*) 


Si dimostra che a partire da una qualsiasi data soluzione statica delle equazioni di 
campo della teoria del campo unificato di Einstein, si puö, per ispezione, desumere 
un’altra soluzione statica. Si considerano aleuni casi particolari. 


(*) Traduzione a cura della Redazione. 
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A Kinematical Test for the Relation 
between the Coupling Constants in Meson Theory. 


K. Hopa 


Department of Physics, University of Hiroshima - Hiroshima, Japan 


(ricevuto il 9 Gennaio 1957) 


Summary. — Using the approach to a solution of the quantum field 
theory presented by LANDAU and co-workers, the relation between the 
renormalized and unrenormalized coupling constants, in S(S) and PS(PS) 
meson theories, will be re-examined. Then a kinematical method to 
test this relation, without caleulating directly divergent integrals, will 
be presented, using the properties of the isotopic spin operator. With this 
method, it will be shown, in S(S) and PS(PS) meson theories, that the 
relation between the coupling constants obtained by the use of their 
method can not give correct informations about the quantum field theory. 


1. — Introduction. 


Since an interesting model of non-relativistic field theory has been pre- 
sented by LEE (12), it has become one of the most important question to ask 
whether in more realistic field theories such a disaster as in the case of the 
Lee model, which is nicknamed the ghost, also appears or not. This question 
has been answered by many authors (*°). According to them the renormalized 


(Aap Eee Biys. hele 995132921953): 

(2) G. KALLÉN and W. Pauzr: Dan. Mat. Fys. Medd., 30, No. 7 (1955). 

(?) L. D. LANDAU, A. A. ABRIKOSOV and I. M. HALATNIKOV: Dokl. Acad. Nauk 
USSR, 95, 497, 773, 1177 (1954): 96, 261 (1954). 

(4) A. A. ABRIKOSOV, A. D. GALANIN and I. M. HALATNIKOY: Dokl. Acad. Nauk 
USSR, 97, 793 (1954). 

(5) I. YA. Pomeranéuxk, V. V. Supakov and K. A. TER-MARTIROSYAN: Phys. 
Rev.. 103, 784 (1956). 

(5) S. KAMErFUCHI and H. Umezawa: Prog. Theor. Phys., 15, 298 (1956). 
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coupling constant g? and the renormalization constants Z, are expressed in 
terms of the unrenormalized coupling constant gf, the renormalized mass m 
and cut-off momentum 2 as follows: 


2 


(1.1) D = 910-1, Z, = Qu and Q = 1 + «9, log À ; 


where co>a>0, 0 > (bz, b3) > — co and — 2b, + 2b, + b; = — 1. 
In this equation the terms 


(1.2) ge" (ot log | ; (m, n>1), 
m“ 


have been neglected. 

At a glance it can be seen that Eq. (1.1) has a similar relation between g 
and g; as that of the Lee model, and this fact means that the renormalization 
philosphy suffers from the ghost disaster in realistic cases as well as in the 
Lee model. In order to study the self consistency of the renormalization philo- 


2 
[4 


sophy in realistic cases, therefore, it would be important to examine if the 
properties of Eq. (1.1) give us a correct information about the relation between 
g, and g, or Z; and gi in the realistic quantum field theories. 

One of the most direct methods to examine this would be to compare 
Eq. (1.1) with the results obtained by usual perturbation caleulations. Un- 
fortunately it is very hard to calculate uniquely the diverging parts of renor- 
malization constants up to higher order than the g. One way to calculate 
diverging parts uniquely is to introduce a single cut-off in the Hamiltonian 
in the very beginning but this is a very difficult problem (?). 

For this reason we shall present in this paper, in S(S) and PS(PS) meson 
theories, a kinematical method to study Eq. (1.1) using the properties of 
the isotopic spin operator. With this method, it is not necessary to calculate di- 
rectly the diverging parts of renormalization constants. Sect. 2 will be devoted 
to reexamine some properties of Eq. (1.1) in S(S) and PS(PS) meson theories. 
In Sect. 3 we shall present the kinematical method mentioned above. In Sect. 4 
this method will be applied to Z, and Z, up to the g order, and to Z, up to 
the g, order. Then it will be shown, in S(S) and PS(PS) meson theories, that 
Eq. (1.1) can not give correct informations about the quantum field theory. 


2. — Some identities for the renormalization constants. 


As a preparation to investigate whether the properties of Eq. (1.1) give 
us correct informations about the quantum field theory or not, we shall re- 


(7) G KÂLLÉN: Proceedings of the Sixth Rochester Conference on High Energy 
Nuclear Physics, 1956. 
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examine in this section some properties of Z, given by Eq. (1.1) in S(S) and 
PS(PS) meson theories. This equation, in principle, can be obtained with 
the aid of the Dyson-Schwinger integral equations. For simplieity’s sake, 
however, the Pomeranéuk, Sudakov and Ter-Martirosyan’s method (5) will 
be used in this paper. According to their method, Eq. (1.1) can be obtained 
directly without solving the integral equations, using the renormalizability 
conditions (8), the propagators and the vertex part for large momenta up to 
the g order. 

First, let us consider the simplest case where the essential part of the 
interaction Hamiltonian H;, in pure neutral S(S) and PS(PS) meson theo- 
ries, is given by 

| Hi = py” , 
(2.1) 
Hi = igopy5p9 ; 


respectively, and denote the vertex part and the proper self energy parts of 
nucleon and meson in S(S) case by J, 2° and ZI° and those in PS(PS) 
case by J’, Z® and //™ respectively, then the following equations are 
obtained up to the g order for large momentum — p? > m? (*): 


08 
im — log — , 
din m: 


= 
bo 
— 
Lo 
u 
ee 
= 
= 
| 
4 
an 
ZX 
ES 
= 
u 
id 
un 
ek 
RS 
= 
l 


AIT (p?) = IT®(p?) — IP (p?) = — im? % Jog A i 
IC m 
As will be seen from Hq. (2.2), the large parts of AZ and A/T contribute 
only to the nucleon and meson self energies respectively, and in both S(S) 
and PS(PS) cases the vertex part or the propagators are expressed approxi- 
mately by the same functions. In fact we get, in both S(S) and PS(PS) cases, 
up to the 9 order for the case — p? > m?: 


Ss SJ G6 2? 
Ip pre) er en los ) 
| x! u I 2 2 
(2.3) (+) S,(p)/S,(p) 1 ae n° 


2 


! HITS % & 2? 
A,(p)/Az(p) Salz Dr log p° ei 


(8) M. GELL-Mann and F. E. Low: Phys. Rev., 95, 1300 (1954). 

(*) At large momenta, the vertex part 7(p,, p,) depends approximately on the 
largest of the momenta p,, p, and (p,—p,.). Hereafter we shall denote this by p. 

(+) This equation differs from that in reference (5) by a constant factor. 
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Making use of the renormalizability conditions and Eq. (2.3), simple cal- 
eulations yield: 


1 1 
(2.4) Re} by = b, er and bs = — ] Pi 
21 4 


for the pure neutral S(S) and PS(PS) cases, which shows that the renorma- 
lization constants in pure neutral S(S) theory are equal to those in pure 
neutral PS(PS) theory, and in both theories Ward’s indentity for renorma- 
lization constants holds (1°), as in the case of the quantum electrodynamics (1). 

Next, we shall consider the most general case where the interaction 
Hamiltonian is given by 


4 
H; = > 959199; , for the S(S) case, 
i=1 
(2.5) 
4 
| Hi = à > 9497199 for the PS(PS) case, 
Te 
where 
(2.6) Oi SUNG gin Seana yy) Fand Far ir 


Due to invariance under the charge conjugation, a, must be equal 
to a, and any two of three factors a,, a; and a, can take values independent 
from each other. In this general case the vertex part and the proper self 
energy parts differ from the corresponding ones in the pure neutral case only 
by isotopic spin parts, as shown by Figs. 1 and 2 in the gj order. 


9 g g > 3 
BR FF 0 T, L 957 
/ / ‚je: Jou 24 ae Ton ae 
/ 7 / / 
/ / 1 / 
N } 1 i 
CENT I COLE 
\ Z 
\ 
\ \ 
EN \ \ 2 
IR g x g g, IN ER 4 g 
T, 
; Pate Au ws 
(a) (b) (e) (a’) (6) (¢’) 
Fig. 1. — Pure neutral case. Fig. 2. — General case. 


(9) K. Hupa and S. Macurpa: Prog. Theor. Phys., 13, 219 (1955). 
(0) For example, R. T. MarrHews and A. SALAM: Rev. Mod. Phys., 23, 311 (1951). 
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For these parts we get, 


p= a (2a? + a} + ai), 
4 
(2.7) > u = (2a, + a3 + aj), 
u=1 
Wie MOG DOLLS 
Salz) — : 
JD, 


TER Ya? DY met oe 
a,t (2a; + a, — 2a; — a 


Non = 1, 2, Ore 3s 


ONE 


where suffix j specifies the type of the external mesons. 

As was shown by Hq. (2.7), the isotopic spin parts depend on suffix 7. 
This fact means that nine renormalization constants generally may appear 
in this case, which are denoted by Z,; (j =1 or 2, 3 and 4). Using the same 


method as in the pure neutral case, we get 


(2.8) Go = and 


b 
Fast Q;" ’ 


where Q; > 0, 0 > (bb b; ;) CO and ne 2b;.; + 2b; ; + b;,; = — 1. Q; and b;,; 


are listed in Table I. 


TABLE I. — Q, and b,, for both S(S) 


nd PS(PS) theories. 


The type Restrict- 
of external 0; dL; D; bs; ion 
mesons for aj 
j=1 or 2| 1+ (3a?-+-a2)- 
] ( à 3) i. (a? — a2) _ (2a} +a3+a?) — 202 0220 
2 log =f 4(3a? +03) 4(3a2 +02) (3a? +02) a 
1 (0203): À 2 
j=3 @ ; (22 — a2 — az) | (La? + a2 + a2) —az 02540 
ze log —, S(a?+a2) 8(a? + a?) (a?+a2) 
2 72 D 42 2 2 Ya? 2 2 
a 14 a? 1h te À (2a? + a} + af) (2a? + ai +a 1 0240 
27 m? 4a; 402 


Eq. (2.8) and Table I give us the following two identities for the renormaliz- 
ation constants in S(S) and PS(PS) meson theories: 


i) The renormalization constants in the S(S) case ZŸ, are equal to those 
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in the PS(PS) case Z75: 


(2.9) Ze ZEN 


7,9 
ii) Especially in both neutral (j = 3 and a, = 0) and pure neutral (j = 4) 
cases, there hold Ward’s identities for the renormalization constants: 
Zus a=0 FA] 


PS __ mes 
Zis | 233 


a,=0 


a =0 ? a =0 ? 


(2.10) 
PTE Dig and REV Jing 


3. — A kinematical method to test eq. (2.8). 


As was shown in Sect. 2, Eq. (2.8) has been obtained with use of the renor- 
malizability conditions, the vertex part and the propagators only up to the 
g, order. From this fact a question arises: When Eq. (2.8) is expanded in 
a power series of gj, is this expression for Eq. (2.8) equal to the results obtained 
by perturbation calculations in every order of g? Though in the g order 
both expressions coincide exactly, we can say nothing of what may happen 
until we shall calculate the higher order divergent integrals. In order to cal- 
culate these divergent integrals uniquely, on the other hand, a single cut off 
must be introduced in the Hamiltonian in the very beginning, and at the 
end of all calculations this cut off must be made to tend to infinity, but this 
problem is very hard to solve. For this reasons, we shall present in this 
paper a kinematical method to test Eq. (2.8) without use of the direct calcu- 
lations, using the properties of the isotopic spin operator. 

If the interaction Hamiltonian is given by Eqs. (2.5) and (2.6), the vertex 
part and the proper self energy parts of nucleon and meson are expanded as 


[ Tip, p) = yl As + (iyp + m)Aj(p)), 
(3.1) | Zip) = — (yp —im)B; + (yp — im)’B'(p), 


IT,(p?) = — ip? + w2)C; + (p? + w)PCj(p?) , 
(j =1 or 2, 3 and 4), 


then it can be shown by a method similar to that given by Dyson (11) that 
| Zi = 1 Alt, 
Zu =(1+ Bi", 


| 43,5 = [1 + CF”, 
(7 =1 or 2, 3 and 4), 


(1) F. J. Dyson: Phys. Rev., 75, 1736 (1949). 
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where &, B;, B' and Z,, are independent of the suffix j, and A,, B, and C,; 
are funetions of the unrenormalized coupling constant and the renormalized 


masses. 
First, let us consider the simplest case where the interaction Hamiltonian 


is given by Eq. (2.1). If we define A, B and C as 


(3.3) A BB, ind ee 


Ila, = a3 =0 
Q@=1 &a=1 @=1 
and denote the contribution to A (B or C) from each Feynman’s diagram 
in a 9,” order, of which the vertex part (the proper self energy part of nucleon 
or meson) consists, by A? (5% or C7), then A (B or C) can be expressed as 


foo} z foo} oo 
(84) A=) > 9A; (BES > Dg, 2 u I, 

n=1 2 n=1 7% n=1 7 
where the suffix à runs from 1 to the total number of the graphs in a g5” order. 
In the next place, we shall return to the most general case. In this case the 
vertex part and the proper self energy parts differ from the corresponding 
ones in the pure neutral case only by the isotopic spin parts, and the isotopic 
spin space is orthogonal to the Lorentz space. The following equations, the- 
refore, are obtained instead of Eq. (3.4) 


A; = 2 29 ge De (ai, Ga a, )Ar, 


(3.5) 


| 
| 
| 


B; =229 CHAT A CENT EAMES TE (= 0r°2, grande), 


8 


| TIEF a aes, 


n= a 


where D7, HY and F?, depend only on the isotopic spin parts. 
Inserting this expression for A, into the first of Eq. (3.2), and expanding 
Z,,; in powers of g*, we get 


(3-6). "2, =[ 144,1 °=1 Dt Age AD, Aut Di Al = Di Al "lo 
Gy Saal On nd) 


On the other hand, from Eq. (2.8) the following equation is obtained 


“lb; 
Ome ae =} + 92x, log 2 se 


À? b ‚(b ; — 1 > 
iL al b, 5%; log i 2 1, ( 1, ie log =) Gé ot. sees 


(Gil Ore Ze sande) 
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The comparison between these two expressions for Z,,; yields: 


re 
D\,;Ai = — ba; log — , 
m? 
F a b,,:(0:,5 — 1) [ A‘? 
(3.8) (Di,A1)? — Digi — Dp Ap — ... = — (x, log a : 


(al Cone 7, eh hava El} e 


where D?,, b,, and a; are some functions of a? factors. In Eq. (3.8) the set 
of equations for A” has greater cardinal number than that of A”, because of 
the following two reasons: a) there exist three types of external mesons; 
b) any two of three a? factors may take arbitrary values. 

If Z,, given by Eq. (2.8) is equal to that to be obtained by perturbation 
calculation, then all A”’s have to be independent of a? factors, due to their 
definition (Eq. (3.4)). In this case a fantastic diminution of independent 
equations for A? happens, and the total number of independent equations 
is equal to that of A’. And any A” which has only such contributions to A 
as Eq. (1.2), must be zero. In the other case where both expressions for Z, ; 
are inconsistent with each other, some A”, at least, depend explicitly on «a; 
factors. The same arguments as for Z,; hold for Z,, and Z;,;. 


4. - An illustrative example. 


In the first place, the above mentioned method will be applied to test Z, ; 
given by Eq. (2.8) and Table I up to the gy; order. In the case of the pure 
neutral theory, we shall denote contributions to C from Feynman’s diagrams 
which are shown by Fig. 1 (c), 3 (a) and 3 (b), by O1, C{ and C} respectively: 


(4.1) (*) OO ot CNE. 


(*) In order to simplify the calculations, it is not necessary to consider the graphs 
which contain the dm and du? terms in the Hamiltonian, because the contributions 
of these graphs to © may be contained in those of the graphs which have the same 
isotopic spin parts as these. For example, the contribution of Fig. 3(c) to C can be 
contained in 02, and of Fig. 3(d) to C can be contained in Cf and 03. In the case 
Z,, and Z,; we may use this method. 
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ôm(2) x du? (4) 


(a) (b) (e) (d) 
Fig. 3. — Proper self energy graphs of meson in the g order, where dm(2) and öu?(4) 
denote the self energy of the nucleon in the gj and of the meson in gf order respectively. 


As will be seen from Fig. 1 (c'), 3 (a) and 3 (b), we have to ealculate the 
following isotopic spin parts: 


207 ae LOL el PORC 
Fi (ay, 43, 43) = 


[a forj=4, 


> 


e u I pes 


20520 + a2 + af), forj=1,2or3, 


[ 
| 
| 
a He DOC SANS AO LUTTE TT) = 
él 


ag(4ai + 205 + af), for j — 4, 


2 2 2 = 
Fy Gy, Az, a = ma Sp Œ dt T TT) 3 
HZ 


972072 2 9? 2 7 € a 
—24;(24, 1a, 20, a), ou, 20035 


aida + 245 + di), u) = 


Using Eqs. (3.5) and (4.2), we get 


9 eo 9) 21 @2)\C? Dye | 72 9 y2 2\,21,4 
| 2a; 26 109 (2 at + a2 Oi) Cat IOs ae AR re 


(4.3) C; = 
| arg, + a4 {4a} + 2a} + a? are ale for j —4. 


Inserting these equations into Eq. (3.2), 


€ 2 ‘ 26 9,7,2/pl\2 9: 2\ 2 € 
1 — 2ajcıg, + 203 { 2a5(c;)? — (2a? + a2 + a?) + (2a + 


+0 — 205 — a) } 95... for ge 31,20% 
(4.4) Zu, = 
1 — aeg? + ar { ager)? — (daz + 202 + ad)( + C3) +96 of 
Tore A 
are obtained. 
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(Vase A)27 = 107.2 (a0). 


From Eq. (2.8) and Table I, on the other hand, the following equation is 
obtained: 


— 2a3/(3a3 +43) 


2 
(45) 0%, =|1 + Ba? ka). = 


276 
296 | „2/rR = 2 % m2 I 5) 
= l= ao + a2(5a2 + a?) aes De (LOL, te OT) 


where x = log A?/m?. Comparing Eq. (4.4) with Eq. (4.5), we get 


x 
(4.6 cr = — 
| 1 
. x? 
(4.7) (2a? + aù + az) CP (az az)C2 — (ai + az) Sm 
/ 


As was shown by Eq. (4.6), CT is independent of a} factors. The structure 
of Eq. (4.7) is such that, though in this equation any two of three a} factors 
may take values independent from each other, the total number of the in- 
dependent equations for cf and ec, is two. Solving these equations, in fact, 
we get a unique solution: 


22 
.8 C2 C2 - 
hae : 2 1622’ 

which is independent of «a; factors. 
(Case B) ME SG: 0). 

From Eq. (2.8) and Table I, we get 

5 02 —a2/(a2 + a) 
A, Zhe |W 0 als 

TT 
Ne ri + az(a? + 2a?) Ip æ? + 
3 1 BIN 3 om? 


(4.10) (2a? + a + a2)O? — (2ai — —- 3) = 
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(Clase Gy = Gin 2) 


From Eq. (2.8) and Table I, we get 


y % | Io joue, 
(4.11) Zi || tae | ee UE UT EE 
27 27 Aq? 


Comparing Eq. (4.4) with Eq. (4.11), one obtains Eq. (4.6) and 
(4.12) CROC 0), 


Eq. (4.10) has also the same structure and the same solution as Eq. (4.7). 
Eq. (4.12) is independent of a; factors. Further calculations show that C?’s 
depend on a}; factors explicitly. 

In the next place, we shall test Z,,; up to the gf order. Now we shall denote 
the contributions to A from Feynman’s diagrams which are shown by Fig. 1 (a), 
4 (a), 4(b), and 4(c), by A}, A}, A} and Aj respectively. If Z,,; given by 
Eq. (2.8) is equal to that to be obtained by perturbation calculations, then 
the contributions to A from Fig. 4 (d), 4 (e), and 4 (f) may be neglected. 


N N 3 \ \ EN 
x \ \ \ \ x 
A) \ h Qi 
a : % x 
wel) Nr / BK 
/ / \ ! | N 
/ Vie? ’ / , 
/ / , / / 7. 
> 7 + 7 / 7 
(a) (b) (e) (d) (e) (f) 
Fig. 4. — Feynman’s diagrams for the vertex part in the g} order. 


Making use of the same method as that in the case of Z,,, we get the fol- 
lowing results: 


(Case A) 47 l'or 2(a40). 


RR 
ITR ETTE 
(4.13) (3 ai) A (ai a7)(2a% + a2 07) At — (264 at) A? = 
x? 
Sos (a) 1202 7 5002): 
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(Case BJ) I =3 (a; = 0). 


x 
Ai = — 
HE Dre 
(4.14) (202 — a2 — a2)? A? — (2a? — a? — a})(2a? + a? + a?) A? 
72 
— (404 aid) Ae = re (20? — a2 — a?) (10a? + Tai — a?) . 
(CAS CRC) (a, 20) 
x 
dhe 
Bir? 
(4.15) (2a2 + a2 + a2)?(A2 + A2) + (dat + 2ai + af) A? = 
72 
ee Cao) (aa 302) 


As will be seen from Eqs. (4.13), (4.14) and (4.15), A} is independent of «a; 
factors but Aj, A} and A; do depend on a; factors explicitly. Further cal- 
culations for Z,,; show that B} is independent of a; factors but BŸs do depend 
on a; factors, as in the case of A} and A‘’s. Summing these results, we get 
Table II. Therefore we may conclude, in the S(S) and PS(PS) meson theories, 
that the relation between the renormalized coupling constant and the un- 
renormalized one, or the renormalization constants and the unrenormalized 
coupling constant obtained by the method of the reference (?), can not coincide 
with that to be obtained by perturbation calculations. 


TABLE II. — Test for Z,; given by Hq. (2.8). 


2 6 
Jo 96 Io 
Zu); Yes No 
Zu; Yes No 
Za,; Yes Yes No 
* OK OK 


The author would like to thank for Prof. K. SAKUMA for his continuous 
encouragement. 
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RIASSUNTO (*) 


Si riesamina la relazione tra le costanti d’accoppiamento nelle teorie mesoniche 
S(S) e PS(PS) utilizzando il tentativo di soluzione della teoria quantica dei campi 
proposto da LANDAU e coll. Si presenta poi un metodo cinematico per saggiare questa 
relazione senza il calcolo diretto di integrali divergenti, servendosi delle proprietä del- 
l’operatore di spin isotopico. Si dimostra poi con questo metodo che nelle teorie meso- 
niche S(S) e PS(PS) le relazioni tra le costanti d’accoppiamento ottenute coi rispettivi 
metodi non possono fornire informazioni corrette sulla teoria quantica dei campi. 


(*) Traduzione a°cura della Redazione. 
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A Triggered Spark Counter. 


T. EH: CRANSHAW and J. F. DE BEER 
A.E.R.E. - Harwell 


(ricevuto l’I1 Gennaio 1957) 


Summary. he behaviour of a triggered parallel plate spark counter 
has been investigated as a possible means of determining the trajectories 
of ionizing particles. Efficiencies, in an air-spaced counter, were 99%, 
with a rate of random breakdowns less than 1%. 


1. — Introduction. 


Various authors (1?) have reported on the construction and characteristics 
of spark counters. In its simplest form a spark counter consists of two pa- 
rallel plates to which a high voltage is applied. When a charged particle 
traverses the counter, leaving some ions in the gap, a spark discharge occurs. 
A serious difficulty in this type of detector is the prevention of «spurious » 
discharges, unconnected with the ionizing events which it is desired to detect. 

Recently Convers! et al. (4°) described the construction and characteristics 
of what they called a hodoscope chamber. Glass tubes are filled with ~ 350 mm 
neon and then placed between parallel conducting plates. When an ionizing 
particle goes through the apparatus, a high voltage pulse is applied to the 
plates. A glow discharge is produced in those tubes which the particle has 
traversed and not in the others. 


(*) On leave from the nn ae of Potchefstroom, South Africa. 

(4) J. W. KEUFEEL: Rev. . Instr., 20, 202 (1949). 

(2) R. W. Pıpp and L. ne Phys. Rev., 75, 1175 (1949). 

(8) E. ROBINSON: Proc. Phys. Soc., A 66, 73 (1953). 

(4) M. Conversı and A. Gozzinı: Nuovo Cimento, 2, 189 (1955). 

(6) M. ConvErsı, 8. Focarpt, C. FRANZINETTI, A. Gozzınt and P. Murras: Suppl. 


Nuovo Oimento, 4, 234 (1956). 
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In the present experiments, we have combined these techniques in the 
following way. High voltage pulses are applied to the plates of a parallel 
plate condenser when an ionizing particle traverses the condenser. A spark 
discharge is established near the track of the particle. We have investigated 
the dependence of the efficiency on various parameters, using an experimental 
counter with 1 mm spacing between the plates, and also report on counters 


specially designed for high efficiency. The accuracy with which particle tra- 


D, 


jectories can be determined was investigated photographically. 


2. — Arrangements for the experimental counter. 


The experimental arrangements are represented schematically by Fig. 1. 
G is a Geiger telescope which gives a coincidence pulse when an ionizing part- 
icle goes through the detector. 
This pulse, after going through 
a delay network, triggers a hy- 


COINCIDENC 


drogen thyratron which switches 
a high voltage pulse onto the 
detector. The thyratron circuit 
Fig. 1. is shown in Fig. 2. The thyra- 


tron is non-conducting when its 
grid is at earth potential so that the condenser C charges up to the supply 
voltage through the high resistance R,. When a positive trigger of ~ 300 V 
is applied to the grid, the 
thyratron fires and discharges  gxv supply 
C through Rk. At A a pulse 
appears with maximum am- . *300V TRIGGER 


Ry 


plitude equal to the supply 
voltage, its time of decay 
being given by the time con- 
stant RC. This high voltage 
pulse is applied to the de- = 

tector S through the resi- Fig. 2. 

stance R, which limits the ‘ 

current to a value below the maximum permissible thyratron current, (20 A 
for the CV2110). To clear «old» ions from the gap, a clearing field is ap- 
plied between the plates by inserting a battery in position X or Y. The 300 V 
trigger pulse is obtained via a pulse transformer from a smaller thyratron 
which discharges a 3 us delay line. Supply voltages up to 8kV were used. 
The voltage supply is a voltage multiplier cireuit (Cockeroft-Walton-type) 
using metal rectifiers. 
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The detector consisted of a simple parallel plate condenser of 10 X10 em? 
area with 1 mm separation between the plates. The edges were carefully rounded 
off in order to weaken the field along them. 


3. — Theoretical eonsiderations. 


We make the initial assumption that the presence of an ion in the gap at 
the instant the applied pulse reaches à critical value is à necessary and suf- 
ficient condition for the initiation of a spark discharge. Let the distance bet- 
ween the plates be d and n the specific ionization in air of a minimum ionizing 
particle traversing the plates perpendicularly. Due to the strong electron 
affinity of oxygen all electrons are captured as soon as they are formed. The 
process of ionization therefore causes the formation of positive ions (mainly 
nitrogen) and an equal number of negative oxygen ions. If we assume the 
mobility of the ions to be constant over the range of variation in clearing field 
under consideration, and the same for both positive and negative ions which 
is true enough for our 


present purpose, then À | 
the velocity is given by | : 
ee RE ie à Late SEE a 
ld) w=KV, 
(1) (2) 
where V is the clearing Fig. 3. 


voltage. 

The space x (Fig. 3) is such that no ion which was formed in it, is still in 
the gap after time t. We distinguish between two cases: (i) ions of either 
sign can initiate a discharge, (ii) ions of one sign only can initiate a discharge. 

In case (i) it is evident that 


x = 2vt —d 


— 
iw) 
= 


and the sensitive space 
s=d—X 


| =2(d—vt); vt>d/2 
(3) 1 
(find ot'< d/2. 


In case (ii) 


s=d—v. 
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The theoretical efficieney of the counter is the probability than an ion which 
can initiate a discharge exists in the gap when the pulse is applied, i.e. 


In case (i) 


| e =1—exp[— 2n(d—vt)]; vt>d/2 
| = 1 —exp[— nd] ; vt =d2. 
In case (ii) 


(6) e =1-—exp[— n(d —vt)]. 


If n is taken equal to ~ 22 ion pairs per cm, both equations (5) and (6) give 
— 90% as the maximum efficiency obtainable with a 1 mm gap. 


4. - Performance of experimental counter. 


The experimental efficiency of the detector is defined as the number of 
spark discharges divided by the number of coincidences registered by the 
counter telescope. Various factors have an influence on the efficiency e.g. pulse 

size, rise time of pulse, delay between 


passage of particle and application of 

sr pulse, magnitude of clearing field, sepa- 

DE ration between plates, and atmospheric 

gor 2 pressure. The quantitative influence of 
> . 

70-8 some of these factors governing the effi- 
Ww . 5 + . 
60! S ciency has been investigated and will 

w . . . 
ol now be discussed in succession. 
A, = 100N 
40 DELAY = 6 ws (a) Pulse size. — Pulses of various 
CLEARING VOLTS =+12V R “ Û 
30 sizes were applied to the detector while 
sat the other factors were kept constant. 
10 The dependence of efficieney on pulse 
iF PULSE SIZE (kV) an i > : fee 
oi — 4 size is shown in Fig. 4, from which it 


is evident that there is a useful plateau 

Fig. 4. almost 2000 V wide, the upper limit 

being set by the occurrence of spurious 

discharges. A spurious discharge is one which oceurs when a pulse is applied 

to the detector in the absence of any triggering particle. By cleaning and drying 

the surfaces carefully and excluding light, it was possible to reduce the fraction 
of spurious breakdowns to less than 1%. 
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(b) Decay time of pulse. — In the range 10~7s to 10-48, no effect of the 
decay time on the efficiency was found. This is to be expected, as the spark 
discharge is established in a time of the order of 10-*s. When the decay time, 
however, is increased beyond say 50 us, the rate of random breakdowns in- 
creases aS a result of the increase in the sensitive time of the detector. 


(c) Clearing field and delay. — The variation of the efficiency with clearing 
field for several delay times has been determined. Equations (5) and (6) sug- 
gest that we plot In (1—-e) against v. We call (1 —e) the inefficiency and 
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in Fig. 5 this has been plotted on a logarithmic scale against clearing voltage. 
The experimental points lie on straight lines which all extrapolate back to 
approximately the same value of the inefficiency at zero clearing voltage. 
The relation between efficiency and clearing voltage as predicted by equa- 
tions (5). and (6) is represented by the straight lines (a) and (b) respectively 
in Fig. 6 where the inefficiency is plotted on a logarithmic scale against vt/d. 
An average value of 93% for the efficiency at zero clearing voltage has been 
taken from the experimental results of Figs. 4 and 5. This value is slightly 
higher than one would expect with a 1 mm air-spaced gap under atmospheric 
pressure and a value of 22 ion pairs/em for the specific ionization. It seems 
likely that d-rays may contribute towards this higher efficiency (see later). 
The experimental points of Fig. 5 have been transferred to Fig. 6 and nor- 
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malized at vt/d = 1, assuming constant mobility. The mobility can readily 
be calculated, since, when A Vt = d, the efficiency is zero. Thus we get from 


Bio HD: 


K = 22 -+1cm/s/V at 650 V/em, delay 67 us, 


K = 24.4 +1 em/s/V at 1150 V/em, delay 36 us, 


K=33 -+1cm/s/V at 2000 V/em, delay 15 us. 


These values may be compared with the value K = 33 cm/s/V given by WIL- 
KINSON (5), who also remarks that the mobility decreases with age of the ions. 

It is clear that the experimental points lie on line (b) rather than on (a) 
showing that equation (6) gives the correct relation between the efficiency and 


10r 
0.9- 
08 


0.3- 


INEFFICIENCY 


0.2+ 


the clearing voltage. This suggests that spark 
discharges are initiated by ions of one sign 
only. The question now arises as to whether 
the discharges are being initiated by the posi- 
tive or by the negative ions. It seems likely 
that the negative ions are responsible since 
according to LOEB (*) the binding energy of 
the electron to the oxygen molecule is only 
~ 0.34 V and at a value of X/p ~ 90 (X= field 
strength in V/em; p = pressure in mm Hg) 
it becomes detached and gains sufficient 
energy to initiate an electron-photon ava- 
lanche. In these experiments the value of 
X/p lies between 80 and 100. On the other 
hand the positive ions, being much more mas- 
sive, do not obtain sufficient energy between 
successive collisions to produce further ioni- 
zation. 


(d) Rise time of pulse and polarity of 
clearing field. — A decrease in efficiency was 
observed when the resistor R, was increased 


eradually. Fig. 7 shows how the efficiency depends on the value of R,. If, 
instead of increasing R,, the capacity of the detector was increased, the 
behaviour was similar. It has also been observed that the efficiency had a 
different value when the polarity of the clearing voltage was reversed. Fig. 8 
shows the dependence of the inefficiency on the clearing field for different 


(5) D. H. WiuKinson: Ionization Chambers and Counters (Cambridge, 1950). 
(7) L. B. LoEB: Phys. Rev., 48, 684 (1935). 
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polarities of the clearing field. These two effects have been investigated more 
carefully and we found that both can be explained by the clearing done by 
the applied pulse before it reaches the 
critical value for a discharge. For a 
certain finite rise time this clearing 
action is independent of the clearing 
voltage and may be represented by the 
constant c. If the clearing field has 
the same polarity as the pulse, cadds °° 
to vt and the equation for the effi- 50 
ciency is 40 


PULSE SIZE =7kV 
DELAY =6 ps 
CLEARING VOLTS = +12V 


EFFICIENCY (%) 


(7) e=1-—exp[—n(d —vt — e)]. 20 
10 
SERIES RESISTANCE (9) 
If on the other hand the polarity of 0 400 800 1200 1600 2000 
the clearing voltage is opposite to that Fig. 7. 


of the pulse, the actual amount of 
clearing done stays equal to ¢ as long as vt<e and is equal to vet if vf >e. 
In this case therefore 


[ 6 =1—exp[— n(d—c)]; Ot <= GC, 


=1—exp[—n(d—vt)]; v>e. 


When v = 0, equations (7) and (8) 
give the same value for the max- 
imum efficiency 


NS 
oO 
T 
INEFFICIENCY (%) 


50- 
(9) a. =1—exp[— nd —e)]. 
50 PULSE SIZE =7 kV 
R, =1000Q 

40 Zur From Fig. 8 we get 2. ~ 0.6 
CLEARING FIELD (V) which means € & 0.058 em. Equa- 
0 10 20 30 40 50 60 70 80 90 100 110 120 130 tions (7) and (8) with this value of 
Fig. 8. e and K = 24 cm/s/V, are represented 


in Fig. S by the curves (a) and (b) 
respectively. The agreement with the experimental points may be consi- 
dered as very satisfactory. 

A theoretical evaluation of ¢ from the parameters of the experiment, re- 
quires a knowledge of the mechanism of spark discharges and accurate values 
of ion mobilities for fields up to 80 kV per em. 
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5. — Further developments. 


(a) The efficiency is seen to increase with decreasing rise time and there- 
fore with decreasing R,. In order, therefore, to obtain the maximum efficiency, 
R, must be made as small as possible. It cannot, however, be decreased in- 
definitely because the maximum permissible instantaneous current through 
the thyratron will be exceeded. Alternatively the area of the detector, and 
therefore its capacitance may be made small. This places a serious restrietion 
on the utility of the detector. 


(b) As can be seen in Fig. 4, the maximum obtainable efficiency with 
a 1mm gap (and air under atmospheric pressure) is ~ 92%. Although this 
may be adequate in certain applications, it is desirable to increase this figure. 
This can be done by increasing the separation. With a 3 mm gap for instance, 
an efficiency of 99% is obtainable. This increase, however, requires a high 
pulse voltage (— 20 kV): As a hydrogen thyratron usually cannot be operated 
beyond 10-12 kV, the most obvious means of achieving this pulse would be 
to use a pulse transformer. This transformer has to meet both the require- 
ments of excellent high frequency response and high power handling capacity. 
A transformer of this description has been made and quite satisfactory per- 
formance was obtained with it. One serious disadvantage is that the impe- 
dance is stepped up by the square of the turns ratio, which in turn requires. 
that C (Fig. 2) has to be increased. Another disadvantage is the high magnet- 
ising energy required by the core for good transient response. 


80 KV 
SUPPLY 


4 kV TRIGGER 


Most of the above mentioned difficulties have been overcome by using a 
single air-spaced spark gap to trigger the detector. The original thyratron 
is now only used to trigger the spark gap (Fig. 9). 
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A detector with 2.5 mm separation has been operated in this way and a 
similar performance as before was obtained except for the higher maximum 
efficiency (~ 99%). 


6. — Photographie recording of trajectories. 


Three identical units, each consisting of two detectors were lined up in 
the solid angle of the counter telescope. Six high voltage condensers were 
used with one spark gap to apply the pulses. Photographs of a large number 
of events were taken, of which some typical ones are displayed in Fig. 10. 
Photographs (a) and (b) show the ideal behaviour as the sparks apparently 
lie exactly on the trajectory of the particle. In photographs (e) one of the 
sparks is slightly displaced from the real trajectory as indicated by the others. 
The cause of these displacements (1-2 mm) has not been investigated tho- 
roughly but it seems likely that knock-on electrons are responsible for this 
effect as they will be heavily ionizing. This view is supported by a number 
of photographs like the one in Fig. 10(d) in which two sparks occurred in the 
same gap, one of which is slightly displaced from the trajectory. 


7. — Conclusions. 


(i) We have shown that spark discharges can be produced with high 
efficiency in an air-spaced gap between parallel plates which is pulsed after 
the passage of an ionizing particle. 


(ii) The pulse may be applied many microseconds after the passage of 
the particle, with a probability of a discharge which depends on a static clear- 
ing field. 


(iii) The number of «spurious » discharges can be kept below 1%. 


(iv) The spark occurs where a particle has traversed the detector except 
in a few cases (~ 10%) where knock-on electrons probably are responsible for 
slight displacements. 


The authors wish to express their thanks to the U.K.A.E.A. for permission 
to publish these results and to Dr. E. BRETSCHER for his kind interest during 
these investigations. 
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BIENSDUENDEOF (RE) 


Si è esaminato il comportamento di un contatore a scintille a placche parallele 
comandato, per studiare la possibilità di utilizzarlo nella determinazione delle traiet- 
torie di particelle ionizzanti. I rendimenti di un contatore con aria fra le placche risul- 
tarono il 99% con meno dell’1% di scariche casuali. 


(*) Traduzione a cura della Redazione. 


71 - Il Nuovo Cimento. 
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Thermodynamical Theory of Thermal Conduction 
of Dielectrics under Electric Fields. 


S. MASCARENHAS 


Hscola de Engenharia de Sao Carlos, Dep. de Fisica - Universidade de Sao Paulo, Brasil 


(ricevuto il 16 Gennaio 1957) 


Summary. — The abnormal heat transmission of a fluid dielectric under 
electrical fields can be conveniently described as a cross-effect between 
thermal and electrical forces. The author studies the case of low fields 
for a plane cell when convection effects are absent. He is also led to 
the converse effect, 1.e., the variation of the electrical conductivity with 
the thermal force. 


1. — The author has observed and described elsewhere (!) a strong variation 
of the thermal conductivity of insulating liquids under the action of electrical 
fields. 

The action of the field is such as to always increase the heat transmission 
independently of the direction of the field. We have also observed the effect 
with alternating fields. 

It can be shown experimentally that there are two distinct effects as the 
field value is increased: one in which there are no hydrodynamical effects of 
the field upon the fluid (for low fields) and another in which turbulence sets 
in and the heat transmission is strongly dependent upon forced-field-con- 
vection (?). 

The first behavior displays a quadratic dependence of the thermal con- 
ductivity with tensions applied across the cell (?). The other one shows a 


(1) S. MASCARENHAS: An. Acad. Brasil. Oi., 27, 11 (1955); 28, 1, 99 (1956). 

(2) See R. KRONIG and G. ASHMAN: Appl. Sei. Res., 1 (1949) and G. A. Osrrou- 
mov: Zu. Eksper. Teor. Fiz., 30, 2 (1956). 

(?) S. MASCARENHAS: Thesis (Univ. S. Paulo, 1956). 
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rather complicated behavior which (when «break-down» does not occur) 
shows a saturation of the heat transmission for very high values of the tension. 
We have also observed and described (?) elsewhere that the hydrodynamical 
effect begins at a very characteristic field for each dielectric (about 1 KV/em 
for oleic acid, 0.2 kV/em for naphtalene). 


2. — Focusing our attention on the behavior under low fields we can obtain 
from the principles of the thermodynamics of irreversible processes the ob- 
served interaction between the thermal and electrical forces as regards the 
heat conductivity as follows: 

Let us consider a plane parallel condenser filled with a homogeneous fluid 
dielectric, and let there be applied across the plates both an electric and a 
thermal potential difference. 

The equations of motion can be written (+) as 


(1) i= — De rad 6/6 TE 
(2) j =— Ty, grad 0/0 + L,E 


where J, and j are the thermal and electrical fluxes, — grad 0/0 and E the 

corresponding forces and Z,,, L,,, L., and L,, the phenomenological coefficients. 
From the Onsager relation: 

(3) Li: = Li. 

And with this result one can write: 


(4) J, + L,, grad 0/0 = (jE — L„E?)/— grad 6/6 . 


The left member of this equation can be identified with the excess thermal 
flux AJ, which is evidently null when there is no applied electrical field. This 
excess flux can be written as 


(5) AJ, = —%k grad0 + ky grad.d . 


In this equation we have written k and k, for the thermal conductivities with 
and without the application of the electrical field. Taking account of the 
fact that 7 = oE and „= o# (o and o, electrical conductivities with and 


(*) See for instance 5. R. De Groor: Thermodynamies of Irreversible Processes 
(Amsterdam 1951). | 
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without the application of a temperature gradient), one obtains 


(6) k = ku + (eo — 0,)0 crade 5 


And as — grad 0 = (0, —0)/2 (0, and 9 the equilibrium temperatures of the 
plates, 2 the distance between them), eq. (6) transforms to 


… (6 —0,)0 
k —k, + ahs 
ns OR 
But AH =V, thus: 
7 ea à (5 — 0) 7 2 
(7) Pen er 5 


This is our central result. 


3. — Our formula (7) seems to be well supported by experimental results 
since: 


a) the variation of k does not depend on the sign of the field; 
b) the observed quadratic dependence of k upon V. 


Attention must be called to the fact that this theory points also to the 
converse effect of the one treated here: the variation of o with — grad 6/6. 

It is also to be noted from (7) that if o < 6, (i.e. the electrical conductivity 
diminishes with the thermal force), k < k, and the thermal conductivity will 
also decrease with the applied field. 

We think that our thermodynamical treatment can be extended to 
encompass the hydrodynamical effects by assuming a third term and à 
corresponding third equation of motion to take care of convection currents 
within the fluid. Finally our results provide a possible explanation for the 
recently observed phenomenon (°) of field-induced melting of dielectrics. 


We are indebted to T. A. Soura, A. Tavares, E. RODRIGUES and L. P. 
Mata for helpful discussions. 


(5) J. Costa RIBEIRO: An. Acad. Brasil. Ci., 26, 2, 349 (1954). 
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RIASSUNTO (*) 


L’anormale trasmissione di calore di un dielettrico fluido sotto l’azione di campi 
elettrici fpud essere opportunamente descritta come un effetto combinato di forze 
termiche ed elettriche. L’autore studia il caso di campi deboli per una cella piana in 
assenza di effetti di convezione. Considera anche il caso inverso, cioè la variazione della 
conduttivita elettrica con la forza termica. 


(*) Traduzione a cura della Redazione. 
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Bounds on Phase Shifts (*). 


J. B. KELLER 


Institute of Mathematical Sciences, New York University - New York, N.Y. 
(ricevuto il 18 Gennaio 1957) 
Summary. — It is shown that for certain potentials, the WKB method 
yields a lower bound for the exact phase shift, and for some other po- 


tentials it yields an upper bound. Another method for obtaming bounds 
is also described. 


1. — Introduction. 


The phase shift 0 for a potential V at energy E is defined in terms of a 
solution w(r) of the following problem: 


(1) w+ CR — U(r)Ju(r) = 0, 
(2) u(0) =0. 


In (1), U(r) =2mh-2V(r) and k =h-(2mE)*. If .U(r) tends to zero fast 
enough as 7 — oo, then u(r) is of the form 


(3) u(r) ~ A sin (kr + 6) sr + co. 


The constant 6 in (3) is the phase shift and the constant A is an amplitude 
factor. Since (3) determines 6 only within an integral multiple of x, we also 
require that 6 depend continuously on U(r) and vanish when U(r) = 0. 


(*) The research reported in this article was done at the Institute of Mathematical 
Sciences, New York University, and has been made possible through support and 
sponsorship extended by the Geophysics Research Directorate, Air Force Cambridge 
Research Center. under Contract No. AF19(122)-463. 
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Then 0 is uniquely determined and satisfies the well known 


Monotonicity Theorem: If V, < V, for all r > 0 then 6, > 6,. 

In the following sections we will use this theorem to obtain bounds on à. 
As an example, since 6 —0 when V=0O we see that 6>0 if V<0 and 
Or OE Vie 0. 


2. — The case H> V. 


Assume that #> V for all r, and let v(r) be the WKB solution of (1) 
and (2), i.e., 


r 


(4) or) = ki(k? — Uy- sin fu tar 


Es 


The phase shift of v(r), which we will call à,,,,, is 


U)t— klar. 


=~ 
Qt 
= 
=> 
= 
Z 
A 
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a 
ns | 
nm 
= 
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Now the function o(r) is not only the WKB solution of (1) and (2) but it is 
also an exact solution of the following problem: 


yok Pri eae fone UB |e 
(6) a L LA ri “oe 


— 
~] 
Se 


v(0) =0. 
Since this problem is of the same type as (1) and (2) with a different potential (*), 
the monotonicity theorem is applicable and yields 


Theorem I: If H>V and V"+ 5(V')?/4(H— V) >0 (<0) for all r>0 
then 


From this theorem, since 5(V'}?/4(E — V) >0, we obtain 


Corollary I: IE H>V and V">0 for all r > 0 then 6 > dx: 


(*) The potential in (6) is precisely V if and only if V= Æ — (a + br)! where 
a and b are constants. In this case the WKB solution is also the exact solution of (1) 
for a single value of E. However, this potential vanishes at infinity only if # = 0, 
and only then is a phase shift defined. 
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3. — The general case. 


Let us now treat the case in which E=Vatr=aandE>V for r>a, 
while for 0<r<a no restriction is placed upon V. We will consider w(r), 
the modified WKB solution of (1) and (2) defined by 


0 VS 
| 


| 
(8) or) = | 
| 


k3(k2 — U)-# sin | Ju — Dar] a<T. 


a 


This function and its first derivative are zero at r — a. It satisfies (6) for 
ry >a and has the phase shift 


oo 


(9) = JE U — k] dr — ka: 


For 0 <r< a, w(r) is identically zero, which corresponds to an infinite re- 
pulsive potential in this range. Thus the monotonicity theorem is applicable 
to w and «. In the range 0 < x < «a the potential to which w corresponds is 
positive infinite and therefore > V. Thus if the potential in (6) exceeds V 
in the range x > a, the phase shift of w will be less than that of «. Therefore 
we have 

Theorem II: If E = V(a) while E > V and V"+ 5(V’)?/4(#—V)>0 


for all r>a, then Ô > Owxr: 


As before we have 
Corollary II: If E = V(a) while H>V and V">0 for all r > a, 


then 6 >6 


WKB * 


Theorem II can also be proved without reference to an infinite potential. 
We merely note that for r >a Sturm’s theorem shows that the zeroes of u 
separate those of w. Then the definition of the phase shift in terms of zeroes 
of the wave function yields the result. 


4. — An example. 


As an example of the last result, let us consider the equation 


(10) u" i u + | A 0% 
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This equation has the following solution which vanishes at « = 0: 


a 


(11) U V2rckr J, :3(&r) ~ sin I — y 3| ; 
The phase shift is thus 


(12) d=. 


Now the potential »(v+1)/r? equals k? for r = kfv(v-+1)]® and is less than 
k? for larger values of 7. Furthermore the second derivative of the potential 
is positive provided that » >0. Therefore, Corollary II applies and 
yields 


(13) ù = — > > Öwee = 


L 
ky +1)? 


In addition, since the potential in (10) is positive, we know that 0 < 0. The 
graph shows 6 and 6,,,, a8 functions of » for v>0. At » — 0 both phase 
shifts are zero since then the potential is zero. As » increases rapidlv 
approaches 6 — x/4. 

The phase shift of the usual WKB method approaches 6 as » increases, in 
contrast to the phase shift of w(r), the modified WKB solution, which ap- 
proaches 6 — 7/4. The extra 2/4 in the usual WKB result comes from using 


a different solution in the range 0 <r< «4. 


5. — Exponential and Yukawa potentials. 


The repulsive exponential potential V, exp[— r/b] satisfies the conditions 
of Corollary I provided that 0<V,< H. For V, > ÆE it satisfies the condi- 
tions of Corollary II. Thus we obtain a lower bound on the phase shift for 
any repulsive exponential potential. We also have the upper bound zero 
because the potential is positive. The attractive exponential satisfies the con- 
ditions of Theorem I [V"+ 5(V’)?/4(# — V) <0] when —4E <V<0. In this 
case we obtain an upper bound on the phase shift. Since the potential is 
negative, we also have zero as a lower bound. 


1125 


1126 J. B. KELLER 


The bounds just considered may be computed explicitly (*). Thus we 
have from (5), when V,H4#<1, letting y =r/b, 
(14) Owes — 00 [ec —V, He) — 1] dy= 


0 


— V. F-113 
= 2kb 1 -WEN®E— 1 fog je ) ley : 


In Fig. 2, dx is shown in the range —4<V,#H-1<0 where it is an upper 
bound, and in the range 0<V,H-4<1 where it is a lower bound. For 
V,H-1 >1 we have from (9) 


fos} 


(15) Owen = kb fa — Rn H-1¢-")? — 1] dy — kblogV,E = 
log¥,z—2 
= kb[2(log 2 — 1) —— log V, =]. 


In Fig. 2, d\,, is shown in the range V,#-!—1 where it is a lower bound. 


The repulsive Yukawa potential V,b exp[— r/b]/r, V, > 0, also satisfies the 


UPPER BOUND 


UPPER BOUND 


= Zul: 4 


u 1 
40-2 


LOWER BOUND 
Ce) LOWER BOUND 


Fig. 2. — Bounds on the phase shift for 


Se 


- the exponential potential V, exp [— r/b]. 
\ For au attractive potential the upper 
Fig. 1. — Comparison of the lower bound Owxr, given by (14), is shown 


bound Owrs given by (13), and the 
exact phase shift Ô [equation (12)] for 
the Bessel function 4/kr Jy.4(kr). Both 
phase shifts are shown as functions 
of » for »>0. The lower bound ap- 
proaches ö— 2/4 as » becomes large. 


in the range — 4 <V,/H <0. Zero is a 
lower bound. For a _ repulsive po- 
tential, öygp is a lower bound in the 
range 0> V,/H 1 and> dyrp [equation 
(15)] is a lower bound when V,/E>1, 
while zero is an upper bound. 


(*) The integral in (14) was evaluated by introducing the new variable 


2= (l= VE er 


That in (15) was reduced to (14) by introducing the new variable 


2=y—log WB. 
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conditions of Corollary II and thus (9) yields a lower bound on the phase 
shift for this potential. The upper bound zero follows from the positiveness 
of the potential. In the case of the attractive Yukawa potential Theorem 1 
apples provided that 0>V,E1>—84 since then V"+ 5(V')?/4(H#— V) <0, 
and an upper bound is obtained. The lower limit — 84 is nearly the smallest 
value of V,E"! for which the above inequality is satisfied for all r, and was 
obtained by simple computations. 


6. — Conclusion. 


The procedure here used to obtain bounds on phase shifts is a special case 
of the following method: Let v(r) be any twice differentiable function with 
the properties v(0) = 0 and v ~sin (kr+6,). Define k? — U, as the quotient 
v'(r)/o(r). Then v(r) satisfies the equation v’+ (k? — U,)v = 0. Now compare 
U, with U of equation (1). If U, > U (U, < U) for all r then the Monoto- 
nicity theorem applies and 6, > Ô (0, < 0). Of course the success of the 
method depends upon the skill (or luck) with which »(r) is chosen. 


RILASDUN TO. (*) 


Si dimostra che per determinati potenziali il metodo di WKB fornisce un limite 
inferiore per lo spostamento di fase esatto e per alcuni potenziali fornisce un limite 
superiore. Si descrive anche un altro metodo per ottenere limiti. 


(*) Traduzione a cura della Reduzione. 
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Determination of Distortion Vectors in Nuclear Emulsions. 


TSAI-CHÜ 


Faculté des Sciences, Sorbonne - Paris 


(ricevuto il 23 Gennaio 1957) 


Summary. — We try to determine distortion vectors by multiple scat- 
tering measurements made on inclined tracks both in projection and in 
depth. Distortion vectors of different orders can be deduced from for- 
mulas expressed in terms of ordinate differences of multiple scattering. 
The magnitudes of distortion vectors determined are in good agreement 
with those obtained by other methods. 


1. — Introduction. 


Numerous studies have been made in recent years on measurements of 
ionization and multiple scattering of trajectories produced by ionizing part- 
icles in nuclear emulsicns. However, the precision of these measurements is 
limited by their statistical fluctuations. The energy value deduced from them 
is by far inferior to that derived from the residual range of a particle coming 
to rest in the emulsion. So the actual range of a particle in emulsion is the 
most important quantity for precise measurements. But we must bear in 
mind that the dilatation or contraction of the range of a particle caused by 
distortion may not be negligible, particularly in the case of steep tracks. Up 
to the present, only a few studies ("?) have been made on the measurement 
of distortions in nuclear emulsions. 

Distortions of nuclear emulsions are introduced mainly during the manu- 
facturing and processing stages. The emulsion is then in the state of a viscous 
liquid and has only shearing stresses parallel to the supporting glass plate. 
Hence the distortion is composed only of vectors parallel to the emulsion 


() M. Cosyns and G. VANDERHAEGHE: Bull. Cen. Phys. Nucl., No. 15 (1950). 
(2) G-STACK COLLABORATION: Nuovo Cimento, 2, 1063 (1955). 
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surface. It has been developed (!) in the following form: 


2 2\? 2\3 
re 


where ¢ represents the thickness of the emulsion, + the height measured from 
the glass plate; K,, K,, K,,... are zero, first second, ... order vectors of dis- 
tortion. At the emulsion surface (z = t), the total distortion is reduced to 
the sum of all the vectors. The convergence of this series requires either that 
all the vectors decrease quickly as their order increases or that they decrease 
slowly and have alternative signs. It is very likely that the distortion series 
are in most cases alternative. 

Vector K, is a displacement of the whole emulsion block without changing 
the shape or length of the track. Vector A, does not produce any curvature 
on a straight track but it changes the length and direction of the track. In 
the case of the second and higher order vectors, both the length and shape 
of the track are affected. Observed through a microscope, the components 
perpendicular to the projected trajectory produce the C- or S-shaped distort- 
ions; the components parallel to it produce similar distortions in the vertical 
projection, The first order vector has been determined (i) by measuring the 
steep tracks passing through successive emulsions and (ii) by measuring the 
anisotropic distributions of radioactive «-particles caused by distortion. The 
higher order vectors have been determined (i) by geometrical methods and 
(ii) by multiple scattering. 


2. — Second and higher order distortion vectors. 


Supposing the X- and Y-axes lie in a plane parallel to the emulsion sur- 
face, we choose the Y-axis approximately parallel to the projected trajectory, 
the Y-axis perpendicular to it and the Z-axis perpendicular to the emulsion 
surface, pointing from the glass support toward the air. Let (%,, %, &) be 
the co-ordinates of a point situated on the trajectory at the time of exposi- 
tion, and the co-ordinates of this point after development will be (x, y, 2); 
they are connected by the following equations 


(1) x =, + K, cos x, (;) + K, cos &, (;) ERBEN, 
(2) Y = Yo + K,sin oa, () + K, sin «, él] 32 008 
(3) CRC ON 
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where «,, %,... are angles made by the distortion vectors with the X-axis. We 
have dropped out the zero order vector and assumed that the distortion is 
uniform throughout the emulsion. Components A, cos a,, K, cos %,... are 
parallel to the trajectory and components X, sin «,, A, sin %,... are perpen- 
dicular to it; they have a positive sign for dilatation and a negative sign for 
contraction. 

Neclecting the small multiple scattering, the equations of a straight track 
before distortion are 


(4) Yo = Lo + 4X9 
(5) Lo = Dire = bye 
and after distortion 


n N if 1 6 1 
(6) Y =, + 4,0 + AR? + au? 4 


(7) DP ="bee Dee" Sees 


The coefficients in equations (6) and (7) can be expressed in terms of those 
in (4), (5) and the components of distortion vectors; they decrease quickly 
with i. The ratio a,/a,_, or b,/b,_, is smaller than 1/1000 for t= 600um. The 
variables x, x, depend directly on ¢ and the variables y, y, on + indirectly. 
Therefore in equations (1) and (2) we may consider ¢ as the only independent 
variable. Differentiating (1) and (2) twice with respect to 2 and summing 
up over the whole trajectory, we obtain 


We have neglected the higher order components and on account of (4) and (5), 
we have assumed Ÿ d*r,/dz? = > d?y,/d2? — 0. The second order distortion 
vector can be calculated from multiple scattering measurements in y and 2 
by the following formulas: 


: t? dx 
(8) REC Oty 1) 2 de 7 
Ge CMON? n? da ade 
= Ea Sree à mo col 
(n — 1) — dr? \ dz 2(n — 1) — de 
Be i i? d’y 12 fdy (= 2 dy\ (d?x\] 
9 Fe ith hee ee re { = 
9) oe 2(n — 1)“ dz? : 2(n—1) > |da? ‚de " \da} \de2/f 


: n? TGs (COR Ce OM) 
Ese 2y — 2 =) 
IE iy Poa TCT RT 
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n =t/dz is the number of sections contained in the emulsion. In order to 
adapt the formula to scattering measurements, the dependent (x) and the 
independent variable (2) in (8) are interchanged. The second term in for- 
mula (9) is already much smaller than the first; all the other terms can be 
dropped out. 

In a similar way, we can derive the components of the higher order vectors. 
However, the second derivatives in (8) and (9) as shown below do contain 
their components, but in different proportions. For example: 


| y d’x 5 DR, COS Gs ; y 6K, cos a2 12K, cos 0,2? 


= ED PA a 


on ae VE 
(10) or 
| 2 2 3 Ba Be Dee 
| ran ate peta K, cos % + = KK, COS 3 + = K, Gos & + > Ks COS % + 
N 2 2 2 2 


The second order components derived in (8) and (9) contain the sum of all 
the higher order components, and, in addition, half the third components, 
2/2 times the fourth, 3/2 times the fifth, etc. 


3. — First order distortion vector. 


It is impossible to calculate the first order vector without knowing the 
initial direction of a track before distortion. Although the change of direction 
:aused by the first order vector is constant, it cannot be separated from the 
initial direction. The formulas given below enable us to calculate the first 
order components for tracks with known initial directions. Differentiating 
again equation (1) and (2) and summing up, we have 


5 


dx di, Ky 608 a, 2K, COS &,2 
D ee is 
dy dy, K, sin a, 2K, sin 02 
Be re 


A 


where dx,/dz =b, and dy,/dz = a,b, have constant values and represent the 
direction of the undistorted track. They are combined linearly with terms 
containing the first order vector. Simplifying the above equations, we have, 
for the first order components 


(11): K, cos x, = — K, cos a + > Ar — > Ax,, 
(12) K, sin «, = — K, sina, + > Ay — > Ay. 


1131 


1132 TSAI-CHU 


It is necessary in the above formulas that the values of } Ax,, Ay, must 
be known. (i) For tracks perpendicular to the plane of emulsion Av, =Ay, —0, 
we can calculate X, cos x, and K, sin «, directly from (11) and (12). (ii) For 
steep tracks traversing successive emulsions, > Av, and DAY can be esti- 
mated from the distance between the two points of entry at the glass plates, 
if vector K, is neglected. (ui) For tracks measured along the x-axis parallel 
to the a-axis, we have y =a and Ay, =0, K, sina, can be calculated 
from (12). (iv) For general cases, K, sin «,, calculated without the term Ÿ Ay, 
will have a larger positive value for a positive Ÿ Ay,, and a smaller value for 
a negative ÿ Ay,, and vice versa for a negative K, sin «,. 

It may be interesting to try to calculate the first order components from 
the third differences of multiple scattering, because it is known in scattering 
measurements that the third differences are nearly free from distortion and 
approach the value of true scattering. Differentiating (1) and (2) three times 
with respect to the projected trajectory (s), as it is done in scattering measu- 
rements made in depth, we have 


: asa der, KG COS a. dd 22 
oo) > ds? 2 ds? t an | 


me (er 


GR, kG Sine, — CE 


a) > ds? ae Bar Pr L 
ee ad 2d’z] 
| a Naa cra 


In case the higher order vectors K,, K,,... can be neglected, we have 


aye Glin, alba Yo 
2 de de de 


=. 


Similar differences of other third derivatives taken with respect to undistorted 
co-ordinates (%, Yo and s,) are also zero. Since the lengths of s and s, are 
nearly equal (within 10%) and s varies slowly with +, we have tried to cal- 
culate K, cos «, from (13) by making the left member equal to zero. 


4. — Application and results. 


We have applied the above formulas to obtain the actual length of a 
hyperon track in emulsion. This track is produced by a short prong from a 
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nuclear interaction (?). It traverses 24 plates before leaving the stack and 
has dip angles varying from 15 to 30° and a total length of 3.75 em in emulsion. 
The mass of this particle (4) has been measured by change of ionization and 
range. It results in a value of (1.35 + 0.10) times that of a proton. As the 
ratio of masses between a hyperon and a proton depends directly on the ratio 
of ranges, which is not very far from 1 and as the range of a particle is usually 
dilated by distortion, so proton tracks in badly distorted plates can easily 
be mistaken for hyperon tracks. Therefore, it is important to eliminate the 
dilatation caused by distortion. The distortion vectors are deduced only from 
scattering measurements ınade on the same track. This method permits us 
to obtain quickly the average distortion vectors of all the plates measured 
throughout the same region where the track passes. 

The track is found in the stack S36 of 10x15 cm?x600 um plates, de- 
veloped at Bristol to a low minimum of ionization. Each plate is cut into 
two along the middle line perpendicular to the long edges. The track is nearly 
parallel to the long edge (within 20°) and lies at a distance of 2 em from the 
edge. Scattering measurements in projection are made in basic cells of 50 um 
and are repeated several times; measurements in depth are made in cells of 
25 um; distortion vectors are calculated from cells of 50 and 100 um with 
all overlapping combinations possible. Table I gives the results obtained for 
the 24 plates. There is only a slight predominance of contraction for the 
second order component (K, sin «) parallel to the short edge; contraction is 
found in 14 plates and dilatation in 10. The average numerical value for 
this component is + 16 um; the algebraic mean is — 4 um, i.e. a net con- 
traction of 4um per plate. On the contrary, the component parallel to the 
long edge (K, cos o,) shows a great predominance of contraction; 17 plates 
of contraction against 7 plates of dilatation; the average numerical value for 
the 24 plates is + 52 um and the algebraic mean is — 44 um. K, cos dy shows 
a large contraction of 44 um per plate. The second order distortion vector 
for the 24 plates has an average contraction of 45 um, and it has a direction 
nearly parallel to the long edge. For the latter component, the ordinate z 
is measured by the usual methods. An elaborate and special arrangement 
for scattering measurements in depth (°) will be quite interesting for distortion 
studies. 

We have estimated one component of the third order vector from the fol- 
lowing formula 


6 


ne > dy 


) Tsar-CHüÜ: Nuovo Crmento, 3, 921 (1956). 
4) Tsar-CHü and M. MoRAND: Phys. Rev., 104, 1493 (1956). 
) €. MABBOUX-STROMBERG: Ann. Phys., 9, 441 (1954). 


72 - Il Nuovo Cimento. 
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TABLE I. 

Plate No. K,sin % K, COS % K, sin «,/K,sin « | A, cos a,/K, cos a, 
24 — 8 + 6 — 1.9 — 6.4 
23 — 7 — 3.5 —- 4.3 
22 = se) & — 2.4 + 4.3 
21 — — 30 — 1.4 — 2.2 
20 _ — 5 — 1.8 — 36.1 
19 — 37 — 90 — 0.7 — 0.9 
18 + 25 — 162 — 1.7 — 15 
17 + 14 — 39 — 2.4 — 0.9 
16 — 47 — 34 — 0.7 — 0.4 
15 + 2 — 73 + 14.1 —- 3.4 
14 — 1] — 108 — 2.6 — 2.4 
13 — 15 — 69 — 0.2 — 3.7 
12 | — 5 — 7 — 7.4 — 0.9 
11 — 19 — 200 — 0.9 — 4.2 
10 — 30 + 6 a dots) 2050 

9 + 2 + 3 | ets) — 0.1 
8 + 32 + 37 — 1.0 — 2.3 
7 329 of) | == 1-8 == (A 
6 — 3 — 22 — 3.7 — 2.2 
5 + 14 — 61 — 0.9 | — 42 
4 + 3 — 39 cies =— 0:6 
3 + 22 + 16 — 2.0 —' 1.5 
2 + 15 — 37 | — 1.1 — 5.9 
1 —- 3 — 107 | — 18.0 — 2.5 


This component should be small but it is derived from the product of n? and 
> d'y. Any unbalanced spurious and true ‘scatterings in the sum d'y are 
enlarged by the factor n?. Thus the product will give an apparent large dis- 
tortion. Spurious scattering does not depend on the cell length (Z) for the 
Koritska microscope; true scattering depends on L? and the product with 
unbalanced scatterings will decrease quickly with n. So the apparent dis- 
tortion due to them becomes less important for larger cells. Therefore, it is. 
necessary to measure a number of tracks by using cells equal to or greater 
than 100 um. The average magnitude of this component is of the order 
- 7.5 um per plate. 

The two components A, sin x, and K,cos«, of the first order vector are 
calculated from the ratio between each component of the first and second 
order vectors by (12) and (13) respectively. The ratios found in the 24 plates 
are generally negative excepting two or three cases. K,sin«, is calculated 
from (12) by neglecting I Ay,. Since K, sin & shows no preferential direction 
in the plates, the negligence of this term is presumed not to introduce any 
systematic error on the average value of K,sina,. The average ratio 


[1 
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K, sin «,/K, sin a for the 24 plates is — 2.0 and K,sin«, is +9 um per plate. 
K, cos a, is calculated from (13) by neglecting the left member. Since the 
value > di: may sometimes be very small, A, cos x, is deduced from the 
average K,cos a,/K, cosa, of 50 and 100um. The average ratio 
K, cos &,/K, cos &, is — 2.8 and K, cosa, has a mean value of +121 um per 
plate. Therefore the first order vector for the 24 plates has an average di- 
latation of 121 um per plate and it has a direction nearly parallel to the long 
edge; the ratio between the magnitudes of the first and second order vectors 
is — 2.7. The average magnitudes and directions of the distortion vectors 
are found to be in excellent agreement with the results obtained by detailed 
measurements (?) of individual plates, but the large dispersion of some values 
in Table I must be due to fluctuations. 

As shown above, distortion increases the length of a track in emulsion 
whilst processing decreases it. The grain density of a track after processing 
is slightly decreased on the emulsion surfaces. A small part of the trajectory 
on the surface near the air is even etched off during processing and some grains 
on the surface near the glass may not be developed at all. Consequently, 
the height of the emulsion, when deduced from that of the hyperon track, is 
found to be of an average 2.5% smaller than the thickness of the emulsion. 
The track is dilated 24(121 — 44)/375 = 4.9% by distortion, shortened 2.5% 
by processing and it remains a net dilatation of 2.4%. In other words the, 
mass of the hyperon will be decreased only by a few percent. Hence our 
conclusion that the particle is a hyperon is still valid. 


RIASSUNTO (*) 


Per mezzo di misure di scattering multiplo eseguite su tracce inclinate sia nella 
proiezione verticale che nell’orizzontale, cerchiamo di determinare i vettori di distor- 
sione. Vettori di distorsione di ordini differenti possono dedursi da formule espresse 
in termini di differenze di ordinate dello scattering multiplo. I moduli dei vettori di 
distorsione cosi determinati sono in buon accordo con quelli ottenuti con altri metodi. 


(*) Traduzione a cura della Redazione. 
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of Cosmic Ray «Jets». 
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Dublin Institute for Advanced Studies 


F. C. ROESLER 


Imperial Chemical Industries Limited, Billingham Division 


(ricevuto il 4 Febbraio 1957) 


Summary. -- The predictions of the tunnel theory of cosmic ray jets are 
compared with recent experimental evidence, particularly with the de- 
tailed data of the jet found by DEBENEDETTI et al. Excellent agreement 
is found between the new experimental data and the earlier theoretical 
predictions. A list of 74 jets with y, > 500 is given in an appendix. 


1. — Introduction. 


The term «jet» was coined by the Bristol Group to describe those very 
high energy stars in photographic emulsions in which the minimum ionization 
tracks are concentrated in a narrow cone in the forward direction. A pecu- 
liarity of many such stars is the absence or near absence of black or grey 
prongs. 

Here, and in our earlier papers, the term jet is restricted to events with 
primary energy above about 500 GeV. It is perhaps worth noting that some 
other authors have used the word jet for any event with few or no heavy 
prongs, whatever the primary energy. It is obvious that not all high energy 
events in photographic emulsions can be nucleon-nucleon encounters. In fact, 
since hydrogen forms only a small part of emulsion, the great majority of 
encounters must be with complex nuclei. For these, the frequency ratio 
of glancing to other collisions is easily computed and is always small. Since 
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interaction cross-sections at these high energies are approximately geometric, 
a non-glancing collision will lead to a cascade process within the nucleus. This 
cascade will be rather peculiar, since the interaction mean free path in nuclear 
matter is very short and the scattering angles are very small at these high 
energies. A detailed treatment (!) of this cascade leads to the conclusion that, 
for a central collision and for primary energies greater than 16A GeV, an 
approximately cylindrical tunnel will be punched through the nucleus. A 
denotes the Atomic Weight. For this cylindrical tunnel the theoretical treat- 
ment of the inter-nuclear cascade is quite simple. 

It is worth stressing that any model of meson production, with respect 
to the individual nucleon-nucleon collisions, can be fitted into this cascade 
theory. On the other hand, given the manner in which n, (the number of 
observed shower particles) (*) varies with y,, the cascade theory can be used 
to estimate the multiplicity of meson production in nucleon-nucleon collisions 
at a given primary energy. Further, the way in which the multiplieity varies 
with energy can be determined; and also, more roughly, the impact parameter, 
the probable target nucleus, and the primary energy for any particular event. 
One can also predict the way in which, at a particular energy, n, will vary 
with A. Using the results available up to September 1952, the expression 


E' \ 0.25 +0.5 
(1) ne = (1.0 = 0.2) (ac) , 


was deduced in our first paper for the number of charged shower particles 
produced on average in a nucleon-nucleon collision at a primary energy LH’. 
Later (?), the results of KAPLON and Rırson for collisions at 5000 GeV with 
emulsion, copper, and lead, were compared with the predictions of the theory. 
This additional evidence for the variation of n, with A confirmed relation (1) 
and agreed with the earlier theoretical predictions. 

In the mean time, a good many more jets have been found. A summary 
(possibly incomplete) of the total evidence is given in Appendix I. One part- 
icularly beautiful example of a jet has been found by the Turin Group of 
DEBENEDETTI, GARELLI, TALLONE, and VIGONE (?). These workers give not 
only the angles of all particles in the laboratory system, but have in addition 
been able to determine the momenta of all secondaries which have minimum 
ionization and also the energy carried by the neutral component. 


(1) F. C. ROESLER and C. B. A. McCusker: Nuovo Cimento. 10, 127 (1953). 

(*) The Bristol notation is used here. y,—=2/p4, where p are the angles of the 
secondaries to the primary direction in the laboratory system. 

(2) C. B. A. McCusker and F. C. RoESLER: Phys. Rev., 91, 769 (1953). 

(3) A. DEBENEDETTI, ©. M. GARELLI, L. TALLONE and M. ViGoNE: Nuovo Cimento, 
4, 1142 (1951). 
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We wish to point out in this note that practically all the newly available 
evidence is again in good agreement with the predictions of our theory. For 
the Turin jet, in particular, the experimentally determined primary energy 
agrees remarkably well with our theoretical value. Anticipating, it may be 
stated that this jet is most probably due to a near central penetration of a 
silver nucleus. 


2. — The general evidence. 


A jet in a photographie emulsion is the result of an event which may vary 
in type from a genuine nucleon-nucleon collision to a central collision with 
silver. Under either of these two extreme assumptions, one can obtain from 
the tunnel theory fictitious values for the multiplicity of charged particles 
in the individual nucleon-nucleon collision and for the total primary energy 
of the event. Thus for every jet for which these calculations are carried out, 
using the observed values of n, and y,, two pairs of values f, Z' will be obtained. 
These can be plotted on a graph of log f against log E’ (Fig. 2 in ref. (1)). 
If in reality the fluctuations of the true multiplicities are not too big, then the 
two groups of points derived from the two extreme assumptions about the 
impact parameter should occupy two different domains. The lower boundary 
of the upper group of points will define the conditions for true nucleon-nucleon 
collisions, and a curve or line drawn along this lower boundary will give the 
true variation of multiplicity with energy in nucleon-nucleon collisions. Si- 
milarly, the upper boundary of the lower group of points will define true central 
collisions with silver. (Intermediate impact parameters can be determined 
analogously). It was, in fact, found in our first paper that this separation 
into two domains occurs, and the law (1) was determined in this way. 

In Fig. 1 of the present paper 
the evidence from jets published 
since 1953 is treated in the same 
° way. Once again, it is seen that 


ve 
204, 
2 


Fig. 1. — The multiplicity function 
f and the estimated primary energy 
= x for jets obtained since 1953 assum- 
* —logE’tGev/nucleon) ing a) that the event was a nu- 
3 35.2 4 45 5 55 BG : 

cleon-nucleon collision (open circles) 

and b) that it was a central collision 

with silver (solid circles). The event 
of Debenedetti ef al. is shown by squares. A superimposed cross implies an «-particle 

primary. The line represents the law given by equation (1): 


-1-5L 
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the groups fall into separate domains, and again the law given by (1) is a 
good fit for the lower boundary of the upper group. It also fits the upper 
boundary of the lower group. The coincidence of the two boundaries suggests 
that our assumption in (1), namely that the multiplicity function f is constant 
along the tunnel, is true at least to a first approximation. Only one event 
would have been a poor fit. This was the 5+4p star reported by the Bristol 
Group. In our first paper it was noted that a 0--4p star was likewise a poor 
fit. It seems likely that these discrepancies are due to the difficulty of de- 
termining y, accurately with only 4 shower particles. Accordingly, only events 
with n,>6 have actually been used in the present plot. 


3. — The Turin jet. 


For the Turin jet y, = 456, n, =39. This gives on the assumption of 
a nucleon-nucleon collision the fietitious values 


L 
Es Vv 


(s1) = 0.93 y, = 424 GeV . 
Alternatively, the assumption of a central collision with silver gives 
f (2R, Ag) = 0.77 A-4(n, — 1) = 6.31 


E(2R, Ag) = 1.21 A* y, — 2626 GeV. 


It is interesting to consider if either of these two hypotheses is correct. 
From the position of the points on the diagram, the event would seem to be 
a near central collision with silver. If this is so, the theoretically predicted 
primary energy is 2626 GeV. This is in good agreement with the exper- 
imentally determined values EH’ > 2100 GeV. The value of f is 6.3, which 
agrees well with the values derived from the Kaplon-Ritson result in part- 
icular and from all jet events so far observed. As to the number of heavy 
prongs, one can proceed in this fashion. The limiting energy above which the 
tunnel is cylindrical is 16 A, i.e. for silver 1728 GeV. The primary energy 
of the Turin jet is known to be greater than this, both from the evidence of 
the secondaries and from the fit in our diagram. Thus according to the theory 
a eylindrical tunnel is punched through the nucleus. This process commu- 
nicates energy to the residual nucleus in two ways (‘): firstly by friction due 
to the breaking of the nucleonie bonds, which contribution is likely to be 


(*) W. HEITLER and CH. TERREAUX: Proc. Phys. Soc., A 66, 929 (1953). 
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small, and secondly by the creation of an additional surface (the tunnel walls), 
which increases the surface energy of the nucleus. HEITLER and TERREAUX 
have calculated that for a diametrical passage through a silver nucleus the 
total energy communicated to the remaining nucleus is 


U = 80— 150 MeV. 


One can then use the theory of LECOUTEUR (°°), to find the expected number 
of heavy prongs, which is, in fact, 3. This is the number found experimentally. 
Thus this jet is in excellent agreement with the tunnel theory, provided one 
assumes it is produced by à near central collision with silver. 

If then one briefly considers the alternative hypothesis, that this is a 
nucleon-nucleon collision, one sees that the estimated primary energy is much 
lower than the experimental values. The multiplicity of charged particles 
(> 37) is much too high to agree with the experimental results of KAPLON 
and RITSON, and the presence of three heavy prongs is difficult to explain. 


4. — Conclusion. 


On examination of all the evidence available to us it appears that the 
tunnel theory of jets can: 


a) explain the variation of n, with y, in high energy events; 
b) explain the variation of n, with A at a particular energy; 


c) lead, in many cases, to a reasonable estimate of the nature of the 
collision, e.g. whether it is a nucleon-nucleon collision or a central 
collision with silver; 


d) give a good estimate of the true energy of the primary; 


e) establish the connection between the multiplicity of the charged 
secondaries and the energy for nucleon-nucleon collisions; 


f) lead to a reasonable estimate of the number of heavy prongs; 


g) explain in terms of a widening, trumpet-shaped tunnel the stars of very 
large n, and N, which are sometimes observed at lower energies. 


OK ok 


We wish to thank all those who have sent us details of jets before publication. 


(6) K. J. LE COUTEUR: Proc. Phys. Soc., A 63, 259 (1950). 
(5) K. J. LE CoUTEUR: Proc. Phys. Soc., A 65, 718 (1952). 
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APPENDIX 


List of Jets. 


Jet No. | Primary N N, Yn References 
1 p 0 4 2000 DANIEL et al.: Phil. Mag., 43, 753 
(1952) 
2 p 0 7 2 200 » 
3 p 0 28 2000 » | 
= = | 
4 p 1 9 1300 » 
5 p 2 24 400 » 
6 p 3 7 2300 » 
7 a 3 36 500/n » 
8 p 4 20 800 > 
9 % 4 50 800/n » 
10 p 5 26 650 » 
11 p 14 47 400 > 
12 p 7 18 10000 (*) | GEROSA and Levi SETTI: ‘Nuovo 
Oimento, 8, 601 (1951). 
13 p 0 7 1000 (*) | Biswas and HOPPER: Phys. Rev., 
86, 209 (1952). 
14 p 2 15 30000 (*) | LORD, FAINBERG and SCHEIN: 
Nuovo Cimento, 7, 774 (1950). 
15 Meg not 207 7100/n (*) | Lar etal.: Proc. Ind. Acad., 36, 75 
known (1948). 
16 & » 84 3 000 KAPLON and Ritson: Phys. Rev., 
88. 386. (1952) 
17 x » 92 6 000 » 


(*) Author’s estimate. 
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TABLE I: continued. 


Jet No. | Primary N, ns Yo References 
18 104 » 56 480 » 
19 p » 24 4000 » 
20 p » 20 1300 » 
21 p orn » 9 4 500 » 
22 . p orn » 26 19 500 » 
23 p or n » 16 1300 5 » 
24 ra or n » 24 1800 » 
25 ; porn : » 19 6 100 KAPLON and Rirson: Phys. Rev., 


88, 386. (1952) 


| 26 porn » 18 1 300 » 
| 27 p » 24 5 100 » 
| 28 porn » 17 500 » 
29 porn » 6 24 8 900 » 

| 30 porn » 16 1000 » 

31 porn » 11 640 wi » 

32 porn » 36 19 400 » 

33 porn » 15 30 000 » 

34 porn » 24 800 » 

35 porn » 15 800 » 

36 porn > 15 50 000 » 

37 porn » 10 5 000 » 

38 porn » 14 7 200 » 

39 p » 15 32 000 » 
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TABLE I: continued. 
Jet No. | Primary N, Ns VY» Reference 
40 p » 18 23 000 » 
41 p 0 10 10 000 (+) KAPLON, RITSON and WALKER: 
Phys. Rev., 90, 716. (1953) 

42 p 0 16 10 000 (+) » 

43 p 2 19 10 000 (+) = » 
44 p 4 12 10 000 (+) » 
45 pP 6 15 10 000 (+) » 
46 p 15 16 10000 (*) | » 

2 47 p 27 36 1 000 | Brispout et al.: Phil. Mag. 48, 
605 (1956) 
48 5 p 0 22 30 000 > 
49 p 13 17 800 » 
50 p 18 58 2000 » 
51 p 0 32 4000 » 
52 p 7 49 700 ie 
53 = p 23 126 10 000 » 
54 p 0 18 6 000 ; > 
55 p 0 16 5 000 » 
56 p 0 8 5 000 » 
57 p 13 38 1000 » 
58 p 5 4 3 000 » 
59 a 5 40 30 000/n » 
60 a 17 123 800/n » 
(*) Median energy for the group; individual values not quoted. 
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TABLE I: continued. 
Jet No. | Primary N, Ng Y > Reference 
| 61 0% 1 41 10 000/n » 
62 a 20 80 2000/n Er » 
63 a 0 10 2. 000/n » | 
64 p 12 50 30 000 MULVEY ; private communication | 
65 p 29 76 1000 » } 
| 66 n 0 6 1 000 » | 
| 67 p 1 5 10.000 » ! 
68 | p 0 4 730 GOLDSACK: private en 
| 69 p 1 4 2 200 » 
70 p 1 6 830 | : » ÿ 
71 not given 2 21 530 » 
| A 5 
72 p 3 6 1000 » 
73 p 3 5 730 » 
74 p 3 39 500 DEBENEDETTI et al.: Nuovo Ci- 
mento, 4, 1142 (1956) 
> JE | 


RIASSUNTO (*) 


Si confrontano con recenti dati sperimentali, specialmente con i dati dettagliati 
del jet trovato da DEBENEDETTI ei al., le predizioni della teoria del tunnel pei jet dei 
raggi cosmici. Si trova un eccellente accordo tra i nuovi dati sperimentali e le prece- 
denti predizioni teoriche. Nell’appendice si da un elenco di 74 jet con y, > 500. 


(*) Traduzione a cura della Redazione. 
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IL NUOVO CIMENTO VOL VERNZD: 1° Maggio 1957 


On the Atomic Displacements Produced 
by «-Particles in Germanium. 


A. ASCOLI, M. ASDENTE and E. GERMAGNOLI 


Laboratori OISE - Milano 


” 


(ricevuto il 7 Febbraio 1957) 


Summary. — The number of negative carriers which are removed from 
the conduction band by irradiation of germanium single erystals with 
210Po «-particles is measured from the initial rate of decrease of conduc- 
tivity in n-type germanium. It has been found that (79 +5) electrons are 
removed by a 5.30 MeV «-particle. The possibility of comparing this 
result with the theory of atomic displacements by high energy charged 
particles is discussed. 


1. — Introduction. 


Heavy charged particles are known to be effective in producing noticeable 
changes in physical properties of semiconducting materials even if the irra- 
diation doses are rather small. This is related to lattice disordering due to 
Coulomb scattering phenomena, as previously discussed by SEITZ (1). 

The theory developed by the above mentioned author and its subsequent 
elaboration (2) make it possible to calculate the number of lattice defects 
introduced by every kind of charged particles of known energy. 

The dependence of electric conductivity of Ge n upon the integrated dose 
of charged particles has been described by several authors and has been qua- 
litatively explained by LARK-HOROVITZ and coworkers (**), at least for ir- 
radiation at temperatures not too far from room temperature. 


(1) F. Seirz: Disc. Faraday Soc., 5, 271 (1949). 

(2) F. Serrz and J. S. KoenLer: Solid State Physics, 2 (New York, 1955), p. 305. 

() H. M. James and K. Lark-Horovirz: Zeits. Phys. Chem., 198, 107 (1951). 
() See for instance: H. Y. FAN and K. LArk-Horovirz: Defects in Orystalline 

Solids (London, 1955), p. 232. 
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It is assumed that atomic interstitials and vacancies produced by irradiation 
introduce respectively donor and acceptor levels. Experimental evidence for 
both kinds of levels is given by the decrease in conductivity of irradiated » 
and strongly p-germanium. In particular, acceptor levels are effective in re- 
moving electrons which lie in the conduction band and, when some hypotheses 
are made concerning the position in the gap of donor and acceptor levels 
introduced during the irradiation, the initial decrease in conductivity of Ge n, 
its conversion to p-type and the subsequent increase in p conductivity are 
consistent with the theoretical predictions. 

Changes of Hall coefficient and of optical properties of Ge single crystals 
also agree with such a scheme. 


x 
2. — On the comparison between theoretical and experimental results. 


For ?°Po « particles (5.30 MeV) the calculated number of atomic displa- 
cements is & 130 (?). What can be directly deduced from conductivity measu- 
rements with irradiated n-type germanium is however the number of nega- 
tive carriers which are removed from the conduction band by an impinging 
a particle. 

Difficulties may arise in deducing the number of atomic displacements per 
« particle from the experimental datum, because the rate of removal of carriers 
at a fixed flux of « particles depends upon the Fermi level in the semicon- 
ductor and the energy distribution within the gap of the electronic levels which 
are introduced by disordering centers. 

The Fermi level can be calculated and therefore in order to compare exper- 
imental data with theoretical predictions some information concerning the 
spectrum of introduced levels is necessary. 

This fact has been pointed out to explain the different rates of removal 
of carriers found by some authors; BRATTAIN and PEARSON (5) concluded that 
78 electrons are removed from the conduction band per « particle; LARK- 
Horovitz and coworkers (%”) found values of 95 and 180 for Ge samples of 
differential initial conductivities. All these measurements were performed at: 
room temperature or thereabout, where healing of defects may be important: 
this effect was plausibly taken into account by considering only the rates of 


(5) W. H. BRATTAIN and G. L. PEARSON: Phys. Rev., 80, 846 (1950); measured 
with a 0.125 0-12 cm! Ge sample at room temperature. 

() Unpublished work; measured at room temperature. 

(7) H. Y. FAN and K. LarK-Horovitz: Reports of International Kolloquium über 
Halbleiter und Phosphore (Garmisch-Partenkirchen, August 1956); measured at 0 °C. 
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change in the conductivity of the semiconducting crystals for very small in- 
tegrated doses, because in these conditions neither annealing nor changes of 
carrier mobility due to lattice disordering are expected to be important; anyway 
measurements at different temperatures were considered advisable for the pur- 
pose of further check of the results. 


3. — Experimental method. 


The number n* of negative carriers which are removed from the conduction 
band by an « particle is given by 


n° — & ‚az 
 eud,| at |p 
where | is the length of the irradiated Ge sample, 
e is the elementary charge, 
u is the mobility of negative carriers, 
D\ is the total flux of x particles on the sample, 
ay 
| er is the initial rate of change of the conductance of the sample 
0 


As previously pointed out, the number N of atomic displacements per 
a-particle can be deduced from n* only if the spectrum of electronic levels which 
are introduced from irradiation is known. 

Information about the level distribution within the gap can be obtained 
for instance from the behaviour of (-An-+Ap)/D,,. as a function of the 
position #, of the Fermi level. Here An and Ap are respectively the changes 
of negative and positive carrier concentrations due to the integrated flux ©, .- 
This function is expected to be constant as long as Æ, does not cross anyone 
of the introduced levels, to undergo a sharp drop when this happens. 

This kind of analysis has been made in the case of electron irradiation 
by FAN and LARK-HOROVITZ (*) who found that an electron level actually 
exists in the gap at about 0.2eV from the conduction band and probably 
another level exists at 0.1 eV. 

The interpretation of such results may be complicated by possible diffe- 
rences in the disordering action of each kind of particles, which determine à 
difference in the spectrum of introduced levels. 

The results which will be discussed in the next section confirm this fact 
and are consistent with what has been recently obtained by FAN and LARK- 
HOROVITZ (7) with 21Po «-partiele irradiation. 
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4. — Measuring technique. 


Single crystals of n-type germanium have been used; their conductivity 
was about 0.3 Q-!cm-! and their typical sizes were 0.5 em wide, 2 em long 
< 2.1072 em thick. 

These thicknesses of the samples were obtained with the help of CP4 che- 
mical etching (®): we did not think it necessary to work with very thin samples 
because we were mainly interested in changes of conductance. Besides readily 
detectable effects of about 10% or more were obtained under irradiation. 

The electrical contacts on germanium were provided by silver-electroplating 
the ends of the samples: only the unplated region of the Ge single crystals 
(about 1 cm long) was irradiated. The ends of the Ge samples were tightened 
between thin gold foils by means of brass springs. Contact resistance which 
were steady and less than 10-! Q were obtained in this way and current lines 
were strietly longitudinal and parallel all along the sample. 

The symmetry of experimental arrangement was effective to keep thermo- 
electric emf very small in the investigated interval of temperature (from 
— 78°C to +65 °C); barrier effects resulted to be of an order of magnitude 
comparable to the sensitiveness of our apparatus and they were taken into 
account by averaging the experimental curves obtained letting the current 
circulate successively in both directions. 

The conductance of Ge samples was measured by means of a d.c. decimal 
potentiometer and then comparing the terminal voltage of the samples with 
the terminal voltage of a standard resistor which was in series with it. 

An accuracy better than 1 %, was obtained in all cases. The currents within 
the samples were about 10-4 A, so that no appreciable over-temperatures 
occurred. The accuracy of the voltage setting at the potentiometer was 10-65 V 
and the measuring apparatus was able to detect voltage differences as small 
as 110=* V. 

For the present measurements a thin source of « particles, whose activity 
was approximately 4 mC, has been used. It has been supplied by the Radio- 
chemical Centre of Amersham (England). ?!°Po is electroplated onto Pt and 
covered with a thin mica sheet (1 mg cm”); the diameter of the source is 
5.5 mm. 

The « source was located at 1 cm from the Ge sample and irradiations 
were carried out in vacuo: a brass shield was interposed between source and 
Ge crystal and was removable from outside so that irradiation could be started 
when the whole set-up had reached thermal equilibrium at the chosen tem- 
perature. 


(5) J. P. McKezvex and R. L. LONGINI: Journ. Appl. Phys., 25, 634 (1954). 
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5. — Results. 


51. Calibration of the flux of « particles. — The *!’Po source was calibrated 
with a previously described method (?). The flux of x particles onto the Ge 
samples was measured by comparing the counting rates which were obtained 
with a thin 2!’Po source, equal in size to the calibrated source but about 10? 
times as intense, in two different conditions: once with a 27 geometry and 
once with the source at 1 cm from the detector whose surface was so shielded 
that only a small region (about 0.5 cm?) was irradiated. In this way a geo- 
metry was obtained which was identical to the one which had been used in 
the measurements with Ge, and the effective solid angle viewed by Ge samples 
was calibrated. Calibrations were performed in vacuo and a ZnS(Ag) scin- 
tillator was used to detect « particles. According to the obtained results we 
assumed that the number of « particles impinging onto Ge was 


D, = (4:48 =. 0:29)-10727 em? min-T, 
where J, is the absolute intensity of the intense ?!Po source. Taking 
I, = (7.98 + 0.42)-10° min-! at a reference day, correcting for the decay of 
20Po and taking into account the actual sizes of the Ge surfaces in each ir- 
radiation, ®, became known. 


5°2. Number of negative carriers removed per « particle. — Table I sum- 
marizes the experimental results. 


TABLE I. 


corrected n* 


temperature °C u» (em Vs) |n*¥=(Pfeu®,) |d2/di|, (for 5.3 MeV) 


| 


78 6.98: 10° | 62 67 
| 0 4.21-108 | 75 81 
192 3.75- 10° 80 86 
+ 65 3.06: 10° | 75 81 


| (+) Caleulated from #=19-101 7-4’? (10), 


The probable accuracy of the given values of n* is 10%; the main causes 
of uncertainty are related to the absolute calibration of 2°Po source and to 
the difficulty of correctly extrapolating to zero irradiation time the curves 


(°) A. Ascozr, M. ASDENTE and E. GERMAGNOLI: Nuovo Cimento, 4, 946 (1956). 
(2%) W. SmockLEY: Blectrons and Holes in Semiconductors (New York, 1955), p. 287. 


73 - Il Nuovo Cimento. 
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giving the rate of change in conductance. Two typical irradiation curves are 
given in Fig. 1 and Fig. 2. The experimental data refer to « particles of the 


À 
3.60- 
& 350- 
N 

3.40- 

t (min) 

1 1 1 1 gt N 1 Je —> 
05 10 20 30 40 50 60 70 COMMITTEE 


>, 1. — Changes in conductance of Ge n under irradiation with «-particles. 


Temperature 0 °C. 


energy of 4.55 MeV, which is the residual energy with which they emerge 
from the mica sheet; energy losses within the emitting layer are negligible. 


The spread in the energy of « particles, due to absorption within the mica 
sheet and to deviation from ideal collimation, was examined and resulted 


A 
2.70 
& 260b 
A 
250- 
€ (min) 
0 were N L 1 1 Ben 
0 10777207530 GOBMEC ME 0 70 80 90 100 110 120 
. 2. — Change in conductance of Ge n under irradiation with «-particles. 


Temperature — 78 °C. 


to be only few percent. In order to make our results comparable with those 


quoted 


in references (°”), experimental data were also referred to 5.3 MeV 
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x particles; formulae given by SEITZ and KOEHLER (?) were used to this pur- 
pose. 


5°3. Tentative search of level distribution within the gap. — A plot of 
(— An+Ap)/@,,,, as a function of E,— E,„ is given in Fig. 3. 
It may be deduced from it 


that a distribution of levels in À 

the investigated energy range ~An +Ap 
Ps 250 Daint. 

rather than a well localized elec- °F 


tron level is introduced. 


: = 
200FÈ 

6. — Conclusion. s 
2 

The average value of n* is x 


79 +5 which represents the 1% 


—;- 


number of negative carriers 
which are removed from the con- 
duction band by a 5.30 MeV « re 
particle in germanium. No si- 
gnificant dependance of n* on 
the temperature was found; this 
fact seems to point out that 3 
within the limits of accuracy of 
the measurement and in the in- 


vestigated interval of tempera- rs 
j Sue ; 2 De 2 2 : 
ture, the initial rate with which 028 030 0.35 0.40 "0,45 (eV) 


electrons are removed from the La i ae : 
s Fig. 3. — Experimental curve describmg the 
conduction band does not depend pehaviour of (— An + Ap)/® as a function 


& int 


on the temperature. Therefore of B,— By. 

possible changes in the mecha- 

nism of production of both donor and acceptor levels during irradiation at 
different temperatures do not affect the present results. 

Concerning the distribution of electron levels, which are introduced into 
the gap by disordering centers, the results which are shown in Fig. 3 suggest 
that in the investigated range the levels are smeared out rather than well 
defined in energy. 

Actually the above mentioned curve is somewhat questionable because it 
had to be constructed under the hypothesis that the mobility of carriers is 
unchanged under irradiation. It is however worthwhile to point out that à 
gradual decrease in carrier mobility is not likely to change the qualitative trend 
of the curve nor the present conclusions. 
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The initial section of the curve given in Fig. 3 fits reasonably well with 
the curve obtained by FAN and LARK-HOROVITZ (*) by means of electron 
irradiation, so that it is reasonable to assume that the defects which are res- 
ponsible for the steep decrease of the (—An-+Ap)/®,,, function near 
E,— E,= 0.20 eV in the curve obtained by FAN and LARK-HORoOVITZ are 
of the same kind as those induced by « particles. The scattered distribution 
of levels which is suggested by our curve seems however to point out that 
x particle irradiation introduces some other and not easily definable kind of 
defects, namely clusters of vacancies and interstitials. 

Therefore a quantitative analysis of effects is not easy for « particles and 
the caleulated number of displacements cannot be immediately compared with 
experimental results; measurements with long range particles, like high energy 
electrons which mainly produce single interstitial-vacancy pairs, are likely to 
be more reliable for the purpose of such a comparison. 


We wish to thank the Firm Siemens-Schuckert (Erlangen) for having sup- 
plied us the single crystals of germanium. 

Thanks are also due to Prof. G. BoLLA, to Prof. F. FuMI and to Prof. E. 
GATTI for their interest in the present work. 

We are grateful to Prof. F. SEITZ for his comments about this research. 


RIASSUNTO 


Il numero degli elettroni che sono rimossi dalla banda di conduzione per irrag- 
giamento di monocristalli di germanio con particelle « del 2°Po & stato valutato misu- 
rando la decrescita iniziale di condueibilita elettrica di campioni di germanio di tipo n. 
Si è trovato che 79-+5 elettroni sono rimossi da ogni particella di 5.30 MeV. La pos- 
sibilita di confrontare questo risultato con la teoria del disordinamento atomico da 
parte di particelle pesanti cariche viene discussa. 
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Evidence for a Heavy Neutral K-Particle and its Cascade Decay. 


M. S. SINHA and S. N. SENGUPTA 


Bose Institute - Calcutta 


(ricevuto 18 Febbraio 1957) 


Summary. — T'wo cases of V°-decays have been obtained in both of which 
one of the secondaries is found to be heavier than a pion and is found 
to decay into a thinly ionizing partiele at the end of its range. Approx- 
imate momenta and ionization estimates lead to a low Q-value of about 
10 MeV if the secondaries are taken to be a K and a z-meson. These 
events therefore give evidence for the existence and cascade decay of a 
neutral heavy meson of mass near about 1270 m,. This particle is believed 
to be a bound excited state of an ordinary K-meson with a pion. 


Anomalous V°-event3 have been from time to time recorded along with 
the normal ones. The recent analysis by ARNOLD et al. (1) of five events 
confirms the existence of such anomalous cases. The main criterion for re- 
garding these cases as anomalous is that the Q-value of all such events falls 
far outside the known @-values of either A° or 0° decays. The normal decay 
modes of A’ and 0° have a common negative secondary and the positive se- 
condary is either a proton (A°) or a pion (0°). A number of V° events can be 
explained in terms of the decay scheme V? > K*+L* (BARKER (?), LEIGHTON 
et al. (?)), but the further decay of the heavy secondary (K~*) has not so far 
been observed even though quite a good number of cascade hyperon decays 
have been observed. 


(1) W. H. ARNOLD jr., W. Marri and H. W. Wyzp: Phys. Rev., 100, 1545 (1955). 
(2) K. H. BARKER: Proc. Roy. Soc., A 221, 328 (1954). 
(3) R. B. Lereuron, 8. D. WaxLass and ©. D. ANDERSON: Phys. Rev., 89, 148 (1953). 
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We reproduce in the Figs. 1 and 2, two V° events in which one of the 
secondaries from the V° event decays inside the cloud chamber, giving rise 
to a minimum ionizing particle, which at least in Fig. 1, is not an electron 
and has a momentum of more than 180 MeV/c. These pictures were obtained 
at the high altitude research station of the Bose Institute, Darjeeling (2300 m.) 

In Fig. 1, the V° decays at O into two minimum ionizing particles OS 
and OAB. The left branch OA of the V° suffers a nuclear inelastic scattering at A 
and emerges with an ionization of more than twice minimum. The small blob 
just below the plate A also supports the view that this is a nuclear scattering. 
The particle AB then gradually increases in ionization to more than four times 
minimum before entering the bottom plate of the cloud chamber and then 
decays into the thinly ionizing particle BC, which passes through seven radiation 
lengths and 46 g of Pb equivalent and still remains at minimum ionization. 
Hence BC cannot be an electron and if it is a 7æ-meson it has a momentum 
greater than 180 MeV/c, which agrees well with the observed momenta of 
secondaries from S-particles. The intersection of AB and BC inside the bottom 
brass plate of the cloud chamber is established within +2 mm in stereo- 
projection. The eleven plates in this picture are alternatively lead (10.8 g) 
and copper (5.6 g) beginning and ending with copper. 

Apart from losing an unknown amount of energy by the nuclear collision 
at A, the particle OAB has passed through 90¢ of Pb equivalent before 
decaying. The secondary OS passes right through 80¢ of lead equivalent 
and shows an increase in ionization before entering the last copper plate. 


Taking this particle to be a pion its momentum at the point of emission is 
obtained to be 235 + 21 MeV/c, if the increase in ionization in the last portion 
of the track is taken to be real. The range of 40 + 5 g of Pb equivalent of 


AB after it shows more than twice minimum ionization, easily identifies it 
with a K-meson. A proton, a K-meson (963 m,), and a pion with twice mi- 
nimum ionization would have a range of 72, 38 and 10 g of Pb respectively. 
The angle between the two secondaries of the V° is remarkably low and is 
found to be 6° + .5. 

The second picture (Fig. 2) resembles the first picture in many respects. 


The V° decays at O and the left branch OS of almost minimum ionization pe- 
netrates 35 g of Pb equivalent and then goes out of illumination through the 
rear of the chamber. The right branch OAB exhibits more than minimum ioniz- 
ation after passing through the first plate (11.2 g of Cu), suffers an elastic 
scattering of 20° at A, becomes more than three times minimum before entering 
the last plate (11.2 g of Cu) where it decays into a thinly ionizing particle BO. 
Although the decay of the right branch of the V° is definitely established in this 
picture, the nature of the particle BC can not be ascertained, since the se- 
condary did not have the opportunity to pass through any more plates inside 
the chamber. The plates in this picture are alternately copper (11.2) ¢ and 
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Fig. 1. — Photograph of a V%-event in which the left branch OAB suffers an inelastic 
scattering at A and decays at B into the thinly ionizing particle BC. 


M.S. SINHA and S. N. SENGUPTA 


Fig. 2. — Photograph of a V°-event in which the right branch OAS suffers an elastic 
seattering at A and decays at B into the thinly ionizing particle AC. 
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Al (2.6 8), the last one being copper and the top plate only is lead (10.8) g. 
It will thus be seen that the particle OAB has a total range of (66 + 8) g and 
a range of (51 + 8g) of lead equivalent, after showing more than minimum 


ionization and hence can neither be a proton nor a pion. This particle is 
therefore reasonably identified as a K-meson. As the particle OS leaves 
the chamber within a short distance it is difficult to measure the angle between 
the V° secondaries in this case. It is found to be 8° + 2. 


1. — Estimation of Momenta. 


It is unfortunate that we do not observe any nuclear event, in both the 
pictures, to which we can ascribe the production of the V°’s and thus evaluate 
p, and Q-values accurately. Nevertheless the momentum of the secondary OS 
in Fig. 1 and that of OAB in Fig. 2 can be determined within small limits 
from the data presented above. The range of AB in Fig. 1 is known but the 
loss in momentum of OA at A due to the inelastic scattering is unknown. 
It is definitely larger than 150 MeV/c as is evident from the change in ioniz- 
ation from minimum to more than twice minimum. The loss in energy can also 
be not more than .5 GeV, for then it would have resulted in the boiling off 
of some nuclear particles from the lead nucleus with which it has made an 
inelastic collision. Hence the momentum of the K-meson, OAB in Fig. 1, is 
fixed between 0.525—1.5 GeV/c. Similarly, the momentum of the light se- 
condary OS in Fig. 2, can be stated to be higher than 200 MeV/e (min. 
ionization after passing through 35 g of Pb equivalent) taking it to be a pion. 
Its upper limit is expected not to exceed half the momentum of the part- 
icle OAB, which is 3.5 times heavier. On this basis the momentum of the 
lighter secondary in Fig. 2 has been taken to be 200-250 MeV/c. Al these 
data are collected in Table I. 


TABLE I. — Momenta, energies and Q-values for the two V°-cvents. 
K-meson L-meson 
| Momentum Energy I Ale Momentum Energy Lil @ in 
in GeV/e in GeV LL in GeV/e in GeV Mm) MeV 


Case 110:525:21.0 0272 = 1127 and "216 
(Fig. 1) after the 
scattering 


Case II (0.445 +0.0320.663-£0.042) 1.5 | er nee en 


-|— 


(Fig. 2) after 
passing | 
through | 
11.2 g | 
of Cu 


0.510.225 4-0.021/0.274 40.028) 1 |5+10 
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It is noteworthy that in both cases the angle between the secondaries is 
low. Assuming a two-body decay this fact points to low p, and Q-values. 
We now make use of the following equations from PODOLANSKY and ARMEN- 
TEROS (*) to find the Q-values: 


4 Q 1 2 2 2 
E,E, — pp, 6080 = 4(M*?— mi — m,) 
and 


M=m,+m,+9, 


where @ is the angle between the secondaries and the energy, momentum and 
()-value are all expressed in energy units. Subscript 1 refers to the K-meson 
and 2 to the L-meson. Eliminating M and substituting m, = 0.493 and 
m, = 0.139 GeV for the K and pion mass, we get 


Q = (E,E, — p;p: cos 0 — .0686)/.632 GeV , 


where the energy and momenta are now expressed in GeV and GeV/c, and 
we neglect Q?/2 in comparison with (m,+m,)Q. The Q-values calculated from 
this equation for the two cases are given in the last column of Table I. It 
is surprising that the Q-values (5-10 MeV, 8—17 MeV) agree so closely for 
the two events and also with the Q-value of 11 MeV obtained by 
Cowan (5) from his remarkable V°-event of a negative secondary of protonie 
mass and a positive pion. If we take the negative secondary in CowAN’s picture 
to be a K-meson the Q-value comes out as 18 MeV. 


2. — Interpretation. 


It is not possible in the present cases to determine which of the secondaries 
is positive. But it is likely that the heavy secondary is positive in view of 
the large excess of positives amongst slow K-particles observed by the Man- 
chester, École Polytechnique and CIT groups. We therefore interpret these 
two events as the decay of a neutral particle of mass close to 1270 m, 
to a K and an L-meson (x) with a low Q-value (— 10 MeV). The neutral 
hyperon A°, with a low (Q-value has often been regarded (POWELL (°)) as 
the bound excited state of a proton with a pion. Similarly we may regard 


) J. PODOLANSKY and R. ARMENTEROS: Phil. Mag. 45, 13 (1954). 
(5) E. W. Cowan: Phys. Rev., 94, 161 (1954). 
5) C. I. Powerz: Nature, 173, 469 (1954). 
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this neutral particle to be an excited state of the ordinary K-meson (964 m,) 
bound with a pion such that 


(1) MERKE 427 10 MeV; 


Since the right branch of the V°-event in Fig. 2 shows more than minimum 
ionization from the start, has a range quite inconsistent with a pion or à 
proton and decays in the last plate, the question of identifying this event with 
a A’ or a 0° does not arise, and this event has to be interpreted according to 
scheme (1). The V° event of Fig. 1, however, can be interpreted as a 0°-event 
in which the left branch is a pion which has disappeared and produced a K-meson 
at A. We have calculated the energy of the left branch taking it to be a pion 
and found it to be 2.8 GeV. The disappearance of such a large amount of 
energy producing only one charged particle of 0.7 GeV, is, in our opinion, 
quite unlikely. Furthermore there is evidence in emulsion work that a K-meson 
keeps its identity after an inelastic scattering (Rossi (?)). Event 1, Fig. 6, 
described by MENON (°) is very similar to the inelastic scattering at A in the 
event shown in Fig. 1. We also find that the heavy secondary has made a 
large angle scattering in both the events which shows that this secondary 
has high nuclear interaction cross-section. 

GELL-MANN and PAIS (?) have predicted the existence of a second 6°-part- 
icle, the 63, with a lifetime considerably longer than that of the normal 
00 (+xnt++7--+ 215 MeV) and with a decay mode different from the latter. 
It has also been suggested by PAIS and Piccront (1!) that some of the ano- 
malous 0° events may be @{decays. The present anomalous V'-events may 
therefore represent the decay of the 0%. The absence of any nuclear inter- 
action close to the decay points indicates that the V°’s were produced outside 
the chamber and hence point to a long life-time (> 10” s). The mass of these 
neutral particles, however, differs considerably from that of 6), if the lighter 
secondary is assumed to be a pion, and this is not in accord with the prediction 
of the Gell-Mann-Pais scheme. 

The mass value 1270 m, obtained from these two V° events, however, 
agrees remarkably well with the mass of the neutral K-particle (K°) produced 
along with A° by the 1.37 GeV pion beam of the Brookhaven cosmotron 
(FOWLER et al. (11)). The masses of the K° in the cases A and B of these 


M. GeLL-MAnN and A. Pars: Phys. Rev., 97, 1387 (1955). 
A. Pais and O. Pıcciont: Phys. Rev., 100, 1487 (1955). 

(4) W. B. Fowzer, R. P. Saurr, A. M. TuornDIke and W. L. WEITTEMORE: 
Phys. Rev., 91, 1287 (1953). 


(7) 
(8) M. G. K. Menon: Proc. Fifth Annual Rochester Conference, 80 (1955). 
(°) 
1) 
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workers have been re-estimated by THOMSON (1?) and are (1280 + 70) m, 
and (1190 + 80) m,. In both these cases the decay of the K° was not observed, 
but its mass was determined indirectly by comparing momentum and energy 


of the observed A° with the known energy of the incident pion and assuming 
that only one more neutral particle was produced along with the A. 


The work was performed with financial support from the AEC., Govern- 
ment of India. We are grateful to Dr. D. M. Bose, Director, of the Bose 
Institute, for his kind interest and for offering facilities to work at the high 
altitude station of the Bose Institute at Darjeeling. 


(2) R. W. THomson: Report of Progress in Cosmic Ray Physics, vol. 3, p. 325. 


REALS SIDENSIRORTES) 


Si sono osservati due casi di decadimento di V nei quali uno dei secondari si trova 
essere più pesante di un pione e decadere in una particella debolmente ionizzante alla 
fine del suo range. Momenti approssimati e stime della ionizzazione portano ad un basso 
valore di Q di circa 10 MeV se i secondari si assumono essere un mesone K ed uno x. 
Questi eventi testimoniano pertanto in favore dell’esistenza e il decadimento in cascata 
di un mesone pesante neutro di massa prossima a circa 1270 m,. Si ritiene che questa 
particella sia uno stato eceitato legato di un ordinario mesone K con un pione. 


(*) Traduzione a cura della Redazione. 
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Possible Explanations of the Decay Processes of the Pion 
in the Frame of the « Universal» Fermi Interaction. 


G. MORPURGO 


Istituto di Fisica dell’ Universita - Roma 
Scuola di Perfezionamento in Fisica Nucleare dell’ Università - Roma 


(ricevuto l’11 Febbraio 1956) 


Summary. — Two possible independent ways of reconciling the observed 
rates of the pion decay processes with the predicted values which one 
obtains if the processes take place through the « Universal » Fermi Inter- 
action are suggested; one depends on the freedom which we have in 
establishing the correspondence between PNev and PNuv, the other on the 
modifications which the value of the ratio [ga 1?/ lor? of the axial to 
the tensor coupling constant may suffer on account of the possible non 
invariance under time reversal of the ß interaction. The predicted values 
for the ratios between the rates of the processes 7 —e + v, 7 —e +v+y 
and z+u-+v are compatible with the present evidence. 


1. — As well known (!), one may look at the decay processes of the pion 


(1) Tr —>e+y 
(2) 1 er 
(3) 7 Ze EN 


as two step processes induced on the one hand by the Yukawa interaction 
which couples the pion to the nucleon antinucleon field and on the other by 
the « Universal » (?2) interactions which couple the nucleon antinueleon field 
respectively to the ev and pv fields. 


(!) Compare the review article by L. Micuen in Progr. in Cosmic Rays Physics 
(New York, 1952). 
(2) We shall write the « Universal » interaction between four fermion fields a, b, ¢, d, 


5 


te 
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However the results of the quantitative analysis which have been made (**) 
of the processes (1), (2), (3) appear to be rather discouraging and have led (*) 
to the conclusion that it appears difficult to reconcile the processes in question 
with the description through the intermediary of the Universal Fermi Inter- 
action. In fact: 


1) the predicted ratio between the rates of (1) and of (3) is in the best 
conditions: 


Rate (1) 
(4) "elt — Rate @) 125 
2) the predieted ratio between the rates of (2) and of (3) is: 
(5) Ban) > 0.025 (5). 


r = —— 
er! Rate (3) ‘ 


The experimental value of r,,, appears already smaller than 10-* (LOKANATHAN 
and STEINBERGER (°) give 7,7, = 0.3 + 0.9-107*). 


But, even worse, the experimental value of r is surely smaller than 


ey/u 
0.001 (ANDERSON (?)). 
in the form: 
=) xen = IsSanea oe Jr Vavra G2 avea =F GAavea sh gpPavıa ? 


where the sign conventions of MICHEL are used and where S, V, T, A, P, are the usual 
five invariants. It is in the spirit of the « Universality » of the Fermi interaction that 
the three processes: 4) N => P + e + y; B)u— e + y + v (or v); C) u + P = N +v 
have to be accounted for by the same values of the constants gg, Jy, Jz» Ja> 9r- There 
is however no general rule, at the moment, to prescribe the order in which the qua- 
druples of fermions have to be inserted in (*). As well known the order is essential 
and in Sect. 3 we shall exploit just such freedom. 

The new features arising in this problem from mixing in (*) couplings and pseudo- 
couplings will be discussed in Sect. 4. 

(*) The processes (1) and (3) have been first discussed by M. RUDERMANN and 
H. FINKELSTEIN [Phys. Rev., 76, 1458 (1949)] and by J. STEINBERGER [Phys. Rev., 
76, 1180 (1949)]. 

(*) The process (2) as well as the other two have been very recently reconsidered 
by Iwara, OGawa, OGONOKY, SAKITA, ONEDA [Progr. Theor. Phys., 18, 19 (1955)] 
and by S. B. Treıman and H. M. Wyup [Phys. Rev., 101, 1553 (1956)]. Use is made 
frequently in this note of the results of this papers. 

(5) This is the result of TreIMAN and Wyrp (*). It has to be mentioned that, as 
usual in this kind of calculations, a divergent integral appears in the evaluation of 
this figure; it is made finite by a eut off about M (nucleon mass). 

(5) S. LOKANATHAN and J. STEINBERGER: CU-81-55-ONR-110-1. 

(7) I thank prof. H. ANDERSON for having communicated this to me (result from 
ANDERSON-LATTES experiment). 
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The purpose of this note is to provide two independent arguments which 
may modify the figures in (4) and (5) so as to get agreement with the exper- 
imental values and solve, consequently, this difficulty. The two arguments 
are of a different nature and the question which of the two is the correct 
explanation of the facts is left open. 

To present such arguments it is necessary first to recall briefly the deriv- 
ation of the figures given in (4) (5); this will be done in the next section. 


2. - In deriving (*) the values given in (4) and (5), the quadrilinear Fermi 
interaction between PNuv was obtained from that responsible for the B-decay 
(where the operators are supposed to be inserted in the conventional order 
(ye lyy)(pily,)) by the substitution: 


| sn 
(6) Eu 
of the muon to the electron (Symmetrical Correspondence). 

This entails that the rates of the 7 > yu+v and x — e-+-v processes are 
obtained the one from the other by the simple substitution of the muon to 
the electron mass. Excluding from the start the P interaction from the Uni- 
versal Interaction (5), since it would lead to a ratio r.,, ~ 5, the only remaining 
part of the interaction which may be responsible for the processes (1) and (3) 
is the A one; it is this part which gives rise to the ratio — 10~* reported in (4); 
the other interactions (S, V, T) give a vanishing matrix element for the pion 
decay into a lepton and a neutrino (since the pion is ps coupled ts the nucleon 
field). 

We know however that the A part of the interaction, if present at all, is 
small in the Universal Fermi interaction (°): 


1\2 
ai <(55) |9r 


Therefore the process (2) prefers to take place through the 7 part of the inter- 
action—with the emission of the y the selection rule (Furry theorem) which 


2 


— 
ca | 


prevents the neutrino-lepton decay through T is no more effective. So the 
radiative process (2) turns out to be much faster than the non radiative one 
and the figure in (5) is obtained. 


(8) The present data on the ß phenomena do not require its presence. 

() The value given in (7) is the one used by TREIMAN and Wyrp; but even if 
|94 |%/|9r|? should be < 1/(10)? no one of the arguments would be changed. Compare 
however the Sect. 4 for the new situation arising from the possible non reality of 
the constants. 
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At this point we may illustrate the two possibilities which we see for solving 
this situation. We illustrate in the next section the first one. 


3. — We begin by remarking that, after all, there is no need for postulating 
the correspondence (6). On accout of the intricacies of the nuclear dynamics, 
the process u + P = N -+v tells us nothing about the correspondence 
to be chosen between the particles P, N, e, vand P, N, u, v. We may there- 
fore, without renouncing to describe the processes (1), (2), (3) through the inter- 
mediary of an Universal Fermi Interaction, renounce simply to the sym- 
metrical correspondence (6). 

Suppose we choose instead the correspondence: 


8) PNey 
\ PvuN " 


This amounts simply to assume that, in the Universal interaction (*) (+) the four 
fields P, N, u, v have to be inserted, as indicated by (8), in the order a=P, 
b=y, c=u, d=N, the constants g, remaining of course the same. 

This new interaction H 
in the old order Hz... 
was based) but with different coupling constants; such new constants may 
be obtained (1°) considering that each of the invariants (8, 7, V, A, P) with 
the fields P, N, u, v inserted in the old order is equal to a combination of the 
same invariant with the fields P, N, wu, v inserted in the new order: 


pyax IS however equivalent to an interaction written 


(the order on which the discussion of the past section 


MERE ee 

| V.=— 8,—3V, HS UM pes IR 

(9) ıT= 38, m a 
| A en —44,+ P, 

P, =—48,—4V,—42, +44, 4+ 4P, 


where n and © mean respectively new and old order. 

On the basis of the above formulas (9) we may now discuss the following 
case. Suppose that the ß interaction contains only an Sand T part; as well 
known, such a prescription, namely: 


(10) mf (#0), 97 = Ja = Ip = 9 


(9) M. Fıerz: Zeits. f. Phys., 104, 553 (1937); E. R. CAIANIELLO: Nuovo Cimento, 
8, 479 (1951); L. Mıcner: These (Paris, 1953). 
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is able to explain all the 8 phenomena and also the u decay phenomena (1), 
provided only that in the u decay the two neutrinos are assumed to be dif- 
ferent. The addition of à V part would not however change any one of the 
arguments below. 

Then the z ~e-+y decay is forbidden: 


Rate (7 >e+yv) =0. 


The rate of the x ~e+v-+y¥ decay will be the same as before, since it is 
determined by the 7 interaction, the amount of which is supposed to be the 
same as before. 

The rate of the x > u-+v decay is however considerably increased with 
respect to the previous treatment, in which the correspondence (6) was 
assumed. In fact the coupling constant of the A term which appears in the 
PNuy interaction is zero, by construction, when such interaction is written 
in the new order, but becomes, when it is rewritten in the old order: 


Ia) = Isa) 


as appears from the formulas (9). 

Therefore the rate of the x uv decay is increased by a factor 2500 
with respect to the situation discussed in the past section. Correspondingly 
Neyjy 18 decreased in the same ratio and may be now as low as: 


0.025 
"ern — 9500 


We thus obtain a completely reasonable situation, in which one has no 
rz —e-+v decay at all, and a ratio of x >—e+tv+y to x > u-v decay not in 
contraddietion with the present facts. The situation is not worsened if we 
include in the ß interaction an axial part of the same order of magnitude of 
that considered in the past section; the only effect of such term would be that 
of making the x —e-+y decay not absolutely forbidden; still on account of 
the increase of the x — u.+v rate the ratio r,,, would be decreased by a factor 
2500 with respect to the ratio given in the past section thus becoming ~ 10 
Only the inclusion of a P part in the ß interaction might create difficulties 
to the scheme presented here. 

It has also to be mentioned that the increase of the rate of the 7 > 1 +v 
decay with respect to that obtained using the conventional correspondence 


(1) L. MicHeEL and A. S. WiGnrMAN: Phys. Rev., 98, 354 (1954). The correspondence 


between PNey and nevv to be associated with (10) is (vun) 
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of the past section is welcome; in fact, as pointed out in ref. (+), it was difficult 
to see how a coupling term as small as that given in (7) might reproduce the 
observed rate of the x uv decay (~ 107s). 

We may therefore say that, even if the «symmetrical » correspondence (6) 
cannot agree with the facts, still there is no need to renounce to the description 
of the decay processes through the Universal Fermi Interaction, but one may 
simply choose another correspondence namely the one given by (8). This 
conclusion is unaffected by any mixture of couplings and pseudocouplings 
(non conservation of parity) (72) which appears to be needed onthe basis of 
recent evidence (1%), except for one point which will be discussed in the next 
section. 


4. — The possibility of the mixtures, which we have just mentioned, even 
without affecting directly the above arguments, may however change pos- 
sibly the value of the ratio |g,|?/|g,|? given in (7) on which the whole dis- 
cussion is based. We have so a second possibility for getting agreement between 
the pion decay and the Universal Fermi Interaction; a possibility which is 
completely independent from the one discussed in the past section; this will 
be discussed bere. 

If the reality condition on the constants of the ß decay interaction is 
abandoned, which is the case if the interaction, besides not conserving the 
parity and the charge conjugation, is not invariant with respect to time re- 
versal, the absence of the Fierz interferences in the ß spectra, is no more a 
proof that the relative percentages of 7 and A interaction are very different. 
Infact the Fierz interferences are determined by the combination: 


Re (9,95 +992) 


and their absence shows that either the relative percentages of the A and 7 
interactions are very different, or that the phase differences between A and 7, 
A’ and T’ are near 90°. 

In order to conclude that (7) still holds one has to measure independently 
the imaginary part of g,g* +9,9,*. As pointed out by LEE, OEHME and YANG (11), 
such measurement may be performed by studying the momentum dependence 
of the cos @ asymmetry in the ß emission from an oriented nucleus like Co. 
Up to now there is no information on this point. If it should turn out that 
lg,|?+ |g, |? has the same order of magnitude as |g,|?-+|g,|? then, there 
should be possibly no need of the change of correspondence suggested in the 


(2) T. D. LEE and C. N. YANG: Phys. Rev., 104, 254 (1956). 
(5) ©. S. Wu et al.: to be published. 
(4) T. D. Lee, R. OEnMEe and C. N. YANG: to be published. 
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Sect. 3. One would then get an r,,, value as the one given in (4) and ry), 
value most probably not in contraddiction with the experiment (around 10); 


the value of r is difficult to state exactly also because it may depend on 


ey/u 
interferences between the contributions of the A and 7 terms, in the ß inter- 
action, which would be now comparable. Our conclusion is therefore that 
there are presently at least two independent ways to reconcile the x decay 
processes with the « Universal » Fermi Interaction. Of course further exper- 
iments, aiming to establish the values of the constants in the ß interaction 


will be most useful also in this connection (15). 


(5) The spectrum and the rate of the 7 — u + v + y process may provide an inde- 
pendent check of the ideas presented here. It is planned to study such problem in 
the future. 


RIASSUNTO 


Vengono suggeriti due diversi modi possibili di conciliare le probabilità osservate 
dei processi di decadimento del mesone x con i valori prevedibili che si ottengono se 
tali processi avvengono tramite l’Interazione « Universale ». Un modo dipende dalla 
libertà che esiste nello stabilire la corrispondenza fra PNev e PNyuv; Valtro si basa sui 
cambiamenti che il valore del rapporto |g4|?/|gr|? pud avere a causa della possibile 
non invarianza rispetto a inversione di tempo della interazione ß. I valori che si pre- 
vedono per i rapporti tra le probabilità dei processi r>e+v r>e+tv+ye 
=> u + v sono compatibili coi dati sperimentali attuali. 


74 — Il Nuovo Cimento. 
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On Neutron-Proton Scattering (*). 


EK. CLEMENTEL and C. VILIX (+) 


Istituti di Fisica dell’ Università di Padova e di Trieste (*) 
Istituto Nazionale di Fisica Nucleare - Sezione di Padova 
(+) Istituto Nazionale di Fisica Nucleare - Gruppo di Trieste 


(ricevuto il 13 Febbraio 1957) 


Summary. — General expressions for the nucleon-nucleon elastic scattering 
cross-section and polarization are derived from the transition matrix up 
to the orbital angular momentum Z = 3. A detailed investigation on 
the reliability of the approximation restricted to partial waves corres- 
ponding to L<2 has been carried out. The charge independence of 
nuclear forces and the continuity of the phaseshifts versus neutron energy 
has been taken into account. It is shown that because of the change 
of sign of the singlet S phaseshift at about 220 MeV, following from the 
analysis of proton-proton data, the n-p differential cross-section at 260 MeV 
cannot be fitted in the lowest approximation without destroying either 
the continuity of the phaseshift solutions in the energy interval ranging 
from 27 to 260 MeV or the charge independence of nuclear forces, or both. 
It is also shown that the high energy n-p solutions cannot be continuously 
linked to the low energy ones if the S phaseshift for the singlet state is 
assumed positive throughout the considered energy interval. The effect 
of the *8,-3D, coupling is discussed in detail at 95 MeV. 


Introduction. 


In recent years several efforts have been made to obtain information on 
the neutron-proton interaction at high energies from the analysis of the dif- 
ferential cross-sections of neutrons elastically scattered by protons. Some of 
these attempts, based on a low order (2 <2) partial wave approximation 
and on the assumption of charge independence of nuclear forces, have ap- 


(*) The results of this investigation have been reported at the International Con- 
ference on Nuclear Reactions, Amsterdam, July 1956 (Physica, 22, 1173 (1956)). 
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parently succeeded in fitting the neutron-proton angular distribution at 260 MeV 
in terms of two different sets of phase shifts, suggesting physical features of 
the high energy n-p interaction, which are mutually contradietory. From 
one of these two analyses (!) it appears that the n-p interaction is attractive 
both in singlet odd and triplet even states, whereas from the other analysis (?) 
it turns out that the attraction is restricted only to the singlet odd states and 
the triplet ones give a repulsive interaction. It will be seen that this para- 
doxical situation arose because the analyses were limited either to a single 
scattering energy or to a narrow energy interval. 

In the present analysis all phase shift solutions fitting the data equally 
well will be considered and discussed. It has been found rather illuminating, 
either physically or mathematically, to examine the phase shift evolution 
versus energy in a very wide energy interval. If one assumes that the phase 
shifts must be well behaved and satisfy the continuity requirement versus 
neutron energy, then, as it will be seen, the continuity provides a necessary 
but not sufficient criterion for discriminating, at a given scattering energy, 
among the manifold of mathematical solutions, the physical ones. If this 
criterion is ignored, it may happen that the results of the analysis are com- 
pletely misleading and physically inconsistent, although the phase shifts may 
well fit the data. As it will be shown later, this is just what happens at 
260 MeV in the Z <2 partial wave approximation with no coupling between 
the triplet S and D states. This approximation will be examined in great 
detail from 27 to 260 MeV, not obviously because it is believed particularly 
reliable, but because it is the starting point of higher order approximations. 
To fit the data the criterion of minimum for the least squares sum N will be 
used. Aesthetical fits based on a mere graphical reproduction of the measured 
cross-section in terms of phase shifts are dangerously misleading in this kind 
of analyses. € 

The general expressions for the neutron-proton scattering cross-section and 
polarization are derived in Sect. 1 from the transition matrix for a two-nucleon 
system. An analytical approach to the L<2 partial wave approximation 
with no 38, — ?D, coupling is outlined in Sect. 2. The phase-shift solutions 
from 27 to 260 MeV are discussed in Sect. 3, 4 and 5. In Sect. 6 the scattering 
data at 95 MeV are analyzed taking into account the n-p polarization. The 
effect of the 38, — 3), coupling is also discussed. 


() R. M. THArER and J. Benasron: Phys. Rev., 94, 679 (1954); R. M. THALER, 
J. BENGSTON and G. BREIT: Phys. Rev., 94, 683 (1954). 
(2) C. A. Krein: Nuovo Oimento, 2, 38 (1955). 


1167 


1168 E. CLEMENTEL and C. VILLI 


Symbols and notation. 


K, singlet phase shift for the orbital angular momentum Z; 

0 triplet phase shift for the total angular momentum J and 
orbital momentum Z; 

od) neutron-proton differential cross-section ; 


o =0(180°)/o(0°) n-p asymmetry ratio; 


PIE, coefficients of the n-p angular distribution and polarization 
calculated in terms of phase shifts; 


SAN ? in 9 ung 
cos 2K, = € sin 2#, =s, 


2 


> 9 —C 
cos 20,, = € 


61 D) ER 
ISIN 207, 8 


JL 
(«|ß) = sin « sin f sin (x — ß) 


(a, 6) = sin « sin 6 cos (x — ß) 


Zo === SN AG) 
> 3 (2J + 1) sin? (6,,) 
J=0 
Zo RS (2J + 1) sin 6,, cos ö,, 
J=0 
%  — (3/2) sin? (6,1) + (7/2) sin? (6,1) + dor, O21) + 9(6115 O21) 
a => (Ohne al 


1. — Transition matrix for the neutron-proton system. 


For a two-nucleon system S? is a constant of motion, provided the inter- 
action Hamiltonian is symmetric in the spin vectors of the two nucleons (5). 
The scattering amplitude can then be written as 


(1) f9, p) = > > Tous P) Lae %, Mm) 


S=0,1 MM 


where the matrix element 977,,. which physically represents the scattering 


(*) For the experimental evidence of this fact see D. FELDMAN: Proceedings of the 
Rochester Conference (1956), p. 1-1. 
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amplitude of the wave outgoing in the state L'SJM'(M,— M, M, = M — M') 
and due to the wave incoming in the state LSJM (M,— M because M, = 0), 
is given by (45) 


+s J+S 


See Dee Ne 


L=|J-s| z'=|J-s| 


(2) A ,(9,p) = (12h) > 
J=0 


-(LSOM 


PROCES, M— M}, MI MS, Ops) Y az ER 
For an unpolarized beam, the amplitudes a‘, have to be normalized according 
to |[a,|?— + For singlet states (S — 0, L = L'=J, M = M'—0) the scat- 
tering matrix S,,, is simply given by S,, =exp[2iK,]. Therefore, intro- 
ducing the notation 


(3) Q, = (1/227)(S6,,— 1) = xp[iK,jsinK,, 


and using the orthogonality relations of the vector addition coefficients, we 
obtain 


(4) kA) = > [4r(2J+1)PQ,Y,®). 
J=0 


In order to avoid bulk symbols we shall use 977%, and 977,,, to denote the 
singlet respectively the triplet matrix; the matrix 


; aM, | 0 
5 Hu (7 
(5) yas 0 ae 


will be called (*) the transition matrix. 

For triplet states the scattering matrix has to take into account the 
coupling between the states having the same parity (— 1)’*!. The general 
expression of the matrix S,,,, in terms of the coupling ¢,, which measures 
the amount of admixture of the state Z = J+1 to the state L = J—1, has 
been given by BLATT and BIEDENHARN (5). Introducing a new matrix À with 
elements 


(4) J. Asukın and Ta-You Wu: Phys. Rev., 13, 973 (1948). 

(5) J. M. Buarr and L. C. BIEDENHARN: Rev. Mod. Phys., 24, 258 (1952); Phys. 
Rev., 86, 399 (1952). 

(5) R. OrxmMe: Phys. Rev., 98, 147 (1955). 
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the transition matrix for S — 1, following from Eg. (: 


LW) 


), reads 
© J+S J+S i 
(7) M8, = > % 2 Mrd) 
J=0 L=|J-8s| z'=|J-s| 
-(LI0OM|JM)(L1, M—M', M' |IM)E, YY yw, &) à 
The elements of the R-matrix are given in Table I, where, according to (3), 


Q,, = exp [%ö,,] sin 6,, 


Tasım i _ Elements s Bout u the matrix R. 


= = ren nn 
J —1 | J J +1 
Pa a 
| | 
+ Qur-1 008? 85, + Qyrir Sms, 0 | 2 (Q7.7+1 — Qi, -1) Sin 2e, 
0 POSE 0 
J 4 1 | 3 (0.141 Qy,7-1) Sin 28, | 0 | Qui COS ey + Qur-1 SIN? €, 


Denoting simply with R,, the diagonal and with À, the non diagonal ele- 
ments of the R-matrix, we have derived from Hq. (7) explicit expressions for 
the elements of the transition matrix 977 for triplet states up to L=3, 
including the coupling of the two states J= 1 (°S, —3D,) and J = 2 (3P, — 3F,). 
As it has been shown by WOLFENSTEIN and ASHKIN (7), the invariance of the 
matrix 977,,,, under space reflections requires that 


Mm 
| Wo = M63, Moa = — WM, EXP = 2ip] ; 
(8) 
| Wh = MM, exp [= di] „» OT = — Os EXP [29] ; 


and therefore the triplet transition matrix 977,, is completely defined by 
the following five elements 


(94) kMı = [Ryo + (W/2/2) BR, 4x) Yoo + 

+ [ER + (3/2) Re: + (6/2) Ro](42/3)* Yio + 

+ [(1/2) Ras + (V2/2)R, + (5/2)Qo2 + 2Qs0](42/5)® Yoo + 

+ [Bos + (V6/2)R, + (7/2)Qss + (5/2)Qa3](420/7)* Yoo , 

(9b) KM. =[— (3/2) (3/2)Ra + (W6/2)R2](427/3)* 3 + 
+[— nn —(V6/2)R,—(5V3/6)02+(4V813)0s1(47/5) Yu + 
+[— Sone oe de 6/12)Qs + (5V6/4)Qus](420/7)* Ya « 


() L. WozFENSTEIN and J. ASHKIN: Phys. Rev., 85, 947 (1952). 
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(90) kA y= [(V6/2) Rie + VBR, — (5V6/6)Qu + (6/3) Qo0] Ar Yon + 
+ [(V30/3) Ros + VBR, — (79/30/12) Qas + (30/4) Qas](420/7)? Ya, 
(94) KM =([—Qor + Bar — (V6 /2)R,](427/3)* + 


+[—V3Bis + (V6/2)R, + VBQu (4/5 Yo. + 
= [— V6 Ros +- 20, + V6Q13 (40/7)? Y5,-1 ’ 


(9e) Kay = [Rio — V2R, (47) Yoo + 
[Qo1 + 2A, V/6R\(477/3)? V6 Ar 


+ [2Ri2— V2R, Ir 303 (4/5)? Yoo + 


ais [3Rs; Tr V6R, Ss 4Qas](4x/7)À ee 


If Coulomb effects are neglected, the matrix elements given by Eqs. (4) 
and (9) are valid also for the proton-proton system, provided the odd singlet 
and even triplet terms are dropped (Pauli principle) and each matrix element 
is multiplied by a factor 2. This factor is obviously required by the sym- 
metrization respectively antisymmetrization of the remaining even singlet and 
odd triplet terms. If the coupling for J = 2 is ignored (for ¢, > 0, R,, >Q,, 
and Rk, +0), the Coulomb effects can be taken into account simply by sub- 
stituting in Eqs. (4) and (9) Y,, with Y,, exp[2io,], where o, is the Coulomb 
phase shift. When the mixing between the 3P, and 3F, states is not neglected, 
the final formulas are much more complicated, and alternative expressions 
have already been given (8-1) 

This formalism will now be used to derive the expressions for the neutron- 
proton differential cross-section and polarization. 


1'1. Scattering cross-section. — The scattering cross-section is given by (7) 


(10) o(9) = (1/4) Tr (97/97) = (1/4){| WC, |? + | Moo |?} + 
+ A277 |? + | M0 |? + | Wor 


Ren ds) te 


Hq. (10) can also be put in the form 


2Zmax 
(11) k2o(9) = > A,P,(c0s 9) . 


n=0 


(8) G. BREIT, G. B. Herman and M. H. Hutt jr.: Phys. Rev., 97, 1051 (1955). 
(?) E. CLEMENTEL and C. VILLt: Nuovo Oimento, 2, 1165 (1955). 
(1) H. P. Srapp: University of California Thesis, UCRL-3098 (1955). 
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The general expressions for the angular distribution coefficients A, will not 
be given here, because they appeared in a recent paper of FESHBACH and 
Lomon (!!) just in the approximation we have been working in deriving the 
transition matrix 97. Explicit expressions of the A,„'s will be given in Sect. 2 
for L,,, = 2. According to the previous considerations, for identical (un- 
charged) particles one has to multiply the given o(d) by 4 and drop the terms 
forbidden by the Pauli principle (7°). 


1'2. Polarization. — The polarization in a nucleon-nucleon collision, to be 
detected with a double scattering experiment, is defined as (7) 


(12) o(9)P(9) = (1/4) Tr (MAT's) , 


where P(9) = P(Ö)n, being n a unit vector normal to the plane of scattering. 
If one expresses o in the same representation as the transition matrix 97, 
irom Eqs. (10) and (12) it follows 


(13)  Æo(9) P(9) = (1/2V2) Im [977,, exp [ig] — Mn exp [— ip] ]*- 
| [AT — M_,ı exp [= 2ip | Sc Moro | . 


The products of the spherical harmonics which appear in Eq. (13) are all of 
the type (°) 


(4) [4oo/(2U + 1) }[4o0/(2U + DEY in (9, D) Lin (8, @) exp [— iM] = 


ww (ZL —| MI) 18 
= (= 13m + me +|at|) aes CAR tes 
L=|l-1] (Z zn [M |)! 
d \al 
à (100 | LO)(U', Mm, = m’ |ZM) sin/#! d (5 al P (cos ?) , 


(2) H. Fesupacn and E. Lomon: Phys. Rev., 102, 891 (1956). The results of these 
Authors follow from the concise expression of o(%) given by BLATT and BIEDENHARN, 
who, using the powerful Racah technique, do not need the explicit knowledge of the 
transition matrix. This matrix is nevertheless extremely useful in discussing several 
problems connected with nucleon-nucleus scattering. See for instance: W. B. Rin- 
SENFELD and K. M. Watson: Phys. Rev., 102, 1157 (1956). 

(2) For the proton-proton system, if we denote by 977 the antisymmetrized matrix 
with Coulomb factor (see above) but without couplings, the scattering amplitude cor- 
responding to Eq. (1) reads 


fo pP) bs > {M (8 p) + fe” (8) 0m > hun > 


S=0,1 MM 


(a)S 


where fe (#) = fe(®) + (—1)'fe(x — 9) is the antisymmetrized Coulomb scattering 
amplitude [see ref. (°), Sect. 1]. Therefore (1/4) Tr 977@* 977 gives only the so 
called nuclear part of the differential cross-section. Most of the formalism required 
to evaluate the right hand side of Eq. (10) for identical particles can be found in the 
Appendix of ref. (?). 
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where | M|=|m—m’'|=1. Therefore, using the recursion relation P’,. (x) = 


= P.,(@) + (2L+1)P,(2), Eq. (13) can be written in the following form 


2Lmax— 1 
(15) k?o(9) P(8) = sind > B,P, (cos 9). 


n=0 


For identical particles, only the odd B,'s, multiplied by 4, have to be retained, 
once all the even triplet terms have been dropped. 

The expansion coefficients B, for the neutron-proton polarization, following 
from the transition matrix elements given in Eqs. (9), are 


(16a) 4B, = Im {2Qo1l Rio — Re — eae Oster 
SO LR Bas (30/ 2/2) Re + 8Qal" + 
has) alpha a as + al — 
RO RS | (2/3)R>3 — (14/27)R, + (7/9)Q33 — (13/9)Q.3]* + 
(7/6)Qss{ Rio — Ras — (2/2) ]* — 
— (9/2)Qssl Rio + Rio — (72/2) Ri ]* + 5R10 Re — (2/3)Rs]* + 
+ RAR. — (17/3) Ros — (3-6/2) R.]* + 
+ (54/2/2)[ Ro — (2/3) Res |R*} , 


(165) 4B, = Im {(6Q + 9Q11)[ Bor — Ros — (V6 /6) Ro + Qas)* + 
D BOL Rio Rae — (V2/2)R, + 3Qs0]* — 
7052 Rio + (13/7) Ry, — V2Rı* + 
+ (21/2) Qzs| Ru 1, -(V6/6)R, + 20,5|* — 
— (3/2)Qqs[17 Re, + 13.R.s — (9V/6/2)R,]* — 9R Ry — 
— (992/2)RR% — 5Ra [3 Res — (V6/2)R.]* — 5V6R„RF}, 


(16c) 4B, 


| 


ix 


m {(100 + 15Q11)035 + 
+ 10Q [Rai — Ros — (V6/6)R, + (5/2)Qas]* — 
— 3Qzso[ Ry, + (68/7) Ros Ls (141/6/9) Ry + (20/3)Qss — (50/21)Qu 1% + 
+ (35/6)Qso[ Pio — Riz — (V2/2)R IT — 
— (45/2)Qqs[ Rio + Ris — W2/2)Rı]* — (50/3) Ri R% + 
+ R,[18R,., — (4/3) Ros — 3V 6 R,]* — (25V2/3)RaR}} , 
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(16d) 4B; = Im {(14Q0 + 219,,)Q% + 150,05 — es 
+ 7Qss[ (3/2)( Re: — Res) — (V6/4)R, + (38/9)Qu:]* — 
| = Oye) IA) 2) Rog (FORTS) Ree ee = 
| — (30R., + 5V6R,)R*}, 
(16e) 4B, = Im {200,0% — Qse[ (300/7) Ros + 1503 — (13/7) Qa3]* — 360, RS} , 
(16f) 4B, = Im {(25/9)(7Qs3 + 20R,,)Qi} - 
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The expansion coefficients B,, 


given by Eqs. (1 


6), can be easily expressed 


in terms of phase shifts and couplings. 


In fact, because of Eq. (1 


3) and the 


matrix elements listed in Table I, one has 


1:05,04) = sin d,, sin 0,.,, sin (6,, —0,,)= (d,,|0yr) 5 
m ( Q,,R; J ,J' a) = y | Ôy,r 41) cos? ey, ar (05, | Ôy,r +1) sin? ey) 
(17) 

Tm. (hs) = ImiR,, kr)  (012)(0, 2010, Stan cere, 
IR, CRAN =N(0, Orr 

For completeness sake we list in Table II for m'——1 the coefficients 

| of sin? which appear in the expansion (14). 
TABLE IT. — Coefficients of the expansion in Legendre polynomials of the product 
{sin H)1[47/(214+1)]P[4r/(2’ +1)]#Y,, ¥*,,, exp [— iMo] for m’ 1(M= mm!) Forrm'=1 


all the terms change sign. 


1277 DR == ily = I | PES il V=3,m=—1 

| Mm 2 j ; | 4 x 

emo are) oP, (V8/2) Py (4/3/6) (P,+5P,) 

|[1=1, m=0| (/2/2) P, | (V8/6) ) (P+2P;) (V3/2) (Pı+P;) 

I1=2, m=0|(v2/2) EP, (/6/10)(2P,+3P.) (V3/42) (7P,+17P,+18P,) 
=3, m—0|(V2/2) BP, (V6/14)(3P,+4P,) (V3/126) (27P,+49P,+50P;) 
1=2, m=2 |(4/3/6) (Py — P;) | (3/10) (P, — Ps) (32/14) (P, — P,) 

—3, m2 | (4/15/10)(P, Ben (v5/70)(7P,+5P, — 12P,) | (4/10/210)(18P,+7P, — 25P,) 


Our results have been checked for the proton-proton system in the limit 
of no mixing and without Coulomb effects against those derived by Hunn 
and SALPERSTEIN (1%), and with the result of Srapp by including the coupling 
of the J=2 state (14). 


(CR Mts lel, Ishieivy es 
Eqs. (3), (4) and (5). | 
(1!) The cos d-term of Feshbach and Lomon [Eq. (49) of ref. (11)] has not been 


and A. M. SALPERSTEIN: Phys. Rev., 96, 806 (1954). See 
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2. — Analytical approach to the Z <2 partial wave approximation. 


Limiting the expansion (11) to Z „— 2 and considering only the coupling 
between the states 3S, and ?D,, the neutron-proton differential cross-section 
can be written in the following form, 


(18) k20(9) = (1/4)k20 (9) + > AP (cos 9) , 
n=0 

where o(#) is the scattering cross-section for isotopic spin T=1 and the 
As are the expansion coefficients for the isotopic spin T— 0 cross-section 
(A, = AP + AP). The cross-section o(#) is nothing but the nuclear part of 
the proton-proton angular distribution (?) with Coulomb phase shifts zero. 
In our approximation o(9) depends only on the singlet S and D and triplet 
P phase shifts. The A®s (L,,,=2) are given by the following expressions 


max 


(19a) 4A = 3 sin? (6,9) + 3 sin? (0,2) + 3 sin? (K,) + 5 sin? (6.2) + 7 sin? (0), 
(190) ~ AAC == 6(K,,. WH) +12, ; Ky + (0: Où) + 

+ (V2 cos €; — sin €,)?[2(12, O10) + 3(5105 O11)] + 

+ (cos &, + V2 sin &,)[2(0,0, 001) + 3(d125 O11) } + 

+ 10(cos €, + sin €,/+/50)2(6,0, doi) + 
10(— sin e, + cos €,/+/50)?(d12, 621) + 


Eke 3(0215 Ö, 22) + + (84/5 5)(Oe15 O32) ’ 


(196) 440 = 6 sin? (Ky) + (25/4) sin? (gq) + (40/7)(0m da) + (48/7) sin? (du) + 
+ 3(sin 2e, + sin? &,/V/ 2)? sin? (6,9) + 

13 828, cos Br) sin? (d,.) + 

+ 10(sin &, + cos &/V 2)(Ög2, O12) + 

+ 10(cos &, — sin €,/4/2)(b22, 620) + 

+ 6(cos 2e, — sin €, cos 81 /V/2) (01e, O10) + 

+ 14(cos &, + 42 sin €,/7)?(6s2, 610) + 

+ 14 (sin & — 1/2 cos €;/7)?(Os2, O12) , 


found to agree with our one, which follows from the combination B, — (3/2) B,+ (15/8)B 
reduced according to their approximation (S and P waves with *P,-°/, coupling). On 
the other hand, in the limit of zero coupling the expression of Feshbach and Lomon 
does not reproduce the result given by several Authors. 
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(19d) 4 AU = 6(0o1 > 032) + 12(Ö11 5 Ö32) + 18(K5, Ky) + 12051, 02) + 
+ (36/5)(de1, O32) + (54/5)(010, O21) Sim? €, + 
+ (54/)5(d12, On) COS? & , 


(19e) 449 = (40/7) sin? (6..) + (100/7)(d52, 022) + (22/7) sin? (03) + 


+ (108/7)(519, Os) Sin? €, + (108/7)(d12, Op) COS? €, . 


Also if we assume, in the spirit of the charge independence hypothesis, 
the singlet S and D and triplet P phase shifts as known from the proton-proton 
scattering, no definite answer can be obtained from the equations A, = Z,, 
where the Z;'s are the least squares expansion coefficients directly obtained 
from the experimental data, since the number of unknowns (six) is larger 
than the number of the experimental coefficients (five). It is therefore neces- 
sary to simplify the relations (19) by neglecting the interaction in some states. 
As a first step we shall neglect both the singlet D state and the 3S, — 3D, 
coupling, assuming the three triplet D phase shifts all equal (6,, =6..=0d.;=— #2). 
In this approximation, which will be called as alternative Z of the L<2 
partial wave analysis, the A,’s, obtained by adding the distribution coefficients 
for the two isotopic spin states, are given by the following relations (1%) 


(204) 4A, = (21/2) + 20 + 21 — (3/2)(c10 + C1 + 502), 
(20b) 4A, = (3/2( 281) — 2 (C19 + 202) + (8) + 282) 


— (3/2)(cı + €) + (8/2)(S081 + Cor) 5 


(20c) 4A, = (297/14) + 23 — (3/2)(5¢,) + 26,) — (105/14)0 + 
+ (15/2)(81092 + C1002) , 


(204) 4A, = 3z,(1 — C2) +328, 
(20e) 4A, = (135/7)(1 — Ci), 


where S, = sin 2(°K,) and OC, = cos 2(?K,). From Eqs. (20) it is found 


(21a) COS 205 = p(K,) + [p?( Ko) — q( Ko) | ; 


(2) ihe coefficients A, are given in ref. (°) and they are: A® = 2,+ 2,+ 5 sin? (K,), 
AD = 2, + (50/7) sin? (K,) + 10(K,; K,), AU = (90/7) sin? ( (K,). 
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(21b) cos2KE =r(K,) — cos 26%, 

(21¢) cos 2(3K,) = 1 — (28/135)4, , 

where 

(22a) p( Ky) = wt(K,), q(K,) = ult?(K,) — w?], 

(225) HA) = 2 -(Q8/27) A, + (2/3) (2 +2, — EA), 

(22¢) u == (0? wat, ov = (14/9)A,—3, w = (15/2) sin 2(CK,), 
(22d) t(Ky) = (2/3)(124, — 64, + A,) —[3 + 220 +2) — 2]. 


The peculiar feature of the problem exhibited by this procedure is that 
Go and ¢, depend only on the even experimental coefficients of the n-p angular 
distribution. Furthermore, since the proton-proton isotropy at high energies 
implies 2, negligible, c,, and ce, practically depend on the p-p phase shifts through 
the combination 2, + 2, only. It follows that the odd angular distribution 
coefficients, given by Eqs. (19 b, d), responsible for the asymmetry of the 
n-p cross-section around 90°, are entirely determined by the n-p phase shifts, 
calculated in terms of the even &,’s. Because of the combination 2, + ¢,, 
the dependence of the triplet even (ö,, and ?X,) and the singlet odd (Æ,) phase 
shifts on the p-p singlet S and triplet P ones, implied by the charge inde- 
pendence hypothesis, is ambiguous. This happens mainly because the odd 
angular coefficients A, and A, are not very sensitive functions of z, and 2,. 
Since *A, is small throughout the energy interval ranging from 27 to 260 MeV, 
A, does not contribute strongly to the n-p asymmetry at high energies. The 
contribution to A, of the terms in z, and =, is smaller than the one of the 
third term. It follows that the hypothesis of the charge independence is not 
very critical in this approximation. This circumstance, which will be exemp- 
lified in Sect. 4, justifies, at least partially, the contradictory results of 
previous analyses. 

Since, according to Eqs. (21) and (22) only the equations A, = &, with 
even n can be satisfied, the value of the least squares sum N, calculated in 
terms of the phase shifts, will be in general larger than the value 77, given 
by the least squares fit parameters. The simplest refinement of the considered 
alternative I is to include the interference between the singlet S and D waves, 
in order to reduce the deviation A = N — 7, at the expenses of the odd 
coefficients only (alternative II). In fact, according to Eqs. (19), this amounts 
to ‘add the contribution 3(K,, K.) to A, and (9/2)(K,, K,) to A,, where 
A(K,, K,) = 8,8; + (1 —e,)(1—e¢). This alternative II implies that the in- 
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fluence of the singlet D state is negligibly small on the proton-proton cross- 
section, which is probably true because of the observed isotropy of the expe- 
rimental p-p angular distribution for 9 larger than about 30°. 


3. — Discussion on the n-p phaseshift solutions in the L<2 partial wave 
approximation with no coupling. 


The mathematical consequence of the physical assumption that the nuclear 
forces are charge independent, is clearly exhibited by Eqs. (21) and (22): the 
phase shifts à, and A, can be considered as functions of the singlet S phase 
shift both through 2, and the triplet P phase shift combinations 2, (n= 1, 2,3), 
parametrized as function of K, according to the procedure described in ref. (9:16). 

Apart from the fourfold ambiguity on the P triplet set, which has been 
already discussed in ref. (1%), the a priori number of 16 sets (0,0, A, 3K), 
consistent with Eqs. (20), are reduced to four taking into account that &, 
can be reproduced, using Hq. (20c), provided s,, and S, have the same sign 
below about 18 MeV and opposite sign at higher energies. Since the deuteron 
bound state requires that at zero energy 0,, =z and from the effective range 
theory it follows that 0,, ~ x/2 at about H = 18 MeV, the only possible choice 
is 0,9 positive throughout the energy interval and therefore the condition 
8,9 > 0 implies S, < 0 at energies higher than about 18 MeV. It follows that 
in the considered approximation ?K, 
must be negative throughout the 
energy interval, as it is also in prin- 
ciple required by the n-p asymmetry 
4 around 90° at high energies. This 
conclusion would be not valid if the 
triplet P phase-shift combination 2, 


a) + 


E (MeV) 
4 80 120 160 20 240 28) 320 
A A di | Fig. 1. — (a) Behavior of the singlet S 

2 | phase shift A) versus energy obtained 
i from the analysis of proton-proton scat- 
3) ZEN 2 | tering cross-sections (1%). The two diffe- 
; rent energy dependences of K, above 
~ 160 MeV are consistent with the p-p 
À SER polarization at 170 and 260 MeV. (b) Tri- 
1  plet P phase-shift combinations 2, (n = 
à = 1,2,3) versus energy obtained from 
ee, p-p scattering data (1%). The dotted curves- 

— 50 70 160 200 240 260 0 correspond to K,>0 up to 260 MeV. 
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(5) E. CLEMENTEL, C. Virxx and L. Jess: Nuovo Oimento, 5, 907 (1957). 
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were negative. As far as the proton-proton experimental data are trust- 
worthy, the possibility for 2, to be negative at low energies is excluded (Fig. 1). 

The remaining four solutions are finally reduced to two by neglecting those 
labelled with (—) in Eqs. (21). According to the available experimental data, 
these solutions do not exist at energies lower than about 170 MeV. They 
suddenly appear above this energy, are well behaved up to 260 MeV and then 
seem to disappear again. If one restricts the analysis to the energy interval 
170 H 260 MeV, these solutions will appear acceptable, but nevertheless they 
must be rejected on continuity grounds. The two distinct sets of n-p phase 
Shifts (0,0, K,, *K,), which are left, are caracterized by (a) s, > 0, (b) s, < 0. 
Let us first consider the energy dependence of A, shown by the lower curve 
in Fig. la. Then, in the energy interval between 27 and 260 MeV, the so- 
lution (a) gives an asymmetry ratio varying between 0.43 and 1.22, whereas 
the solution (b) gives 1.23 < 0 < 0.80. It is clear therefore that solution (a) 
is in principle acceptable at 260 MeV, but it must be rejected at lower energies 
because predicting a predominant forward scattering, which has never been 
observed. The solution (b) is satisfactory at low energies, but is unacceptable 
at 260 MeV, because conflicting with the observed backwards scattering. 
Since, at least up to 260 MeV, the phaseshift | A,| turns out to be a mono- 
tonically increasing function of the energy, it has to be chosen either always 
positive or always negative. It follows that in the alternative I it is impos- 
sible to fit the n-p scattering data at 260 MeV preserving both the charge 
independence and the continuity of the phase shifts versus energy. This con- 
clusion is not altered if we consider the energy behavior of K, above ~ 160 MeV 
shown by the upper curve in Fig. la. In this case the odd coefficient A, is 
responsible for the wrong asymmetry shown by the calculated cross-section. 
The choice ?2K, > 0 at 260 MeV would sensibly improve the fit, but the con- 
tinuity would be destroyed. In the former case the failure of the considered 
approximation is due essentially to the negative value of K, at 260 MeV, 
which implies A, > 0 if the singlet P state is repulsive. The elimination of 
the calculated predominant forward scattering at 260 MeV would require 
attraction in the singlet P state. Again, this is conflicting with the continuity 
at lower energies. 


4. — Discussion on the neutron-proton scattering at 260 MeV. 


We shall now give quantitative support to the conclusions of Sect. 3. The 
solutions obtained by THALER and BENGSTON (!) at 260 MeV belong to those 
which we have labelled with (—); as we have already seen, they must be 
rejected. The condition z,<0 (which is not required to reproduce the dip 
of the p-p differential cross-section when K, < 0), leads to a fit of the n-p dif- 
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ferential cross-section at 260 MeV at the expenses of the continuity towards 
lower energies. Starting from the solutions quoted in ref. (1), i.e. Ky = 30.9°, 
K, =13.3°, 0,0 = 50.8° and *K, = 9.9°, we have determined 2, from the con- 
dition N(z,) = minimum. It is found 3 =—1.2 and N=29.1, whereas 
At — 27.7. Since A=1.4, this solution with the adjusted negative value for 
2, fits well the cross-section, but it is not supported by the p-p scattering 
data (Fig. 1). 


"TABLE Ill. — Triplet P phase shifts (in degrees) at 260 MeV (Ky= — 22°; p,.,(45°) =0.337). 


Set Öpı On | dia | p (45°) 
A 17.5 — 25.0 15:5 0.338 
B 23:0 31.5 85 — 0.235 | 
C 81.0 0.8 3.0 0.152 
D | — 74.0 | 6.5 3:8 | 0.179 


From the measured differential cross-section at 260 MeV (7) it is found 


A, — 0.915, A, =— 0.148, A, — 0.929, A —=— 0.082. and 4, = 0.343. 
USins Bas. (>) one has ADS ROC OC AID ONE TES Ro 
lutions are not altered if we assume K, = — 22.0° or K, = 11.0° (Fig. 1), 


since the phase shifts depend only on the combination 4, + 2,, which in both 
cases is equal to 1.122. Practically the same value (2 = 0.281, 2, = 0.865) 
is also given by Thaler and Bengston’s analysis. It is therefore clear that in 
the considered approximation the n-p phase shifts do not depend strongly 
on the n-p ones because of the existence of the plateau on the p-p differential 
cross-section. This circumstance has been already pointed out in Sect. 2. 


Tage IV. — Triplet P phaseshifts (in degrees) at 260 MeV (Ky=11°; p,,, (45°)=0.337). 
SRE = ———— Sir ——— = nn — — = = = = 
| Set | dot | OW 0 p (45°) 
| | 

A | 16.5 | — 32.0 11.5 0.339 

B | — 19.0 30.0 — 14.0 — 0.388 — 

0) | 78.0 — 14.5 4.0 0.210 

D — 79.5 | 12.0 — 60 — 0.320 

The solutions found at 260 MeV by KLEIN (?) are K, = — 43°, K, = 49°, 

Or LA, do Oo On and son Sins lihesvalueszot 
the triplet P phase shifts are close to those of the set D associated to K,— — 43° 


(7) E. Kenny, G. LeitH, E. SsGrè and C. WIEGAND: Phys. Rev., 79, 96 (1950). 
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(Table V). The different values of K, found by Klein compared with those 
following from our analysis (X, = — 22.0° or K, = 11.0°) is of no importance 
as far as the fit of the n-p differential cross-section is concerned, since again 
the combination 2, + +, has in both cases approximately the same value. The 
strong negative value of 6,,, given by Klein, in no way is found as a solution 
of the n-p phase shift equations at 260 MeV. Since the zero energy value of 
O10 IS z, a negative value for this phase shift obviously implies that there exists 
a scattering energy at which the triplet S phase shift is zero. According to the 
available experimental data it is excluded in our approximation (identical 
to the one used by Klein) that this can possibly occur. Therefore, if we want 
to preserve the continuity of 6,, throughout the energy interval, we must 
reject Klein’s solution. Apart from this, Klein’s solution has also to be 
rejected because it gives a very poor fit to the data. In fact, it is found N =69.9 
and the deviation from the least squares fit has the unacceptable value 1 =39.9. 


TABLE V. — Triplet P phaseshifts (in degrees) at 260 MeV (K, = — 43°). 
Set Ont Oy Oo1 
A 18.5 — 17.5 13.2 
B — 10.0 26.0 — 5.2 
C 52.7 — 2.2 2.5 
D — 44.2 10.7 6.5 | 


The possibility for the phase shift 6,, to be negative at 260 MeV has been inve- 
stigated in detail. The singlet .S and triplet P phase shifts have been kept 
fixed, and we have searched for a solution at 260 MeV corresponding to s, < 0, 
continously linked to lower energy solutions having ö,, positive. The negative 
value of K, at 260 MeV has been considered. The new solution was found 
to be K, = — 22.0°, K, = 22.0°, 6,, = —16.6° and *K, =—10.1°. According 
to this solution the phase shift 6,, should become zero at about 220 MeV, ie. 
at about the same energy at which KA, changes sign. The continuity is thus 
preserved but the new solution is still unacceptable because it gives N — 74.2 
and the deviation from the least squares fit is even larger than that implied 
by Klein’s solution. 

The discouraging features of the phase shift fitting mechanism implied by 
the alternative I at 260 MeV are not overcome by the introduction of the 
singlet D wave. To understand how the phase shift A, works in fitting the 
n-p data, we assume still valid all the arguments which have allowed us to 
confine the discussion on the two sets (a) s, > 0 and (b) s, < 0, each of which 
is consistent with the four sets of P triplet phase shifts. When A, = 0, the 
n-p cross-section calculated at high energies shows an insufficient asymmetry 


75 - Il Nuovo Cimento. 
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around 90°, because the odd coefficients are slowly varying functions of the 
neutron energy. Since the experimental data seem to require negative odd 
coefficients, the function (K,, K,), defined in Sect. 2, must be negative and 
therefore s, and s, must have opposite sign. We recall that, according to 
previous considerations, the attraction in the singlet P state is incompatible 
with the n-p data at low energies, where the singlet D state interaction is 
certainly absent or negligibly small. We are led therefore to assume K, < 0) 
and K, > 0 throughout the energy interval. This conclusion is also in agree- 
ment with the analysis of p-p data at 170 MeV (3%). Since the effect of the 
attraction in the singlet D state is to increase the odd angular coefficients 
of the n-p differential cross-section, we must conclude that K, is small up to 
scattering energies at which the n-p measured cross-section is nearly symmetric 
around 90°, i.e. up to about 90 MeV. 

An attempt to fit the 260 MeV data assuming A, = — 54.0° and adjusting 
the odd coefficients by varying K, has proved unsuccessful. The criterion 
adopted was to vary N(K,) and to determine K, from the condition N = mi- 
nimum. The value of A, found in this way is too large (20°) and the fit very 
poor (V = 85.2). This negative result can be easily understood since at the 
limit of K, = 0 the odd coefficients are A, = 0.377 and A, = — 0.058, and 
the elimination of the predominant forward scattering requires a strong at- 
tractive interaction in the singlet D state. Being A, >|A,| when A, = 0, 
it follows that when A, approaches &,, the other odd coefficient is distorted 
and the n-p cross-section is not even approximately reproduced. The choice 
K, = 11° does not improve sensibly this situation. 


5. — Analysis of the neutron-proton scattering from 27 to 215 MeV. 


The discussion of Sects. 8 and 4 is valid in the limit of zero coupling bet- 
ween the triplet S and D states. For low energies the very effect of the coupling 
is to modify the strength of the interaction in the triplet S state but not its 
attractive nature. For higher energies the predictions on the triplet D state, 
following from the preceding discussion, are expected to be substantially altered 
by the coupling. It is, however, believed that a general picture of the phase 
shift behavior from zero energy up to 
215 MeV in the alternative II of the L < 2 
approximation may help for a better un- 
derstanding of the results obtained including 
the coupling and higher order waves. 


Fig. 2. — Behavior of the phase shifts H,, K,, 
CEE °K, Oy Versus neutron energy. The phase shifts 
0 50 100 150 200 £ (Mev) are given in degrees. 


N 
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The results of the analysis are given in Table VI and in Fig. 2. The cal- 
culated cross-sections are compared with the experimental data (15) in Fig. 3. 


Fig. 3. — Theoretical n-p differential cross-sections (solid lines), calculated with the 
phaseshifts listed in Table VI, compared with the experimental data at: 27 MeV 
[J. E. BrozLey jr., J. H. Coon and J. L. FOWLER: Phys. Rev., 82, 190 (1951)], 40 and 
90 MeV [J. Hapry, E. L. Kerry, C. E. Lerru, E. SEGRE, C. WIEGAND and H. F. York: 
Phys. Rev., 75, 351 (1949); R. WALLACE: Phys. Rev., 81, 139 (1951); O. CHAMBERLAIN 
and J. W. Easty: Phys. Rev., 94, 208 (1954)], 156 MeV [T. C. RAnDLE, A. E. TAYLOR 
and E. Woop: Proc. Roy. Soc., 213, 392 (1952)], 172 and 215 MeV [G. R. Morr, 
G. L. GvErsney and K. B. NersoN: Phys. Rev., 88, 15 (1952). The dotted curve 
at 90 MeV has been caleulated with the phase shifts given in Table VII. 


The differential cross-section at 27, 156 and 172 MeV is not well defined around 
90° and the least squares coefficients are not continously linked with those 
at 40 and 90 MeV. At 27 MeV the coefficient 7, is negative and therefore 
incompatible with Eq. (214). At 156 and 172 MeV the least squares fit of the 
differential cross-section turns out to be nearly symmetric around 90°; A, and 


(18) For reader’s convenience we refer to: L. BERETTA, C. Vint and F. FERRARI: 
Suppl. Nuovo Cimento, 12, 499 (1954), where all the experimental data used in our 
analysis can be found collected. The original papers are listed in the caption of Fig. 3. 
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TABLE VI. - Phase shifts (in degrees) Ky, K,, Ka; °K;, 049, dor, On amd dy, at 27, 40, 90, 
156, 172 and 215 MeV. The four sets on the right follow from fourfold ambiguity on the 
triplet P state. Only the sets A and D fit the proton-proton polarization at 170 MeV (1°). 


E(MeV) K, K, HA aK, Bin RCC co On On 
A 10.0 | — 4.5 4.0 
150 0 0.9 78 B | — 70 7.5 — 1.0 
77, A oe EE EE beans 0) 13.5 | — 2.0 2.0 
| D | — 9.5 6.0 2.0 
| al 14.0 | — 6.0 6.0 
B | — 8.0 11.5 — 15 
| re > ia yi 
40 45.5 32.8 1.3 5.1 35.0 C 21.5 ES 25 
| D | — 16.0 8.0 2.5 
4220.02 09:0 7.0 
B | —17.0 16.0 — 2.5 
90 34.0 — 44.1 | 2,2 — 8.2 21.7 C 31.0 | — 6.5 2.5 
D | — 24.0 12.0 2.5 
A 21.5 | —19.0 9.0 
B | — 18.0 22.5 — 6.5 
55 21. — 50.0 3.1292 : 
155 | 21.0 öl 3.1 9 14.0 0 45.5 | — 90 2.5 
D | — 42.0 13.0 2.5 
| 
| A 22.0 | — 20.5 9.5 
| B | —18.5 23.0 — 7.0 
72 5 Le Q « ay € 
17211 13.0 51.2 | 3.3 9.5 | 13.0 |, Be 56 
D | — 46.0 15.0 3.0 
| A 23.09. 326.0 11.0 
| B | —21.5 27.5 — 9.0 
a he DEE 
14.0 53.0 4.2 10.1 9.5 0 59.5 | __ 12.5 3.5 
| | D | —58.5 13.5 | —2.5 
215 | 
A 21.0 | — 24.0 12.5 
. | | B | — 16.5 28.5 — 9.5 
st: > = 
0 53:0 1104 10.1 9.5 |G A oe 
; | | D |-— 58.0 12.0 3.0 
f A, are too large at 156 MeV and too small at 172 MeV. Although the analytical 
| procedure, outlined in Sect. 2, is free from the uncertainties due to the erratic 


N behavior of the experimental odd angular coefficients, the analysis at 27, 156 
and 172 MeV has been carried out by varying the least squares sum N (X, 0,0, ?K;) 
in the (¢,, Go, O,)-space. According to the discussion in Sects. 3 and 4, the 
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restrictive conditions ss, < 0 and S,<0 have been taken into account. At 
90 MeV, where the cross-section has been measured at 28 angles, no minimum 
of N exists for K,<0. This is also true at 40, 156 and 172 MeV. 


6. — Effect of the °S,-D, coupling. Analysis of the 95 MeV polarization data. 


The recent measurements (1°) of the neutron-proton polarization at 95 MeV 
provide the best criterion to decide upon the reliability of the approximations 
we have used in analysing the scattering data. 

Including all the waves up to LZ... = 2, the coefficients B,, given by 
Eqs. (16), become explicitely 
(23a) 4By =[2(001| 610) + 3(012 | O10) — 2(8o1 | O42) — 

— 3(6,,|6,2)][eos 2e, + (V/2/4) sin 2e,] — 

— 5(6.; | 619)[eos? e, + (4/5) sin? e, + (4/2/4) sin 2e,] — 
— 5(6,, | 612)[sin? e, + (4/5) cos? e, — (12/4) sin 2e,] + 
+ 2(0o1 032) =i 3(d11 | Oo) 53 5(0,, 022) tr Ida Ô32) ’ 


‘ 


(236) AB, = 6(ös | 21) + Hör | 521) — 610 | 2) COS 2e, + (4/2/4) sin 2e,] — 
— 5(619|622)[ cos? €, + (V 2/4) sin 2e, — sin? e,] — 
— 5(012 | d.2)[sin® € — (V2/4) sin 2e, — cos?.e,] + 
+ (619 | 632) [14 cos? e, +(7y 2/2) sin 2e, + 13 sin®e,] + 


+ (due | 552) [14 sin? e, — (72/2) sin 2e, + 13 cos? e,] + 15 (dee | bse); 


(23¢) 4B, = 18[ (010 | 21) Sin? €; + (012 | 021) COS? €,] + 10(0o1 | O32) + 
+ 15(6,1 | 032) — 10(d21 | Ö22) + 3(d21 | Ö32) , 


(23d) AB; = 27[ (010 | 32) Sin? €, + (012 | Os») COS? €1] + 15( 622 | ds2) , 


while B, and B, are zero. 

The least squares fit of the experimental results expanded according to 
Hq. (15) gives Z, =0.164+ 0.017, 2, = 0.333 + 0.031 and 2, = 0.055 + 0.038. 
The theoretical values for B, have been calculated using the P triplet phase 


(?) G. H. STAFFORD, C. WurtHmEeAD and P. HILLMAN: unpublished. We thank the 
Authors for having informed us of their results prior to publication. 
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shifts given in Table III of ref. (1%) and interpolating at 95 MeV the solutions 
listed in Table VI. The results turned out to be unsatisfactory for any one 
of the four P triplet sets. This failure of the alternative I to reproduce the 
polarization data at 95 MeV means simply that the effect of the *S, — :D, 
coupling is here much more critical than in fitting the angular distribution. 

The possibility to fit the polarization data at 95 MeV with Z,— 0 suggests 
that the two uncoupled D waves are negligibly small. We have used there- 
fore Eqs. (23) with 6,. = 6, = 0. In this approximation, for a given value 
of ¢, the coefficient Z, fixes a correlation between the two phase shifts 0, 
and 6,,, being the triplet P phase shifts known from the analysis of p-p scat- 
tering data. In this way one of the two phase shifts, let us say Ô,, is para- 
metrized as a function of ¢, and 6,,. By fitting the other two parameters 2, 
and @, the correct pair (&,, 6), and consequently 6,., can be fixed. We 
have applied this procedure for the set A of the triplet P solutions at 95 MeV, 
and the results are summarized in Table VII. 


TaBze VIL. — Phase-shift solutions for n-p scattering at 93--3 MeV, derived from scattering 
and polarization data. 


i320, —25 Bye! 120 — 12 


I 
CL 
© 


— 10 19 


The singlet phase shifts X, and K, have been evaluated by fitting the 
scattering data at 90 MeV. The theoretical values of the expansion coeffi- 
cients, following from the phase shifts listed in Table VII, are B, = 0.158, 
B, = 0.333 and B, = 0.055 for the polarization, while for the differential cross- 


section we obtain A, = 0.741, A, = 0.4152, A, = 0.470, A, = — 0.078 and 
A, — 0.004. The theoretical differential cross-section is given in Fig. 3. The 
Same procedure applied to the set D (K, = 32, 6) = — 26, 6,, = 12, 6., = 2.5) 


gave the best, but nevertheless poor, fit to the polarization data with the 
choice 0 ;5=19, 6,.= — 29.7 ande, =15.(B,=0.123, B, =0.333 and B, =0.067). 
The better agreement (B, = 0.191, B, = 0.372, B, = 0.059) obtained with a 
similar P set by PHILLIPS (2), who found the other phase shifts very close 
to those given in Table VI, is due to the higher value of 6,,. 

It is clear from this analysis that polarization and scattering data at 
(93 + 3) MeV are incompatible. In fact, while the polarization results seem 
to require > = 03 — 0 (@,=0), a better fit of the differential cross-section 


(9) R. J. N. Puis: Proceedings of the Rochester Conference (1956), p. 11-22. 
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needs at least these two waves to be taken into account, otherwise the para- 
doxical situation arises, that a «lower » approximation (alternative I) gives 
a better fit than a «higher » one, as it is shown in Fig. 3. In any case, the 
only conclusion we can draw from this circumstance is that, as far as the fit 
of the differential cross-section is concerned, the effect of all three D phase 
shifts, although assumed equal, is more important than the combined effect 
of the coupled one and of the coupling. This probably justifies the success 
obtained using the alternative I from the very beginning of this kind of in- 
vestigations. 


We are pleased to thank Prof. V. PAaviéré, Director of the Nuclear Science 
Institute of Belgrade, for several facilities in using the Electronic Computer 
of the Institute, and Dr. L. BERETTA and Dr. L. JESS for computational as- 
sistance and for very valuable help in check calculations. 


RIASSUNTO 


Espressioni generali per la sezione d’urto differenziale elastica nucleone-nucleone 
e per la polarizzazione sono ricavate dalla matrice di transizione, valutata sino al mo- 
mento angolare L = 3. La validità dell’approssimazione L <2 & studiata in dettaglio, 
tenendo conto sia della indipendenza dalla carica delle forze nucleari sia della conti- 
nuità delle soluzioni in funzione dell’energia del neutrone. Si dimostra che, a causa del 
cambiamento di segno della fase del singoletto S, la sezione d’urto differenziale n-p 
non puö essere riprodotta nell’approssimazione più bassa senza distruggere o l’indi- 
pendenza dalla carica o la continuitä delle soluzioni nell’intervallo 27-- 260 MeV, o 
entrambe. Si dimostra anche che le soluzioni n-p alle alte energie non possono essere 
raccordate con continuità con quelle alle basse energie se si assume la faée del singo- 
letto S positiva in tutto l’intervallo. L’effetto dell’accoppiamento #S;-°D, & discusso 
in dettaglio a 95 MeV. 
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The Production of Heavy Mesons and Hyperons 
by =-Mesons of 4.5 GeV/c. 


B. P. EDWARDS, A. ENGLER (*), M. W. FRIEDLANDER (+) and A. A. KAMAL 
H. H. Wills Physical Laboratory - University of Bristol 


(ricevuto il 13 Febbraio 1957) 


Summary. — A systematic investigation has been carried out, using 
nuclear photographie emulsions, into the production of heavy unstable 
particles by r--mesons of 4.5 GeV/c. From 2854 stars, 4 hyperons and 
4 heavy mesons were found which had velocities of less than 0.7c, and 
which satisfied certain geometrical selection criteria. One hyperon pro- 
duces a secondary z-meson which comes to rest in the emulsion stack. 
The mass of this hyperon, shown to be negatively charged by the nuclear 
capture of its secondary particle, is (2352 + 5) m.. 


1. — Introduction. 


In high energy collisions between z-mesons and nuclei or nucleons, heavy 
mesons and hyperons may be produced. The study of the fundamental meson- 
nucleon interaction is best performed with expansion, diffusion or bubble 
chambers; in photographic emulsion, most of the interactions occur in complex 
nuclei and the observed phenomena depend strongly on secondary interactions 
and scattering of the particles on their way out of the nuclei in which they 
were produced. A systematic investigation into the nature and frequency 
of production of the strange particles in emulsion is still of use, since the results 
may be correlated with those obtained from single nucleon collisions, and 
may further be used in connection with other experiments for which the 
present research is almost entirely confined to the emulsion method. It was 
in this latter connection that the present investigation was started. An 


(*) Now at The University of Rochester, N. Y. 
(+) Now at Washington University, St. Louis, Mo. 
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examination of the nuclear disintegrations produced by cosmic-ray particles 
having energies in the range 1072-10 eV indicated that as large a fraction 
as one quarter of the shower particles could be heavy mesons, hyperons or 
anti-nucleons. (BRISBOUT et al. (1)). If this should be correct, then one might 
expect secondary nuclear disintegrations produced by these shower particles 
to show an anomalously high number of heavy mesons and hyperons emerging 
from them, since it is expected that these particles will most probably emerge 
or convert, the one into the other, in collisions. The shower particles most 
amenable to an investigation of this type are those in the outer cores of the 
jets, where the average energy of the particles is 5 10 GeV; particles of these 
energies may be sufficiently slowed down by interacting that they will come 
to rest within the emulsion stack and will then be well identified. 

The yield of heavy mesons and hyperons from these secondary stars must 
be compared with that from stars produced by rx-mesons; any difference in 
the frequency of emerging heavy mesons and hyperons may then be attributed 
to the presence of strange particles amongst the jets’ secondaries. 

Accordingly, suitable tracks were selected from stars produced in emulsions 
exposed to the 4.5 GeV/e x -meson beam at Berkeley. These tracks were then 
followed and the particles which had produced them were identified. From 
2854 stars, 950 tracks were followed, and 4 hyperons and 4 positive heavy 
mesons found. In addition, 2 hyperfragments were found during the scanning 
for stars, one heavy meson was found in the more detailed examination of 
parent stars of particles found in the systematic search, and one hyperon was 
found in following out tracks, but these cannot be included in some of the 
calculations, as they did not lie within the strict selection criteria. Since all 
the hyperons were found in a manner unbiased as regards their lifetime or 
appearance at decay, an estimate of their mean life was made. 

Other experiments with which the present results may be compared, are 
those of DAHANAYAKE et al. (2) who performed an experiment substantially 
the same as this but using a random selection of cosmic-ray produced stars, 


(1) F. BRISBOUT, C. DAHANAYAKE, A. ENGLER, Y. FUJIMOTO and D. H. PERKINS: 
Phil. Mag., 1, 605 (1956). 

(2) C. DAHANAYAKE, P. FRANCOIS, Y. Fugimoro, P. IREDALE, C. J. WADDINGTON 
and M. YASIN: Nuovo Cimento, 1, 888 (1955). 

(3) M. Schein, D. M. Haskın and R. G. GLASSER: Nuovo Cimento, 3, 131 (1956). 

(4) W. B. FowLer, R. P. Saurr, A. M. THORNDIKE and W. L. WHITTEMORE: 
Phys. Rev., 90, 1126 (1953); 91, 1287 (1953); 94, 861 (1954). 

(5) W. WALKER and W. SHEPARD: Phys. Rev., 101, 1810 (1954). 

(6) H. BLUMENFELD, BE. T. Boorx, L. M. LEDERMAN and W. CHINOWSKY: Phys. 
Rev., 102, 1184 (1956). 

.() R. Buppr, M. CHRETIEN, J. LEITNER, N. P. SAMIVs, M. SCHWARTZ and J. STEIN- 
BERGER: Phys. Rev., 103, 1827 (1956). 

(8) W. B. FowL£r: Proceedings of the 6-th Rochester Conference (1956), p. vI-27. 
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and SCHEIN, HASKIN and GLASSER (?) who also exposed their emulsion to 
the Berkeley beams. Experiments in hydrogen have been performed at Brook- 
haven by FOWLER et al. (4), WALKER and SHEPARD (5), BLUMENFELD et al. (°), 
BUDDLE et al. (“), and at Berkeley by FOWLER et al. (°). 

The production of the strange particles is discussed, and the production 
cross section estimated. In one event, a hyperon secondary stops within the 
stack and an accurate mass value may be calculated; this value is 2352 +5 m,. 


2. — Experimental procedure. 


The stack used consisted of 80 emulsion sheets, each 30 em x 20 em x 600 um, 
where the r-meson beam traversed the stack along the longer axis. An un- 
biased selection of stars was made by scanning along the r-meson tracks, 
and 203 stars were found in this way. Because this method of finding stars 
is slow, area scanning was then employed and 2651 more stars found. 

Tracks were selected only if they satisfied two criteria: (i) the normalized 
grain density g* (as determined from the mean gap length) was > 1.5, and 
(ii) the angle of emission from the parent star corresponded to a projected 
length of at least 5mm per plate and the range was at least 5 mm. 
These selection rules and the choice of areas for scanning, ensured that K-mesons 
of the maximum acceptable energy would be brought to rest within the stack. 
The solid angle containing all acceptable tracks was 12% was of the total 
solid angle, but since the z-meson beam was very nearly parallel to the 
plane of the emulsion there is a bias towards accepting tracks at small angles 
to the direction of the incoming r-mesons. 

Having selected the tracks, all those with g* > 2.5 were followed to their 
ends; on those with 1.5 < g* < 2.5, multiple scattering measurements together 
with the value of g* were used to obtain an approximate mass value; the 
standard deviation in each g* measurement was about 5%, and in & about 
15%. If the mass appeared to be significantly less than that of the proton, 
the track was followed to its end; if the mass appeared to be protonic or 
greater, the track was followed for at least 5 em, in which distance a hyperon 
having a mean life of 1.4-10-!s would have at least 70% probability for 
decay. 

Scattering measurements in this stack may be considered generally reliable, 
since it has been well calibrated during an extensive investigation into the 
effects of spurious scattering, which was shown to be small in this stack 
(BRISBOUT et al. (°)). Ionization measurements have been normalized against 
tracks of the beam rx-mesons. 


(?) F. Brispout, €. DAHANAYAKE, A. ENGLER, P. H. TowLer and P. B. Jones: 
Nuovo Cimerto, 3, 1400 (1954). 
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3. — Experimental results. 


From 2854 stars examined, 950 tracks which satisfied the selection criteria 
were followed, and 4 hyperons and 4 heavy mesons found. One of the 4 hype- 
rons and one of the 4 heavy mesons were from the same star and both pro- 
duced flat tracks; our 8 particles therefore represent 7 events in which at least 
one charged unstable particle emerged from the disintegration. In addition, 
one hyperon and one heavy meson were found, but these had tracks of less 
than 5 mm per plate; two hyperfragments were also found. 

Tables I, II and III contain the data relating to these particles. No 
attempt was made to obtain very accurate mass values from direct measure- 
ments on the tracks of the primary particles further than their original iden- 
tification. Where possible, the K-meson decay modes were identified, and 
the hyperon decay Q-values calculated. 


TABLE I. — Heavy Mesons. 
NE Parent Range Energy Decay Angle of emission 
he Star (mm) (MeV) mode from parent star 
1 §+ 1 53.84 105 Ky 48° 
2 14 +3 40.80 89 KL 16° 
3 21 + 1 14.13 48 Kus 17.0° 
4 5 +] 25.52 68 = 7 
5 10 + 2 16.00 | 52 K | 172 
TABLE Il. — Hyperons. 
| 
SECONDARY 
Angle | Energy 
Num-| Parent | Length) 7 T lof emis-| at emis- Decay Length 
ber star (mm) | 10-10 )10-105| sion sion angle ob- ()-value 
(8) (MeV) | (laboratory | served (MeV) 
system) (mm) 
1 7-+1 | 16.64 | 1.35 | 3.55 22.0 115+ 2 | 119 +1.5 | 50.45 | 1234 2.5 
2 5+1 | 19.50 | 1.06 | 7.44 28.7 217 +15 36 (steep) 
5 14+3 | 25.30 | 1.24 | 6.15 47 253 +17 5.5+0.2 | 65.90 | 1144 8 
4 16+5 1.91 0.207) 1.65 63 63+ 6 | 128 +2 5.20 | 107 +11 
5 15+5 209 SOA 2 87.7 95+ 6 54 —+l 28.90 =- 
_ K, and Y, from same star; angle between them 16°. 
K, and Y, from same star; angle between them 30°. 
t= observed time of flight. 
T'= available time of flight. 
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TABLE III. — Huperfragments. 
SECONDARIES 
Range 
Number | Parent star (a) 
z Identity Range (um) | Total charge 
1 10 +1 31 DEN 1250 
PEN 6.3 
PA: 5.8 5 or 6 
DER 34 
B 732 J 
2 16+ 1 23 11D 24 ] 
ODER 534 3 
1P5 1D) 689 


The proportions of stars and tracks for different star sizes, (counting only 
the non-shower particles) are shown in Table IV. The distributions for the 
line and area scans are both shown, and have been normalized, assuming that 
both methods record all stars with N, >11. It is clear that most of the 
smallers stars were missed in the rapid scanning, but that the number of tracks 


TABLE IV. — Star-size distribution. 
Line Scan Area Scan Percentage of tracks 
AGS 126 stars 2651 stars 
(%) (%) line area 
0 13.4 0 0 0 
1 153 0.3 2.5 0 
2 6.1 1.3 2.0 0.4 
3 9.9 2.4 4.9 152 
4 6.3 3.2 4.2 PAS 
5 5.9 SN 4.9 3.1 
6 5.4 3.2 5.4 32 
7 5.2 9 6.0 3.8 
8 4.5 2.9 6.0 3.8 
8) 3.8 2.1 0.2 4.0 
10 2.8 2.4 4.6 4.0 
> ll 21.9 (*) 21.9 (*) 54.4 (*) 54.4 (*) 
47.3 80.0 
Star efficiency Track efficiency 
i 
(*) Line and.area scans normalized on number of stars with N, >11. 
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missed is small. The figures for the line-scan stars include 223 stars found 
by CLARKE and MAJOR (private communication) in a stack exposed under 
similar conditions. 


4. — Discussion. 


41. Production of charged heavy mesons and hyperons. — In the systematic 
search, seven stars contained at least one charged heavy meson or hyperon 
lying within the geometrical and grain density acceptace limits. These stars 
come from a sample of 2651 area-scan stars and 203 line-scan stars. Had 
the scanning been 100% efficient, then 5813 (= 2651/.473 +203) stars should 
have been found in the same area (cf. Table IV); our 8 particles should si- 
milarly be increased to (10 + 3) particles, to allow for flat tracks from the 
smaller stars, missed in the scanning. The cross-section for star production 
by 4.5 GeV/c m-mesons is — 30 mb and therefore a lower limit for the pro- 
duction of «slow» charged K and Y-particles (6 < 0.7) in emulsion nuclei 
may be estimated as (10/5 813):30 ~ 0.05 mb. An upper limit for the pro- 
duction of «slow» K and Y-particles of about ~ 0.4 mb is obtained by in- 


tegrating over the whole solid angle (assuming an isotropic distribution in the 
laboratory system). These estimates assume that the loss of K*-mesons by 
charge exchange scattering is approximately balanced by the reverse effect 
and also that the loss of changed hyperons by interaction with nucleons within 
the target nucleus is small. 

Recent results (FOWLER et al. (%)), indicate that at these incident energies, 


the process x+N > Y+K-nr becomes increasingly important as compared 
to the reaction TN > Y-K. An analysis of our results in terms of the 
elementary z-nucleon interaction is therefore almost impossible at present 
especially as our knowledge of the interaction of K-mesons and hyperons with 
nuclear matter is still very limited. However our limits for the production 
cross-section of charged unstable particles do not seem unreasonable, if com- 
pared with the results of the Brookhaven groups at lower incident 
energies. 

It might be interesting to compare the production of heavy unstable part- 
icles in disintegrations produced by z~-mesons with those produced by nucleons. 
In the experiment of DAHANAYAKE et al., most of the incident particles were 
cosmic ray protons with a mean energy of ~10 GeV. The energy available 
in the center of mass in this case is approximately equal to that in a m-nucleon 
collision, if the x had an energy of ~ 4.6 GeV. After correcting for geometrical 
factors, we find that the production of slow strange particles in our experiment 
is of the same order of magnitude as in the cosmic ray experiment. Exper- 
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iments of WRIGHT et al. (1%) also show that the cross-section for production 
of heavy unstable particles is of the same order of magnitude for p-p and 
r-p interactions, in contrast with Brookhaven measurements (BERLEY and 
COLLINS (11)) at about half the available center of mass energy, which indi- 
cated a large difference between the p-nucleon and z--p cross-sections for the 
production of heavy unstable particles. 

In all of the discussion on the production of strange particles we have not 
mentioned the possibility of the reaction 


r + nucleon > K + K + nucleon. 


SCHEIN, HASKIN and GLASSER reported a ratio of K*/K~ ~1 from obsery- 
ations on stopping particles in an emulsion-stack exposed to the rn -beam of 
the Berkeley Machine, but it is not stated what the energies of these particles 
were, nor how many were found. The area scanning which was used is certainly 
biased against finding heavy meson decays, as compared to interactions at rest. 

No negative K-meson was observed in our experiment. This may be due 
to the lower probability of the above reaction as compared with that pro- 
ducing a Y-K pair (and at the Bevatron, the positive K-meson beam is many 
more times as intense as the negative) or to a strong dependence of negative 
K-meson production upon angle, so that, for example, almost all of them were 
emitted forwards and would therefore be too fast to fall within the acceptance 
criteria of this experiment. Moreover, since most of the observed interactions 
occured in heavy nuclei (a bias due to the selection of large stars) some of the 
created negative K-mesons might not have emerged since their interaction 
cross-section with nuclear matter is almost geometrical. 

Summing up, we may say that no satisfactory answer, as regards the pro- 
duction of heavy unstable particles in the elementary r-nucleon interaction 
may be obtained with production occurring in heavy nuclei and with the 
available statistics. For comparison with strange particle emission from 
proton-induced or from jet’s secondary stars in emulsion, an additional ex- 
periment should be performed with xzt-mesons. In such an experiment, and 
in the present one the observed yields are effectively averaged over all the 
complications a large nucleus can produce and the results are strictly com- 
parable with the jets’ secondary stars. 


4°2. Lifetime of charged hyperons. — The five hyperons were found by syste- 
matically following tracks from stars, without knowing their identities a priori. 
In each case, the charged secondary was lightly ionizing, and in three cases 


(0) R. W. WRIGHT, W. M. Powerit, G. MAENSCHEN and W. B. FowLer: Bull. 
Am. Phys. Soc., 1, 386 (1956). 
(1) D. BERLEY and G. B. Corvıns: Bull. Am. Phys. Soc., 1, 320 (1956). 
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could be identified as a m-meson. A hyperon which decayed in flight to pro- 
duce a proton and a 7°-meson as secondaries would only have been detected 
if the decay was clearly indicated by a sharp deviation in the track accom- 
panied by a significant decrease in grain density. Sharp single scatters were 
not analyzed as X+—+p-+7° decays; previous attempts (DAHANAYAKE et 
al. (?)) have not proved fruitful. The lifetime for the decay S* — nr" has 


been calculated for the five events observed. In only one case (Y 1) do we 
know the sign of charge of the hyperon—the secondary came to rest and pro- 
duced a capture star, identifying itself as a n-meson, and therefore the hyperon 
as negatively charged. Since all our hyperons came from stars which also 
contained shower particles, =* as well as % could have been produced, charge 
being conserved by pions. 

Using a maximum likelihood calculation for the mean lifetime of the five 
hyperons, we find 


<O> = (8*8)-10-1 3, 


where the limits refer to 1/e values in the likelihood function in 1/0. 
BUDDE et al. (7), using a propane bubble chamber and selecting only the 
hydrogen events, will observe a pure sample of Y -hyperons, provided that 
the strangeness selection rules are obeyed. They found a lifetime of 
(1.474%)-10-!s, which agrees with the value of (1.86 + 0.26)-10-™s, found 
by ALVAREZ et al. (2). These latter workers, examining the capture of ne- 
gative K-meson in liquid hydrogen, also reported a value of (0.86-+0.17):-10-! 8 


for the lifetime of the S"-particle. With only five events in our experiment, 
the precision of the lifetime estimate is such that we cannot exclude the pos- 
sibility that our sample contains hyperons of positive and negative charges, 
nor can we reliably estimate their relative proportions. 


4°3. The mass of the X~-hyperon. — In event Y 1, the z~-meson secondary 
was emitted in the backward direction in the center of mass system, and, as 
a result, was slow enough in the laboratory system to come to rest within the 
emulsion stack, where it produced a characteristic o-star. For this event, we 
find that the energy release 


Q = (123 + 2.5) MeV 


and the corresponding hyperon mass 


Lis => (2 352 SE 5) m, . 


(2) L. W. ALVAREZ, H. BRADNER, P. FALK-VAIRANT, J. D. Gow, A. H. ROSEN- 
FELD, F. T. Socuirz and R. D. Trier: U.C.R.L. 3583 (1956). 
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The figure of + 5 m, includes all the statistical sources of uncertainty, arising 
from range-strageling of the n-meson secondary, uncertainty in original emul- 
sion thickness, normalization of grain density in computing the velocity of 
the primary particle, and normalization of the range-energy relation for the 
emulsions used (in which a group of 12 y-mesons had a mean range of 
(592 
energy relation used, and from distortion affecting the measured angle of 


+ 7) um. Possible systematic sources of error could arise from the range- 
decay. The Barkas range-energy relation was used (BARKAS, private commu- 
nication) and is considered to be accurate in this region; the distortion in the 
vicinity of the decay was less than 20 Covans, and no correction for this 
effect is thus necessary. 

The mass of the Z*-hyperon has been well determined by Fry, SCHNEPS, 
Snow and Swami (1%) to be My, = (2327 +1) m,. The difference between 
these two values is more than 3 standard deviations, and the high value for 
the mass of the Y”-partiele is in agreement with values reported by CÜHUPP 
et al. (14) and BUDDE et al. (7), and BARKAS et al. (5). 


We are grateful to Professor C. F. POWELL for his interest in this work, 
and for the hospitality and facilities of his laboratory. We would also like 
to thank Mr. P. H. FOWLER and Professor M. F. KAPLON for their advice and 
discussions. One of us (B.P.E.) would like to thank the D.S.I.R. for a main- 
tenance grant. 


(13) W.F. Fry, J. SCHNEPS, G. A. Snow and M.S. Swami: Phys. Rev., 103, 226 (19 
(4) W. Crupp, G. GOLDHABER, S. GOLDHABER and F. Wess: U.C.R.L. 3044 (1955). 
(5) W. H. Barkas: U.O.R.L. 3364 (1956). 


RIASSUNTO (*) 


Usufruendo di emulsioni fotografiche nucleari si & eseguita una ricerca sistematica 
sulla produzione di particelle pesanti instabili dovuta a mesoni rn di 4.5 GeV/c. Nel- 
l’esame di 2548 stelle si sono trovati 4 iperoni e 4 mesoni pesanti con velocità infe- 
riori a 0.7¢ e soddisfacenti a determinati criteri geometrici di selezione. Uno degli iperoni 
produce un mesone z secondario che si arresta nel pacco di emulsioni. La massa di 
questo iperone che, per la cattura della sua particella secondaria, risulta carico nega- 


x 


tivamente, è (2352 + 5) m,. 


(*) Traduzione a cura della Redazione. 
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(ricevuto il 13 Febbraio 1957) 


Summary. — The scattering of a relativistic electron on particles with 
some electromagnetic structure and spin up to s = 3 is investigated, 


and the cross-sections, in the first Born approximation for the electro- 
magnetic field, are calculated. A possible estimation of the proton radius 
is given on the basis of quite general arguments. 


The elastic scattering of high-energy electrons offers a powerful. means of 
investigating experimentally the electromagnetic structure of target particles (1). 
In this note we will investigate what properties of the bombarded particles 
can in principle be expected to show up in such an experiment. Besides the 
relativistic invariance and gauge invariance of our interacting system, we 
assume only that the electromagnetic interaction of the system target part- 
icle-electron can be treated in the first Born approximation—an assumption 
which is rather feasible for very low values of Z and for energies of the in- 
coming electron higher than a few hundred electron masses. The meson- 
nucleon interaction will be left unspecified, hence all the relevant physical 
quantities pertaining to the target particle will be given in terms of a number 
of relativistically invariant phenomenological form-factors, which for the case 
of a proton were essentially introduced already by ROSENBLUTH (?). We have 
pushed our investigation only up to spin 3 for the target particle, since for 
higher spin values the calculation, although manageable in principle, becomes 
rather cumbersome and physically not very interesting. 


(1) See the review article by R. HOFSTADTER: Rev. Mod. Phys., 28, 3, (1956). 
(2) M. N. ROSENBLUTH: Phys. Rev., 79, 615 (1950). 
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The electron field 7(x) and the electromagnetic field A”(x), which trans- 
mits the interaction (both should be thought of as renormalized), satisfy the 
equations: 


| pi+m)x(e) =—eAy(x) ; ODA e) = — jv) —J*(a), 
(1) 
| ja) = — exe) y (x) , ajo) = 0, Je) =0, 


where J“(x) is the current operator of the nucleon and the meson fields. Ac- 
cording to the above assumption the explicit form of the equations of the 
nucleonic and mesonic fields is not needed. Treating the electronic charge 
(— €) as an expansion parameter, we get by standard methods for the relevant 
S-matrix element in the first Born approximation: 


3 2a0)* 
(2) BE lg nr (PX |J"(0)| PA) - 
-<p's' |jy(0)|ps> S(P'+ p'— P — p); =p'—p=P—P’. 


Here p, s and P, À are the momenta and spins of the incoming electron and 
the bombarded particle, p’, s’ and P’, 2’ their momenta and spins after the 
elastic scattering; q is the momentum transfer. By defining 


(27)° 


3) = > sl#(0)p's'>cp's'|P(0)|ps) = 
| 1 EN 
Dr re a ek ES dé 
and 
} uw _ (2x) Ars 2 #0 1AINÇ/pP!')! v { N 
(4) K e2M2 wid PAS O)| PA PIN |\I"(0)| Pa , 


where M and S are the mass respectively the spin of the target particle, the 
total cross-section averaged over the initial states of polarization can be 
written in the form 


À HE, 
QC? | d(P'+ p— P — p) da(P’) do(p') 
| 47? V( (pP)? — mM? | : EM? 
(5) 
honk LU ed 
1 4m Fr oy 


Here the integration goes over the mass hyperboloids P’?+ M?= 0, p’?-+m?= 0. 
For very high energies of the electron, p/m >1, the differential cross-section 
in the L.S. for the scattering of an unpolarized electron on an unpolarized. 
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target particle into dQ will be 


KE EE 
dQ = x TEE? sin! OR dQ; BIN = Vp? = m?/M , 
6) 4 
E'— Vp? i EE i =, ; 
1 + 2e sin? 9/2 u 1 + 2e sin? 9/2 


In order to get the general expression for the cross-section for different 
spin values S, it is only necessary to find the most general form of the matrix 
element <P'A’|J"(0)|PA> as a function of the four-vectors P, P’ and À, X 
consistent whith relativity and the continuity equation. In this way we get 
the following list: 


802 CPI (ON LP = PnP + PY. 


DS es CP TA (OP = er UP) F(n)(P + P'+ 20, (m8 q, Ju(P2); 
(Ba en —(), WP ))uU(PA') = Say 


„Zi, PAPA) = (M — P)2M, 
=1,2 


gr By ake 


arg ; ‘piri u == e 191 00 Er 7 x 
S—1: <P'%|J*(0)|PA) = oe e*(P'}') ET +) 
(wu g ) (PPP IG me er 
> ROT Pa eed ig a | (PA) 
TEA OE, À) — {| 5 e*#(PA)e,(P2’) = Onn ; 
CCR ACARD) ee ee PM 
A=1,2,3 
Numao — — U(gHegre Los gog?®) > 
§ — 3/2: <P)’ JO) PAS = — (pH) Ir, De + Fan). 
22m)» © | 


2 2 
ce + “) (P ete Pine an ie G(n)S#20q, + 
0 ç 2 0,0 0,0 
+ a), + el) a's = . N Ne: 


ig D \ 
3 0 er Gm), ( eae a 5 vo") Ug( PA); 
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(P + Mju,(P2) =0, VUE AO), PACA 


Up(PAyu(PA') = da, > w(Pi)us(P}) = 
Be 
2 1 
= Goo + = PoPel M? + + (Py — Pr M + Yeo] (M — P)2M, 
Bee ghee Gaede et : GE ya) 


From the hermitian character of the current J* it follows that the form- 
factors F and G, as introduced above, are real-valued arbitrary functions of 
the variable y. Physically the form-factors represent the internal electro- 
magnetic structure of the particle, which can be pictured classically by studying 
the expectation value of the current operator J“ in x-space. Since it is impos- 
sible to localize a relativistic particle better than up to its Compton wave- 
length, in the authors’ opinion the only possibility to interpret classically the 
various terms in the current is to go to the non-relativistic limit: 


J# (xe) = <04\J4(x)|04)/<041049 = „ler mp2 an exp [ig x] d°q 


Here |02> is the state vector of the non-relativistic particle localized sharply 
at the origin, and the current matrix element has to be taken in the non- 
relativistic limit. By working out the above expressions for different cases 
one obtains o.(x) and J.(x) as an expansion in terms of electric and magnetic 
multipole density distributions: 


(7a) 0.(&) = Or) = | 0 Or Q2(r) 


(7b) J.(x) = rot M, M; = M?(r) Ar = Ei 0; CP Mao à) +3 21 8 Mir r) ? 


the radial dependence of which is given by the Fourier transforms of F,, F, 
for an electric monopole respectively quadrupole distribution, by G,, @, @s 
for a magnetic dipole, quadrupole respectively octupole distribution. The 
tensors Q(r), Or), MP(r), M@(r) and M®(r) are irreducible tensors depending 
only on r =|r|, their tensor character is due only to polarization vectors. 
The quantities F,,(0) and @,,(0) represent static total multipole moments of 
the particle: F,(0) = Z, F,(0) =@ (in units e/M?), G,(0) = u, (in units e/2 1), 
G;(0) = us (in units ¢/2M*, ie. eG;(0)/2 M3? = [Msss(r) d'æ with the spin pointing 
in the 3-direction). It should be noted, that the distribution due to Ge AS “ai 
solenoidal quadrupole density distribution and hence gives rise to no resultant 
magnetic quadrupole moment of the particle: the corresponding magnetic 
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field does not reach beyond the boundaries of the particle (*). Besides these 
non-relativistically interpretable terms there appears in <J*> in the case of 
spin $ a term proportional to G;, which has many of the properties of a mag- 
netic dipole distribution, but which vanishes in the non-relativistic limit owing 
to the presence of y,. 

Inserting the expressions of the current into (6) we get 


= a? . cos? 9/2 dQ 
(Sa) dQ = Fo dq ; dgo + 4% sin? 9/2 1 Ze 2e sin? 9/2 : 


(8d) dQ; == [Fo a tor G@,)? YT 2Gin tg? 02] dqo » 


£ P Ar, 20 __ ; De 
(8e) GE = ie ra) ta” 9 Pry? |1 +51) se 


: 16 
— PGA + 27) — - oN" (1 = 


(1 + n)(Gi + 4627?) te? or] do - 


7 , 8 ao 13 4 
(8d) dQ; = PE ru ra 5°) eg Pay (1 Pra Meir n*) 


ANSE 5 Same eid Ty. 14 : 40 ra À 
+ — Fan? (1 Fa | on | 5") 5 P,6G,N ( 9] Hr = i"): 


9 
16 29 Dore ‚ 104 Se 
37 Gane (1 75" ne) 9 Gin ( rap Ue né) 


2 Ber, 1 8 4 
+ PG (1 zn 4 P,Gin° : a de be 


M 2 I rae Da 2 2 6 
ne 3 4, - 5 Gin 4 3 Gr + n° te? DI: 2} du ; 


Here dq, is the well-known cross-section for the scattering of a relativistic 
electron on a spinless point charge. The formula for dQ, can be found in (»?). 
dQ, is the most general expression in the first Born approximation (applicable 
to the case of the deuteron e.g.), while in dQ, the contribution of the magnetic 


(*) If one assumes invariance under time reversal, this term will not appear, 
i.e:, G, = 0. However this sort of er, does not seem absolutely necessary. 
The authors would like to thank Prof. A. S. WIGHTMAN for illuminating discussions 
on this point. 
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octupole form-factor G; has been neglected (this formula could be applied 
to "Li e.g.). From the above expressions one can conclude, that the de- 
pendence of the cross-section on the spin and on the internal structure of the 
target particle comes into play only for high momentum transfers, i.e. if 7 
is not much smaller than 1 (note that 7, = e?/(1+2e)). 

In all this discussion one must bear in mind, that there is no difference 
between the state vectors describing a composite (stable) particle and an ele- 
mentary particle: both state vectors form a basis for irreducible representations 
of the full Lorentz group uniquely specified by a definite mass and spin (?). 
An elementary particle, however, has a field operator attached to it, say y(x). 
Now, from the causality condition [y(x), A“(x')]_ =0 for (æx—x)} > 0, a 
certain assumption connected with analytic continuation (*) and the requi- 
rement, that the vacuum polarization should be finite, one may conclude, 
that the form-factors F, and G, should be analytic functions representable in 
the form: 


9 A) > 5 i Yi (x*) 
9 Pie) = (22 ae HN ee te 
(9) Aq’) fa nd (q?) |; ave; 
0 0 


with f;, g some real, but not necessarily positive functions (*). For a non- 
elementary particle such a conclusion could probably not be drawn. It is 
interesting that in the case of a proton or a neutron one gets as a lower limit 
in the integrals (9) (2u)? instead of 0, where w is the mass of the z-meson, if 
one neglects the electromagnetic self-interaction of the mesonic cloud. Going 
over to æ-space this implies, as it is readily seen, that the upper limit 
of the radius of the corresponding charge distributions is of the order 
1/2u & 0.7-10-% cm, which is rather close to the experimental value for a 
proton (1). 


(?) E. WIGNER: Ann. of Math., 40, 149 (1939) and subsequent papers. 
(*) This problem will be discussed elsewhere. 
(*) Compare: G. Kittin: Dan. Mat. Fys. Medd., 27, No. 12 (1953). 


RIASSUNMO(*) 


Si esamina lo scattering di un elettrone relativistico su particelle con struttura 
elettromagnetica e spin fino as = 3 e si calcolano le sezioni d’urto nella prima appros- 
simazione di Born per il campo elettromagnetico. Si da un possibile valore di stima 
del raggio protonico sulla base di argomenti del tutto generali. 


(*) Traduzione a cura della Kedazione 
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Summary. — A study has been made of the parent stars of K-mesons 
produced by the Cosmic Radiation. Emission angle and energy spectra 
are given for these mesons, together with a distribution of star sizes. 
An estimate is made of the frequeney of occurrence of associated hyperons, 
other K-mesons and hyperfragments. Three particularly interesting 
events are described, including one which has enabled the mass of the 
negative S-hyperon to be caleulated as 2344 + 6 m,. 


1. — Introduction. 


Very little direct evidence has so far been available about the type of star 
from which K-mesons are emitted. Many individual examples have been 
published, but no statistically significant analysis has been made of a large 


(*) Now at Department of Physics, Washington University, Saint Louis, U.S.A, 
(+) Now at Brookhaven National Laboratory, U.S.A. 
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number of such stars. In the present work the K-mesons which formed the 
basic material for the G-stack Collaboration (!) have again been considered, 
and a search has been made for their origins: these were then analyzed as 
completely as possible. Specific studies have been made of the following points: 
the energy and angular distributions of the emitted K-mesons; the distri- 
bution of parent star sizes; associated strange particles and hyperfragments; 
special events. Due to the limited number of cases in which the actual decay 
mode of the K-meson was known, no sub-division according to type of decay 
has been attempted. Comparison with other experiments is difficult owing 
to the virtual absence of published results. 


2. — Experimental procedure. 


A total of 297 K-mesons which had decayed at rest were available for 
study at the beginning of this investigation. All had been found by area 
scanning in the G-stack, a large block of Ilford G5 stripped emulsion, consisting 
of 250 sheets each 37 em X27 em X600 um, which had been exposed to the 
Cosmic Radiation at a mean altitude of 27000 metres (90000 ft) by means of 
a free balloon. In only one quarter of the cases could the decay mode be 
identified as y, +, etc., while the remainder of the events were classified as K, 
(for details of the selection criteria, see the original G-stack paper). Almost 
all these mesons, whether the decay mode had been identified or not, have 
been used in the present work. 

The track of each K-meson was traced back from the decay point through 
successive emulsion sheets either to the apparent point of origin within the 
stack, or to the point at which the particle entered from outside, or entered 
from a region of the emulsion which had been damaged. The length of the 
track in each plate was noted, and also any sharp changes of direction. In cal- 
culating the range of the meson an original emulsion thickness of 600 um has 
been assumed. 

All stars have been classified in the accepted manner (BROWN et al. (?)) 
before analysis. Tracks of heavily ionizing particles were followed to their 
ends in order to detect decays etc.: measurements of ionization and pp were 
made on those shower particles having projected track lengths of at least 
3mm per plate, and such tracks were followed up to 5 em so as to in- 
crease the probability of detecting decays in flight. Where the star consisted 


() G-STACK COLLABORATION: Nuovo Cimento, 2, 1063 (1955). 
(2), R. H. Brown, U. CAMERINI, P.-H. FOWLER, H. Hitter, D. T. Kine and 
C. F. Poweır: Phil. Mag., 40, 862 (1949). 
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of only a few black or gray prongs and could have been a secondary star pro- 
duced by the inelastic collision of the heavy meson, an attempt has also been 
made to follow its apparent primary: by this means 9 tracks were traced back 
to larger stars. 

Tracks were traced through plates held by different laboratories in order 
to utilize fully the large stack size, and this considerably reduced wastage of 
events. A considerable fraction of all our K-mesons came from origins external 
to the stack itself or from damaged regions of the emulsion. All such events, 
for which the track length represents only a lower limit for the true range, 
and for which origins have not been found, have been excluded from the ana- 
lysis and discussion. 

For all events in which an origin was found, the co-ordinates of the origin 
and decay points relative to the edges of the stack were recorded for use in 
the calculation of the geometrical correction factors (statistical weights) applied 
to the range and energy distributions. 


3. — Results. 


31 - Angular and energy distributions. — In 224 cases the K-meson could 
be traced back to a star. Of these, 34 have been classified as K-meson inter- 
action stars, while in a further 9 events the K is seen to interact shortly after 
emission from the parent star. For such events the measured range can only 


represent a lower limit for the 


true range, in which case the 
statistical weight cannot be 
caleulated (see below). All of 
these 43 events have therefore 
been excluded from both the 
energy and angular distribut- 
ions, which are based on the 
remaining 181 events whose 


\ joe 


ranges are accurately known. 

114 K-mesons originated in 
stars produced by charged pri- 
maries: in Fig. la the distribu- 
tion of range and emission 


60° 


angle with respect to the pri- ne Emission angle Bin Emission angle with 
i" > 2 respect to primary | respect to vertical 
mary is given for these events. — pimary Downward 
vi 1 C0) 


As Sr be we ia EN ornE Fig. 1. — Distribution of the K-mesons in terms of 
angular anisotropy, with 86 their ranges and their emission angles with respect 
particles being emitted forwards to (a) the primary of the star and (b) the vertical. 
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in the laboratory system and 28 backwards. A division of the events into 
four equal solid angles shows this effect more clearly: 


Angular interval Number of events 
| A 2 3 
02222602 62 
60° — 90° 24 
90° — 120° 14 
120° — 180° J4 


The forward peaking in these distributions is easily explained when one 
«onsiders the high primary energies involved. A further division according 
to the number of shower prongs is given in Fig. 2 and shows that the aniso- 
tropy does not vary appreciably within the energy range considered (probably 
from 2 GeV to 20 GeV). 


A o 
» | z sh Experimental 
> 
35H $ LÈ = 3] = Corrected 
= 
à sie 
30-8 rs Ein 1 
ose Ns <1 Fan 2<n<4 | | S<ns 
| 35 EVENTS ! 36 EVENTS 43 EVENTS 
| ı 
20 { Lived L 
15+ F Ê 
4 
10 L i L 
ae 
2 ale 5 


© 60° 9 120 1807 GP BU 00 1207 180 0° 60 0 1207 1800 


Fig. 2. — Distribution of K-meson emission angles with respect to the primary, for 
three groups of parent star sizes. 


Since 67 of our stars (about one third) were produced by neutral primaries, 
it has not been possible to include these events in Fig. 14. In order to make 
use of them, à second distribution has been prepared based on the angle with 
respect to the vertical instead of the primary: this is given in Fig. 1b and is 
for all 181 events. The new distribution must of necessity suffer from con- 
siderable smoothing since the primaries of cosmic ray stars may arrive at 
quite large angles to the vertical. Despite this the general aspect remains the 
same, though the anisotropy is reduced with respect to Fig. la. 

The range and energy spectra as measured in the laboratory system are 
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given in Figs. 3a and 3b respectively. The full lines represent the uncorrected 
data, while the broken lines are the corresponding distributions after the ap- 
plication of the geometrical correction factor. This factor takes into account 
the fact that the stack was not infinite, and consequently the probability of 


452 EXPERIMENTAL 
Sc f 
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I 
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| ] 
& | | 
3 2) 0 Le & 
Le 3 S 
& 1 
a » 
& § ë 
a S b) 
or 5 40 
7 
I 
10- teal 20+ 
m 
= 7 1 
RER ee ee 
1 Tait I 
t | 1 1 
L_ J Energy 
nds ; | > ee in MeV 
(MARNE 10 15 Range in CMS 0 30 60 30 720 150 180 210 
Fig. 3. — Distribution of (a) ranges and (b) energies for 181. K-mesons. 


success in finding the parent star was greater for a K of short range than for 
one with a longer range. It has been calculated as follows: consider a sphere 
of radius equal to the direct distance between the point of decay and the 
parent star, centred on the former; the fraction of the surface of the sphere 
which lies inside the stack then represents the probability that a K of that 
range, created inside the stack, will decay at that point, and the reciprocal 
of this fraction then gives the correction factor, or statistical weight. Such 
a Correction is not rigorous, due mainly to the forward peaking (see Fig. 1a), 
however, for ranges which are small compared with the long side of the stack 
(which was vertical during the flight) the correction may be considered as 
approximately valid: we have therefore arbitrarily imposed an upper limit 
of 12 em (roughly equal to one third of the long or vertical side of the stack) 
for our corrected range spectrum, and 170 MeV for the corresponding energy 
spectrum. 

Figs. 3a and 3b show that in the energy range below 120 MeV, the fre- 
quency increases towards low energies: this could be due to secondary inter- 
actions of the more energetic K-mesons within the parent nucleus leading to 
a degeneration of their energy. In Fig. 4 a division has been made into 
groups according to the size of the parent star. For n,<1 and for 2 <n, <4, 
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there is an apparent peak at about 50 MeV. The distribution for 5 <n, is 
however quite different: the shape of the distribution is less well defined and 
the energy spread is much greater. If this difference is significant, a possible 
explanation may be as follows: in the larger stars the mean energy of the 
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Fig. 4. — Energy distributions of K-mesons, divided according to the size of the 
parent stars. 


K-mesons at production is expected to be greater, and this, coupled with an 
increase in the number of collisions within the nucleus due to the strongly 
forward motion and perhaps also to an increase in the collision cross-section, 
might account for the energy spread for 5 <n,. There is a further possibility 
that some of the K-mesons were produced by secondary pions interacting 
within the parent nucleus. Such pions are produced at energies notable less 
than that of the primary and therefore could only give rise to relatively low 
energy K-mesons. In the smaller stars this effect would be comparatively 
unimportant owing to the low multiplicity, but for 5<n, however, there 
may be a genuine contribution to the low energy spectrum, especially in view 
of the fact that the cross-section for production by pions is greater than that 
for production by nucleons. 


3°2. Distributions of star sizes. — Table I gives the distribution of star sizes 
for 224 stars from which K-mesons were seen to be emitted. In this figure 
are included those small stars which can be considered as due to inelastic col- 
lisions of the K-mesons themselves. Evidence that some of the small stars 
are in fact interaction stars comes from the 9 cases in which it has proved 
possible to trace back the primary of a small star to a considerably larger one: 
unfortunately in none of these cases was the connecting track positively 
identifiable but it is almost certain that our interpretation is correct. We 
have therefore arbitrarily assumed that all small stars with n,— 0 and N, <5, 
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| TABLE II. — Details of 15 associaled strange particles. In column 2, « f» signifies that the. 


STRANGE ASSOCIATED PAR 
i PRT M AR: M 
| Ar 3 0 
1! K-meson| Nature of Mass 2 
| Event| decay | associated | Ionization or B | Range pße in MeV Le Er 
| mode particle | x 
| Sue sc, | Syn Ei 
| 
; Y= = 0.463100 f 264468 2140-4550 
| 2 | 
| A Er Tr 1.87 warn Cp ga u operas 
| rx i | 
| K I/1° = 1.25 s 460 +50 1000-100 
B Su f | 2344-6 
| Al Es | 
C N De B = 0.624 4-0.024 f 550452 | 2300 +200 
D xt B= 0.44+0.01 | f ] 
ee i je = | 
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F Y= or K f 
G K T/I°= 1.36 +0.03 s 520 +75 1220 +200 
H AHe or {He 150 um ; 
J yt => B = 0.5140.03 f i 
K z+ p= 0.395+0.02; f 195+17.5 | 2240+200/] 1 
L x Y= or 1) 920.32 age 
M F* ? 4 um 
N va = L/P= 6.55+0.08| 217 um 1 
_ = _| = = — 
1? Ky» Ya) 3.1 mm 
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flight, while «s » means that it has been identified amongst the shower prongs of the parent star. 


VISIBLE SECONDARY 
ig - sa NOTE 
uation ple in Mass 
*B Range MeV in m, Nature 
= | me 
See detailed description. 
7 -| 
58.0 mm | Ge See detailed description. 
p = 1 ne | Primary mass from fc and ionization. 
56 +0.01 340 +30) 1760-150 1% 
Decay in flight: not analysable due 
to strong dip. | 
16.64 mm 1836 P Decay at rest into more than three 
376 um 2 PDT bodies: charge two. 
F— 1 260-430 ont See detailed description. 
| — 1 227 +21 TE 
D 1 
p The secondary interacts with another 
55 MeV proton thus permitting a secure iden- 
(pee) tification and energy determination. | 
182 +-0.01 135+14| 280-450 nt Decay in flight. 
Captured at rest giving rise to a two- 
prong star of 7.0 um and 8.5 um. 
Captured at rest giving rise to a two- 
prong star of 7.0 um and 3.2 pm. 
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and in which there is no evidence for the presence of a second strange particle, 
are not genuine production stars but are due to the inelastic interactions in 
flight of high energy K-mesons (*). There are 43 events which fall into this 
category, including the 9 already mentioned in which a second star has been 
found. 

We have compared our data with that of CAMERINI et al. (?). In the last 
two columns of Table I are given the percentages of events having various 
values of n, both for our data and for Bristol. It will be seen that there is a 
far larger proportion of big stars amongst our events than amongst the Bristol 
sample. The frequencies of stars with n, =5, 6 or 7 are greater in our case 
by about a factor of ten, and continue high for larger values of n,. For n,=0 
however, the frequency drops sharply and this effect becomes even more ap- 
parent when the small interaction stars are discarded. Two causes may be 
responsible: one is the difference in the primary energy spectrum for the two 
experiments (one stack was flown at 68000 ft over England, while the G-stack 
was flown at 90000 ft over Northern Italy) and the other is the fact that 
more energy is required for the creation of a K-meson than for a pion; this 
favours the production of pions and reduces the production of K-mesons at 
relatively low energies. Of the two possible causes, the latter is probably the 
more important. It would thus appear that the stars from which K-mesons 
are emitted are generally larger than the normal and more common cosmic 
ray stars: this in turn implies that production by the more energetic pri- 
maries is preferred. 


4. — Associated strange particles. 


41. Stars with more than one strange particle. — Of the 224 stars found, 
209 were completely analyzed, and of these only 15 yielded a second strange 
particle (see Table II). It is of interest to see what this implies if we apply 
the Gell-Mann and Nishijima hypothesis of 100% associated production, a 


(*) If this assumption is correct, then these interactions must be due to K-mesons 
of such high energy that had they not interacted they would normally have succeeded 
in leaving the stack, in which case they would neither have been seen nor included 
in our statistics. In addition to those K which interact there is an unknown number 
of high energy K which escape from the stack without interacting: further there must 
be many which are created outside the stack and pass right through it unless they 
happen to interact and so become detectable. For this reason the number of inter- 
actions seen and the length of track followed cannot be used for an estimation of the 
interaction m.f.p. 

(5) U. CAMERINI, J. H. Davies, P. H. FOWLER, C. FRANZINETTI, H. MUIRHEAD, 
W. O. Lock, D. H. Perkins and G. YEKUTIELI: Phil. Mag., 42, 1241 (1951). 
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hypothesis which is almost certainly correct, especially in view of the direct 
evidence recently obtained at the Brookhaven Cosmotron (1). 

As has been pointed out above, some of the stars may be due to the in- 
elastie interactions in flight of the K-mesons themselves. None of the 43 events 
concerned has been considered in this section; on the other hand, all the 
remaining 166 stars have been assumed to be the genuine origins of the cor- 
responding K-mesons. These stars were made up of 2320 heavy and gray 
tracks (1.5 7, < I) of which 2064 have been classified, and 708 shower tracks 
(1<1.51,,,) of which 115 were suitable for study. 

There are several reasons why a second strange particle may escape de- 
tection: 


(a) Experimental causes: 


(i) failure to recognize some of the decays in flight which follow the 
scheme 
De —p = 7° 


since there is only a small mass difference between the + and a 
proton (~ 20%), and the change in ionization may not be appre- 
ciated: the decay is then mis-interpreted as a simple proton 


scattering ; 


(ii) when a & is captured by a proton it may not produce a visible star 
2m = hs. 482 Mey 


further, the excitation energy is so low that the nucleus may not 
expel nucleons unless the A is also captured and decays within it; 


(iii) inability to identify all the star prongs, owing to technical diffi- 
culties. 


(b) Intrinsic causes: 


(iv) the particle was a 2°, 
the particle was a neutral K-meson, 
the particle was a A. 


42. Frequencies of Z-hyperons. — 11 associations may be attributed to &*: 


6 have been definitely identified as such and 5 are very probable cases; they 


(4) S. L. Rıpaway, D. Bercey and G. B. Coutins: Phys. Rev., 104, 513 (1956). 


77 - Il Nuovo Cimento. 
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comprise 9 decays in flight and 2 captures at rest; in 4 cases the sign of charge 
is known, and these represent the decay in flight of one &* (proton secondary) 
and one & (xz secondary) and the capture at rest of 2 IT. 

At the height at which our stack was flown (— 27 km) the Cosmic Ra- 
diation consists almost exclusively of high energy nucleons. Almost all of 
our associated % were therefore produced in interactions of the type 

nucleon + nucleon > Kt + I + nucleon + pions. 

If there were no pions amongst the secondaries, the charge of the & would 
automatically be defined by the charges of the colliding particles. However, 
the presence of pions lifts this restriction and there is then no a priori reason 
why one sign of charge should predominate over another, especially since the 
strangeness is the same for each. If production is the result of the interaction 
of secondary pions within the parent nucleus, a similar argument can be 
applied. We have therefore made the simplifying assumption that, under 
the conditions of our experiment in which pions are almost always produced 
(0 <n,), the numbers of +, Z° and & at production are equal. 

Of our total of 11 © let us assume that 6 are positive and 5 negative. 
Only one of the 9 hyperons seen to decay gave rise to a proton secondary: 
thus the 6 %* consist of 5 which decayed into charged pions and one into a 
proton. Now recent data from the ALVAREZ group (5) has confirmed the earlier 
branching ratio given by Fry (5), the latest figures being: 


Dep In 14 
Bea ne & 


which implies that we have lost 4 decays which gave rise to protons. 

Fry et al. (7) have estimated that 50% of all & captured at rest give rise 
to zero-prong stars. We have found two = captures and each had a two- 
prong star: we have therefore assumed that we have lost two events of the 
first type. 

The total of charged © then becomes 17. 

As has already been pointed out, there should be no preference at produc- 
tion for any particular charge state, and we have for this reason estimated 
the number of neutral © as equal to half that of the charged, i.e. 8, giving 
a total of 25 for all types at emission, assuming that the relative frequencies 
of the various charge states remain unaltered. 


43. Frequencies of KT and K° mesons. — When a second K-meson is pro- 
duced, the conservation of strangeness requires that it should be a K or 


(5) F. T. Soumirz, L. W. ALVAREZ, H. BRADNER, P. F'ALK, J. D. Gow, A. H. Ro- 
SENFELD and R. D. Tripp: Bull. Am. Phys. Soc. 1, 385 (1956), also UCRL-3583. 

(5) W. F. Fry: Proc. Sixth Annual Rochester Conference (1956), p. v-35. 

() W.F. Fry, J. SCHNEPS, G. A. Snow and M.S. Swami: Phys. Rev., 100, 950 (1955). 
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a K°: the actual charge state will depend on the nature of the colliding part- 
icles, but as in the case of the %, the presence of secondary pions may lift 
this second restriction, and so we have taken the production frequencies as 
being equal. Since we have found two charged K (events E and G), we 
assume that there were also two cases in which K° were produced: our 
total of associated K-mesons is then 4. 


4°4. Correction for prongs not analysed. — Our 166 stars contained a total 
of 3028 prongs of all degrees of ionization, and of these 2179 have been ana- 
lyzed, the remainder having been abandoned for technical reasons. In view 
of the complicated nature of the assumptions which become necessary, no 
account has been taken of the possibility that having seen one strange part- 
icle (i.e. the K* which led us to the star) amongst the relatively slow prongs, 
the second might be expected to be fast: the corrected totals then become 


3028 
AS EYE No 
ADD ne ewer 2179 — DD 
= 3028 
N(KT, Kin = 4:—— 2 6 
4 ( ’ ye tal 2179 


4°5. Frequency of hyperfragments. — One certain example and one probable 
example have been seen. No correction has been applied as hyperfragments 
are usually short and are not too difficult to recognize. 


46. Frequency of A. — Combining the above estimates, there remain 
166 — 35 —6— 2 = 123 events which must be explained by some other 
mechanism. As a first approximation we may consider all these cases as pos- 
sible examples of A emission: this is quite probably an overestimate, but will 
serve as a basis for discussion. The ratio at emission then becomes 


Number of + 35 
- == 0.28. 


Number of A LAS 


The percentage of cases in which charged hyperons are emitted when 
KT-mesons are captured is very different when this takes place in hydrogen 
or in the heavy nuclei of photoemulsions. The Berkeley group working with 
a hydrogen bubble chamber (5) have seen 83 charged hyperons emitted from 
137 K7 captures, while S. GOLDHABER (°) has reported seeing 83 hyperons from 


(8) S. GOLDHABER: Proc. Sixth Annual Rochester Conference (1956), p. V1-8. 


a il 


1216 D. F. FALLA, M. W. FRIEDLANDER, F. ANDERSON, W. D. B. GREENING, ETC. 


617 KT captures in emulsions. Thus the emission frequency in emulsions is 
reduced with respect to that in hydrogen by a factor of about 4.5. This may 
be due to the different charged to neutral ratio arising from the presence 
of neutrons in the capturing nucleus, and to a strong interaction loss of 
the charged hyperons before they leave the nucleus. Despite the very dif- 
ferent energies involved (~} GeV for K7 capture, against ten times this figure 
for the majority of our stars) the fact remains that both in our experiment 
and in K” capture in photoemulsions, hyperon production takes place in 
complex nuclei, and further, the percentage of charged hyperons finally emitted 
is roughly equal in both cases (~ 14%). It is thus possible that conversion 
effects are present in our case, and that the number of 2= observed is notably 


‘inferior to those aetually produced (*). 


Assuming that associated production always occurs, one may then conclude 
that: if a positive K-meson is produced in a high energy interaction (~ 5 GeV 
or more) the probable nature of the associated particle at emission from the 
nucleus is as follows 


Nature of particle Percentage probability 
a 20 Ds — 21 °% (7 % each) 
Kr ~~. 8 9, (14°) each) 


Hyperfragments ~ 14% 


while in the remaining cases the particle which is finally emitted is probably 
a A. It is worth noting that the very low ratio of hyperfragments to A (~ 1/50) 


(*) From the results obtained from K capture in bubble chambers (5), the pro- 
duction ratio D/A is found to be about 7. When the corresponding ratio for production 
in neutrons becomes available, the two ratios may be combined in a suitable way and 
that for a heavy nucleus may be derived. This in turn may be compared with the 
K” results in heavy nuclei in emulsions, and the ratio 


x 


Pr 


may be obtained. Finally this ratio may be applied to our results as a correction factor 
to obtain the true production percentages. Such a correction should not be far 
from the truth, because on the one hand more heavy nuclei are involved than in 
the capture of K (K capture is analogous to the capture of u and there it is known 
that there is a preference for the light nuclei: also at our higher energies the cross- 
section for our primaries would favour interactions with heavy nuclei) thus increasing 
the conversion È — A. On the other hand, at our primary energies it becomes ener- 
getically possible for the reverse conversion to take place, and in addition the cross- 
section for the forwards conversion may well be reduced as happens in the case of 
p-nucleon collisions [see also N. DALLAPORTA and F. FERRARI: Nuovo Cimento, 5, 
742 (1957)}. 
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may well be due to the relatively high energy at which the A have been. pro- 
duced, which leads to a correspondingly low probability of capture. 


5. — Special events. 


51. — Amongst our 15 associated events there are three which deserve 
special mention. In one of these, three K-mesons and a hyperon were ob- 
served to come from the same star (26+9p): another represents the decay 
in flight of a © hyperon whose x secondary interacts at rest, while the third 
is an example of the elementary interaction 


mt +poyt+2#. 


The first event demonstrates that at least 4 strange particles can be formed 
within the same nucleus, though in the present case there is no means of de- 
ciding which of several possible mechanisms is reponsible. The second pro- 
vides additional independent evidence that the mass of the negative % is 15 
or 16 electron masses heavier than its positive counterpart: our figure of 
2344 + 6m, is in excellent agreement with the results of other workers (°). 
(An event which is almost identical with ours has recently been found at 
Bristol (1): these workers obtain a mass of (2352 + 5) m,). The last event is 


interesting since it is believed to be the first example of its kind found in 
nuclear emulsions. Several similar events have been observed in diffusion 
and bubble chambers (see for example FOWLER et al. (1')) but here the difficulty 
has been the low probability of seeing both decays and so identifying the 
decay modes of both strange particles. 


52. Event « A». — In this event the K-meson was followed back for 1.57 em 
when it led to a large star (26+9p), a photograph of which is reproduced in 
Fig. 5. Of the heavy prongs 24 have been identified by following them to 
their ends, and two of the shower prongs were suitable for ionization and 


(9) A. DEBENEDETTI, ©. M. GARELLI, L. TALLONE and M. VIGONE: Nuovo Cimento, 
12, 952 (1954); W. W. Caupp, G. GOLDHABER, S. GOLDHABER and F. H. WEBB: Proc. 
Pisa Conference, Suppl. Nwovo Cimento 4, 382, (1956) also UCRL report 3044; 
D. M. Haskin, T. Bowen and M. SCHeIN: Phys. Rev., 103, 1512 (1956); R. Bupp, 
M. CHRETIEN, J. LEITNER, N. P. Samios, M. Scuwartz and J. STEINBERGER: Phys. 
Rev., 103, 1827 (1956). 

(2) B. P. Epwarps, A. ENGLER, M. W. FRIEDLANDER and A. A. Kaman: in course 
of publication. 

. (11) W. B. Fowzer, R. P. Saurr, A. M. THORNDIKE and W. L. WITTEMORE: Phys. 
Rev., 98, 121 (1955). 
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scattering measurements. Amongst the former was the decay in flight of a 


hyperon of mass (2140+-550) m,, while both of the measurable shower prongs 
were identified as K-mesons (masses (10907379) m, and (1000+100) m, respect- 


ively). The secondaries of the star therefore consist of 


bo 
bo 


— protons, deuterons etc., 
1 — K*-meson decaying at rest, 
2 — K-mesons amongst the shower prongs, 


1 — hyperon decaying in flight, 


~~ 


2 — unidentified heavily ionizing particles, 


=~] 


— unidentified shower particles. 


The energy of the star is at least 15 GeV. 

The K-meson which led to the discovery of the star decayed at rest and 
therefore its identification as a K-meson was unambiguous: the other two 
were identified by ionization and scattering measurements. The star lay in 
a plate in which an elaborate calibration had already been made for very 
similar purposes (!?), however, a check was made by means of two trial protons 
to confirm that this calibration was also applicable to the actual zone of the 
plate in which the star lay. Repeated scattering and ionization measurements 
then led to the identification of the two particles. One left the stack after 
4cm and scattering measurements were carried out over the first two centi- 
meters of its track, yielding a pf of (460 + 50) MeV/e: its specific ionization 
was 1.25 *)'. The mass is then found to be (1000 + 100) m,. The other re- 
mained flat for 5.8mm after which its dip increased sharply. Scattering 
measurements gave its ph as (430 + 95) MeV/e: its specific ionization was 
1.37 + 0.05: its mass was (1090 +3) m.. 

The hyperon was identified as such by ionization and scattering measu- 
rements. Its 6 was found from a calibration using 5 protons to be 0.463753), 
while its pß was (265 + 70) MeV/C: together these lead to a mass of (2140 + 


+ 550) m,. The secondary was at minimum ionization and could be followed 
for only 13 mm after which it was lost in a difficult passage between plates: 


it was too steep for reasonable scattering measurements. The dynamics are 
largely compatible with the decay of a & into a charged pion and a neu- 
tron, but the possibility that it represents the decay of a & cannot be ex- 
cluded. 


(2) M. CECCARELLI, M. GRILLI, M. MERLIN, G. SALANDIN and B. SECHI: Nwovo 
Cimento, 2, 828 (1955). 
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Fig. 5. — Photograph of event «A». The star is of type (26+9p): K.1 decayed at 
rest: the ealeulated masses of K.2 and K.3 are (1090*2%) and (10004100) m, respect- 
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The whole event can be interpreted in a variety of ways: 


— it may be due to the individual production of three K-mesons and a 
hyperon, 


— there may have been the production of two pairs of strange particles, 
Goel BS, (ES ke an di (Rue aa): 


A rather remote possibility is that the event represents an example of the 
interaction 


K* + nucleus — K* (scattered) + (K* + K* + E7) + nucleons + pions . 


Unfortunately nothing further can be said as no measurements on the primary 
were possible. 

In eonnection with this event it is interesting to note that there is some 
evidence that the particles in the core of a jet are not all pions, but that perhaps 
25% must be due to other particles including K-mesons and hyperons (1). 


5°3. Event «B». — An associated =” was emitted from a medium sized 
star (15 +2p) and decayed in flight after 850 um giving rise to a rn secondary 
which was captured at rest after 58.0 mm. The space angle between primary 
and secondary was 100° + 1°: the secondary went backwards both in the 


laboratory and center of mass systems and produced a three-prong star upon 
capture. The 6 of the primary was obtained from a calibration using 8 protons 


of approximately the same dip (~ 32°) and was found to be 0.402*5%%+ Taking 


strageling of the secondary as 34% and the masses of the neutron and the 
negative pion as being 1838 m, and 273m, respectively, the mass of the 


decaying & has been calculated as 


(2 344 Sr 6) m, 


where the error is the probable error, the statistical error being + 9 m,. 

The range energy curves used were those of BARONI et al. (1). A calibration 
of the stopping power of the emulsion was available from earlier work in the 
G-stack, and this, together with the ranges and known energies of the se- 
condaries from y and K,, decays have confirmed the correctness of this part 
of the curves in this particular stack. An additional check came from the 
analysis of the decay of a 2° found in the same plates (5): this decayed at 

(13) F. A. BRISBOUT, C. DAHANAYAKE, A. ENGLER, Y. FuJImoro and D. H. PERKINS: 
Phil. Mag., 1, 605 (1956). 

(14) G. Baroni, G. CASTAGNOLI, G. CORTINI, C. FRANZINETTI and A. MANFREDINI: 
CERN, Bureau of Standards, Bull. No. 9. 

(5) M. CECCARELLI, M. Grinui, M. Meru, G. SALANDIN and B. SECHT: Suppl. 
Nuovo Cimento, 4, 426 (1956). 
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rest and gave rise to a 7° secondary which also decayed at rest. The calculated 
mass of the primary was found to be in excellent agreement with the established 
value of 2327 m, (actual value in this case (2323 +7) m,). 


5'4. Event «J ».— The origin of this K-meson was a small star (2--0p), 
see Fig. 6. The primary was extremely flat and suitable for scattering measu- 
rements: it came from outside the 


ee . 
Le stack, having traversed 12.5 cm 
of emulsion (6 mm per plate) be- 
+ fore producing the star. The other 
ÿ - 
©) 


prong was only 455 um in length 
after which the particle decayed 
into a near minimum secondary 
which interacted in flight giving 
rise to a six-prong star at a di- 
stance of 4.96 em from the decay 
point: this track was also suitable 
for scattering measurements. The 
event was coplanar to within the 
experimental errors (coplanar to 
within 14°). 

The identification of the pri- 
mary was clear since both of the 


other two tracks ended in decays. 


(2+0 7) The coplanarity of the event ex- 
cluded the presence of neutral se- 
ER condaries, and this, together with 
a the conservation of charge, re- 
Fig. 6. — Event «J». quived the struck particle to be a 
proton. 


From scattering and ionization measurements, the secondary of the K-meson 
has been identified as an L-meson: the fact that it interacts in flight after 
0.7 em shows that it is a pion: its pß has been estimated by the surface angle 
method as (130 + 60) MeV/c. This in turn identifies the K-meson as a y, and 
the fact that the particle decayed at rest shows that its charge was positive. 

The partiele which decays in flight can be identified partly from the energy 
of its secondary in the center of mass of the decay, and partly from the con- 
servation of momentum in the event as a whole. From ionization and scat- 
tering measurements, the secondary may be shown to be a pion with a pp 
in the laboratory system of (260 + 30) MeV/e. Ionization measurements on 
the decaying particle yield a ß of 0.51 + 0.03. Combining this data, the 
energy of the pion in the center of mass of the decay is then found to be 
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917% MeV. Combining this data with considerations based on the conserv- 
ation of momentum in the event as a whole, the decaying particle may be 
positively identified as a &-hyperon. The charge is uncertain since the secon- 
dary interacts in flight. 

Scattering measurements on the primary yield a pp of (990 + 150) MeV/e, 
and the specific ionization is 0.93: thus the particle cannot be identified by 
direct measurements. However, from considerations of energy and momentum 
conservation it may be shown that the primary must be a pion of 1140*1,, MeV. 

The whole interaction may now be written as 


mtp>yt+ z+ 

The kinetic energy of the secondary products in the center of mass may 
also be calculated: it is (61*%) MeV, which is very low. The emission angle 
in the center of mass is 62° and the % goes backwards. 

The angle between the normals to the interaction plane and the decay 
plane of the & is 164° while the secondary of the y* makes a space angle of 
55° with the interaction plane. 


6. — Conclusions. 


Of the 297 K-mesons available, 224 have been succesfully traced back 
to stars within the emulsion block. Of these, 34 were considered to be due 
to inelastic interactions in flight of high energy K-mesons: in fact in another 
9 cases the primary of a small star was found to originate in a larger star. 

The distribution of emission angles in the laboratory system (Figs. la, 1b 
and 2) shows strong forward peaking over the range of star sizes found (pro- 
bably between 2GeV and 20 GeV). The energy distribution (Fig. 3b) indi- 
‘ates that in the range below 120 MeV the frequency increases towards low 
energies, probably due to secondary interactions within the same nucleus, 
while Fig. 4 shows that there may well be a peak in the energy distribution 
for small and medium star sizes (n, < 4) but that for larger stars the distri- 
bution has no clear form. 

Our stars seem to be decidedly larger than the average cosmic ray stars 
studied by CAMERINI et al. (see Table I): this appears to indicate that pro- 
duction by the more energetic primaries is preferred. 

We have found 15 stars from which a second strange particle or hyper- 
fragment was emitted (see Table II) and have estimated the probable emission 
rates after allowance has been made for losses in scanning ete. These rates are 


as Yo IT ~21 % (7 % each) 
Ko K° MD % (15% each) 
Hyperfragments TO 
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In the majority of the remaining cases one might assume that the final product 
is probably a A. However the number of X-hyperons at production may be 
greater than would appear from the above figures, since there are indications 
from studies of K~ capture stars that many are converted into A-hyperons 
within the parent nucleus. 

Three unusual events have been found. One is a star from which three 
K-mesons and a charged hyperon are emitted, thus confirming that in certain 
cases at least 4 strange particles may be produced in the same nucleus. 
Another is the decay in flight of a 27 whose x secondary is captured at rest, 
thereby allowing the mass of the hyperon to be calculated as (2344 + 6) m,, 
which is additional evidence that the mass of the X is greater by about 15 
or 16 electron masses than that of the &*. The third event is an example of 
the fundamental interaction 
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RIASSUNTO 


E stato compiuto uno studio su stelle madri di mesoni K+ prodotti dai raggi cosmici. 
Vengono dati spettri della energia e dell’angolo di emissione per i mesoni K’ e la 
distribuzione delle stelle. Viene valutata la frequenza di emissione di iperoni, ulteriori 
mesoni K*e iperframmenti associati. Sono deseritti tre eventi particolarmente inte- 
ressanti, uno dei quali ha permesso di calcolare la massa dell’iperone 2 in (234446) m,. 
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Effects of Proton Correlations on the Scattering 
of High-Energy Electrons from Nuclei (*). 


DT SCHIFF (©) 


Laboratoire de Physique, Ecole Normale Supérieure, Université de Paris 


(ricevuto il 19 Febbraio 1957) 


Summary. — This paper investigates the extent to which the correlations 
between protons in nuclear matter manifest themselves in the scattering 
of high-energy electrons from nuclei. The infinite-order Born series is 
summed, so that dispersion effects that arise from excitation of virtual 
intermediate nuclear states are included to all orders. Use is made of 
a high-energy approximatien developed earlier, and of the static or adia- 

i batic approximation for the nuclear protons, and these are justified for 
incident electrons; their validity for nucleon scattering is also discussed. 
Expressions for the large-angle elastic and inelastic differential scattering 
cross-sections are obtained in this way. It is then shown that correlation 
effects are difficult to identify so long as the final nuclear state is well- 
defined. On the other hand, if a sum over final states is carried out, the 

f effects of short-range correlations between protons appear in a characteristic 
way in the summed differential cross-section. These results are in qua- 
litative agreement with those obtained earlier by others on the basis of 
the first and second Born approximation. 


1. — Introduction. 


An interesting question related to the scattering of high-energy electrons 
from nuclei is the extent to which such experiments bring into evidence the 
short-range correlations in position between nucleons in nuclear matter. One 

(*) Supported in part by the United States Air Force through the European Office, 
Air Research and Development Command. 

(*) Professeur d'échange, and Fellow of the John Simon Guggenheim Memorial 
Foundation. Permanent address: Stanford University, Stanford, California, U.S.A. 
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might hope that under suitable eonditions, a diffraction pattern characteristie 
of short-range order would appear in addition to the well-known (!) diffraction 
pattern characteristie of the long-range order that arises from the finite size 
of the nucleus. Several recent calculations (??) of proton-correlation effects 
have been based on the first or second Born approximation. SMITH (?) and 
GATTO (*) made use of the first Born approximation, and found that corre- 
lation effects do not appear in the differential cross-section for elastic scattering 
or for inelastic scattering involving excitation of a particular energy level of 
the nucleus, but that they do appear when the cross-section is summed over 
all excited nuclear states. These results are in agreement with those for cor- 
responding situations in atomic physics (°). 

Downs (t) employed the second Born approximation and calculated only 
the elastic scattering. He found that there is a correlation contribution, but 
that it does not have a distinctive or easily recognizable form. The reason 
for this can be seen most readily from an examination of the paper of LEWIS (°), 
even though he used a different form for the two-proton distribution function. 
The Fourier transform of the correlation function, G(K) in Lewis’ notation, 
appears directly in the summed inelastic cross-section, his Hq. (19), where 
K= k,— k,, and hk, and hk, are the initial and final momenta of the electron. 
It is this dependence on the momentum transfer AK, or on the scattering 
angle 0, since K ~ 2k; sin30, which produces the diffraction pattern most 
characteristic of short-range order. On the other hand, the correlation function 
appears in the elastic scattering only in Lewis’ Eq. (17c), through integrals 
involving @(k,— k') and G(k'— k,) over the variable k’. If we consider for 
the moment the first of these integrals, we can change the variable of in- 
tegration from k' to k,— k', in which case it is apparent that the elastic 
scattering depends on an integral of @ over its argument, and not on G(K). 
This integration effectively smoothes out the characteristic dependence on K, 


() B. Hann, D. G. RAVENHALL and R. Horsraprer: Phys. Rev., 101, 1131 (1956) 
and earlier papers cited there. 

(7?) J. H. Smirm: Phys. Rev., 95, 271 (1954). 

(?) R. Garro: Nuovo Cimento, 2, 669 (1955). 

(4) B. W. Downs: Phys. Rev., 101, 820 (1956). This paper is based on the for- 
malism of an earlier paper by the present author: Phys. Rev., 98, 765 (1955), in which 
an estimate of the second-order (dispersion) contribution to the scattering is also made. 
As pointed out by Lewis (reference (°)), this estimate is incorrect; the error lies in 
the assumption that an integrand that contains a factor exp [4iq:s] derives its main 
contribution from near s=0, whereas actually such a factor does not in itself suffice 
to give the integrand a well-defined region of stationary phase (compare with refer- 
ence yy The paper of Downs replaces this estimate with a detailed calculation that 
is based on a specific model. 

(5) R. R. Lewis: Phys. Rev., 102, 544 (1956). 

(°) L. Van Hove: Phys. Rev., 95, 249 (1954) and earlier papers cited there. 
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and yields a correlation contribution to the elastie cross-section that is much 
more difficult to recognize. The result of this smoothing can be seen in Lewis’ 
Eq. (21), which is for example independent of K and a when K and k large are 
in comparison with a, that is, in the interesting case for which the wavelength 
is short in comparison with the correlation distance. In contrast, the cor- 
relation part of the summed inelastic cross-section is proportional to @(K), 
and hence to (a/K)* in this case (7). 

The purpose of the present paper is to determine whether or not this 
behavior is a property only of the first and second Born approximation. This 
question can be studied by employing a high-energy approximation method 
that sums the infinite-order Born series ($): the application to the present 
situation is developed in Sect. 2. In order to carry through the calculation, 
the static or adiabatic approximation (55°) for the nuclear protons must also 
be employed. The use of both approximations is justified in Sect. 3 for electrons 
of more than about 200 MeV energy scattered from medium-weight to heavy 
nuclei, and their validity for nucleon scattering is also discussed. It is then 
shown, in Sect. 4, that the behavior described above for the first and second 
Born approximation is also obtained in the more general case considered here. 
In order to keep the calculation as simple as possible and still retain its 
essential features, only Coulomb scattering by the (point) protons is considered. 
It seems likely that scattering by the magnetic moments of the neutrons and 
protons, and finite nucleon size effects, will also have to be taken into account 
in any future comparison with experimental results, but this should not affect 
the qualitative conclusions obtained here. 


Scattered amplitude. 


The wave equation for an electron interacting with a nucleus can be 


written 

[ HP = (E+E)T, 

| H=H,+ihea-V—meß+V, 
3 | Bae = Espa 


Z 
TAG AR nat Ee) = 2 e?/|r — R,|. 


ei 


(7) This particular K-dependence is a consequence of the choice of an exponential 
form for the space correlation function. 

(8) L. I. Scurrr: Phys. Rev., 103, 443 (1956). 

(°) D. M. Cnase: Phys. Rev., 104, 838 (1956) derives the adiabatic Elan 
in a different manner and uses it in a different context. 
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Here H is the entire Hamiltonian; Y is the entire wave function, which de- 
pends on the co-ordinate r of the electron, the co-ordinates R,...R, of the 
protons, and the co-ordinates R,,,...R, of the neutrons; H, is the nuclear 
Hamiltonian with a complete orthonormal set of eigenfunctions y,, and with 
eigenvalues Æ, of which E, is the lowest; Æ is the total energy of the incident 
electron; and V is the Coulomb interaction energy between the electron and 
the nuclear protons. Y can be expanded in terms of the nuclear wave 


functions : 


VEN UT) PAR ER), 


and it is easily seen that the w’s satisfy the following set of simultaneous 
equations: 


— thea: V + me? + ficey) u(r) = > Voelr)u.(r) , 
(2) Wesel ff RO RER) RE RO) dd 


| hee, = H— H,+ E,. 
We wish solutions of Eqs. (2) that have the asymptotic forms: 


| u,(kır) > dodo exp [thor] + rt exp [ikyr]fi(k,, ko) , 
(3) 
| 6 = Ehe, pe = men, Heu, 


where «a, is the incident electron spinor, and kr is a unit vector parallel to k,. 

In analogy with the procedure adopted in reference (°), solutions with the 
asymptotic behavior of Eq. (3) can be obtained by rewriting Eq. (2) as an 
integral equation and iterating it an infinite number of times with the help 
of the Green’s function G,(e) = — (4a@)-! exp [tk,e]. The result is: 


(4) fo(ky, ko) = — (An) le, — a: ky — up) 8 ale exp [—ik,'r,„]' 
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Equation (4) is the exact expression for the elastic (b = 0) and inelastic 
(b 0) scattering amplitudes. 

We now make use of the high-energy approximation developed in re- 
ference (8), the applicability of which is justified in Sect. 3. This means that 
each operator V,, can be replaced by ik 0 


An—1° m-1? 


where we continue to use 
the notation p,_, = r,—r»- (1°). It also means that each term in the sum- 
mation of Eq. (4) can be thought of as a sequence of very small-angle scat- 
terings during which the electron propagates along a nearly straight line pa- 
rallel to k,, followed by a single large-angle scattering through the angle 9 
(angle between k, and k,), and then followed by a sequence of very small- 
angle scattering during which the electron propagates along a nearly straight 
line parallel to k,. Thus there is one potential matrix element, say V, ., (rh) 
which gives rise to a large-angle scattering and a large momentum change; 
all of the other V’s correspond to small momentum changes. 

We then make a further approximation, according to which the elosure 
relation may be used to carry out the summations over all the virtual inter- 
mediate nuclear states a, ... d„_ı. As we shall see at the end of this section, 
this is equivalent to the adiabatic approximation for the nuclear protons, 
We assume that all of the potential matrix elements that correspond to small 
momentum changes are negligibly small in magnitude unless the energy dif- 
ference between the two nuclear states used to calculate each of them is less 
than à certain small amount AZ; the validity of this assumption is established 
in Sect. 3. This permissible energy interval AH is chosen to facilitate the use 
of the closure relation, and is therefore defined in the following way. Con- 
sider a portion of the integrand of Eq. (4) that has the structure: 


(5) > Patins, ua 0, — u) 6, (0) (rs) » 


Gg 41% Agdg-ı 
ag 


where we have replaced V,,, by ik, Oy as indicated above. We wish to per- 
form the summation over a, and make use of the closure relation, for the 
nuclear eigenfunctions. In order to do this in the simplest way, we must be 
able to neglect the dependence of the other factors in (5) on a,. There are 
three such factors, all of which depend only on the energy of the state a,: Es 
ke and @,,3 of these, at high energies, the last-named has the most sensitive 
dependence since it contains an exponential factor. What is required, then, 
is that the phase of G,, Should not change appreciably when the energy of 
the state a, changes by the amount AH. Since o, is of the order of the nuclear 
size R, this means that RAk<1 when Ak is the change in the k-value of 


(19) L. I. Scutrr: Phys. Rev., 104, 1481 (1956); see footnote (2) and the discussion 
below Eq. (6) of this paper. 
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the electron that corresponds to the energy change AE of the electron or of 
the nucleus (because of Eq. (2), these are the same). Now for small changes 
in energy, AH =fvAk, where v is the speed of the electron, regardless of 
whether or not the electron is relativistic. We thus require that: 


(6) RAEw<1. 


When the inequality (6) is satisfied (see Sect. 3), the summation over a, 
in (5) is easily carried out with the help of the closure relation, and leads to: 


ie fr... R,)Vir,, R; Pa, dti At,(e,, ka, a" Oy — up)@ ko 


Similar summations can be performed for all of the other virtual intermediate 
states. It is not necessary that the one matrix element Ves PETE) that cor- 
responds to large momentum change be small unless its states differ in energy 
by less than AZ, since both of its nuclear states a, and a,„_, also appear in 
neighbouring matrix elements that do satisfy this energy condition and hence 
“an be summed over. Thus in Eg. (4), after all the summations are carried 
out, we are left with the matrix element of the product of all the potentials V 
taken between the initial and final nuclear states y, and %,. 

Application of the stationary phase SD Ere aoe (®) to the integration 
of (4) over all of the r’s except r,, means that each 0% can be replaced by hs 
if g< m, and by key if g >m. Further, all of the parentheses involving ope- 
rators V, can be replaced fe (vo — ak, — up) if g << m, and by (u —a-k, — up) 
if g>m. Equation (4) then becomes, for the most interesting case of large 
scattering angle: 


(7) f(ky, ko) = — (Aathie)- = >. (—if2khc)-"(— i]2k hie)" 
=1m=1 


foe} eo 


A 
‚für. dodo ONO ig ru Vo tin + Kıloaı + + Om)] --- 


0 
7 N Ty 24 
Q J (Gp ae Kym) V (Fin) V (Tr Ww We Om— 1) sise 
A 

Q J fre se kolom-ı SF SQ er 9)] }ro(£v — a k, ars ABIT Fri ko — UP)" 140 , 
where q = k, — k, ,{ hoo signifies the matrix element between initial and final 
nuclear states, and the proton co-ordinates are not written explicitly as argu- 
ments of the V’s. As in reference (8), we are interested in @f,, where a is a 


final electron spinor. Then since (+0: k,+uß)a, = 0 and a,(e, +: k,+up) == 0, 
we have that 


a, (& — k, er up) tie, —a: k, >: up” ao = (Qe,)"?- +1 (De)? 0,00 j 
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The summation over m and n can now be carried out as in reference (8), with 
the result that Eq. (7) becomes: 


oo 


dk, ko) = — (alte) a V(r) exp iar — (i/hv) [ve _ ts) ds — 


0 


ln, 
oe) 
— 


oo 


= Gif vtr r + Ins) LK 1,00 5 


where », and v, are the initial and final electron speeds, and again the proton 
co-ordinates are not written explicitly as arguments of the V’s. The large- 
angle scattering case represented by Eq. (8) is of greatest physical interest 
since diffraction due to short-range order is expected to be most prominent 
at large angles. A corresponding formula for small angles could also be ob- 
tained without further difficulty. 

Equation (8) is in agreement with the well-known corresponding expres- 
sion derived on the basis of the first Born approximation, except that the 
phase factors i Vds are included in the exponent before the matrix element 
is taken between initial and final nuclear states. This is a partial justification 
for referring to the present procedure as an adiabatic approximation, since 
the scattered amplitude is calculated, by means of the formalism of reference ($), 
as though the protons are at rest (with, however, allowance being made for 
the difference in speed of the electron before and after the large-angle scat- 
tering occurs), and then the matrix element of this amplitude is computed (1). 

A separate justification for calling this an adiabatic approximation comes 
from examination of the inequality (6). If AZ is the energy spread of those 
virtual intermediate states of the nucleus that make a significant contribution 
to the scattering, then h/AE has the order of magnitude of the period of the 
most important nuclear motions. But since f/v is the transit time of the 
electron across the nucleus, (6) states that the electron must cross the nucleus 
in a time short in comparison with the nuclear periods, so that the protons 
cın be regarded as stationary during the scattering process (11). 


0 


3. — Validity of the adiabatic and high-energy approximations. 


The development of the preceding section is based on the assumption 
that the adiabatic approximation expressed by the inequality (6) and the 
high-energy approximation of reference (*) are applicable. Their validity can 


(4) Similar remarks appear in a different connection in the paper of CHASE (re- 
ference (°)). 
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be gauged by examining the dependence of the Fourier transform of a typical 
potential matrix element 


à Z 
(9) run exp [in r]dr = — (4ae?/x?) (> exp[ix-R;)).. , 
i=1 


on x and on AE = Æ,— E,. It is important to note that both of these ap- 
proximations involve only the many matrix elements that correspond to very 
small momentum changes, and not the one matrix element that corresponds 
to the large momentum change #q. Thus we are concerned primarily with small 
values of x. 

The diagonal element (6 = a) of Eq. (9) has AE = 0 and is equal to 


(10) — (4xe?|x?) ZF (x) , 


where F(x) is the form factor, or Fourier transform, of the expectation value 
of the charge density for the state a, normalized so that F,(0) = 1. For all 
except the lightest nuclei, the general dependence of F,(x) on x is much the 
same for the state a as for the ground state 0, since all or nearly all of the 
protons occupy the normal nuclear volume. Thus F,(x) is roughly equal to 
unity for x < 1/R, and falls off for larger x. 

The off-diagonal elements of (9) can be classified according as the states b 
and a differ by excitation of a collective mode or differ by excitation of one 
or more nucleons. The matrix elements for collective excitation are smaller 
than but comparable in magnitude with the diagonal element (10), and for 
them AF < 1 MeV for medium-weight to heavy nuclei. We ignore the matrix 
elements for nucleon excitation for the present, and show in the next paragraph 
that they can be neglected in comparison with (10). Now for AZ =1 MeV 
and À =7-:10-"% cm (a very large nucleus), we have that R AH/he = 0.036, 
so that the inequality (6) is well-satisfied and the use of the adiabatic approx- 
imation is justified. Further, in accordance with the discussion following 
Eq. (13) of reference ($), the high-energy approximation requires that R/ka®<1 
and VR?/Ea?<]1, where a is the distance over which the potential changes 
by an appreciable fraction of itself. Because of the slowly-varying character 
of the Coulomb interaction, a~ R; also, the second condition will be less 
restrictive than the first for the Coulomb potential. Thus so long as kR >1, 
or E > 40 MeV for a moderately heavy nucleus, the high-energy approximation 
can be used. 

We shall use the individual-particle model to estimate the matrix elements 
for nucleon excitation. Then single-proton excitation is most important, and 
Eq. (9) is of order 


(11) (4202/22) F(x) , 
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where F'(«) is the form factor for the single-particle transition. This form 
factor is zero for x = 0, because of the orthogonality of the initial and final 
proton wave functions. It is probably a generally increasing function of x 
until it becomes roughly equal to unity for x so large that direct proton ejection 
takes place, at which point AH ~h?x?/2M. Thus (11) is smaller than (10) 
by at least a factor 1/Z for small values of x. When x has increased to about 
10% em-1, and proton ejection is setting in with AH ~ 20 MeV, (11) is still 
very small compared to (10) calculated with x < 1/R, by at least a factor 
(10-26 em?)/ZR?. The margin by which our estimate shows that the nucleon- 
excitation matrix elements of Eq. (9) are negligible is so great that a more 
quantitative discussion does not seem likely to lead to a different conclusion (2). 

Considerations of this kind can also be applied to the scattering of fast 
nucleons by nuclei. In this case the interaction potential is much more com- 
plicated than the Coulomb interaction, because of its exchange character and 
isotopic spin dependence. Since for a discussion of validity criteria we are 
only concerned with small momentum transfers, we shall simplify the situation 
by assuming that the diagonal and collective off-diagonal matrix elements 
analogous to Eq. (9) are determined by the optical model potential, and that 
the nucleon-excitation off-diagonal matrix elements are determined by the 
nucleon-nucleon interaction. The optical model potential has a strength V, 
extending over the nuclear volume, and the nucleon-nucleon potential has 
a strength V, extending over about 1/A of the nuclear volume. Thus we 
expect the first group of matrix elements to be roughly equal to (4rR®/3)V, 
for x zZ 1/R, and to fall off for larger x; and we expect the second group to 
be roughly equal to (4k?/3A)V, F(x) for x < A®/R, and to fall off for 
larger x. As with electron scattering, AH < 1 MeV for the first group, and 
for the second group AK approaches #?x?/2M as x becomes large enough so 
that direct nucleon ejection takes place. Finally, the v that appears in the 
inequality (6) is somewhat less than c for incident nucleons; for example, 


v = te for 140 MeV incident nucleons, for which k = 2.7-101 cm!. 


(2) Lewis (reference (°)) concludes that the adiabatic approximation is no longer 
valid for 300 MeV electrons. His argument is based on the fact that the matrix ele- 
ments for direct proton ejection when x ~ gq, which are of order 4ze?/q?, exceed the 
diagonal matrix elements for the same x, which are of order (4xe?/g)ZF,(q), when E 
becomes so large that ZF,(g) is less than unity. He used the second Born approxim- 
ation, so that one of the two scatterings is through a small angle, as indeed is pointed 
out elsewhere in his paper. Therefore, he should only have compared the matrix ele- 
ments for the small-angle scatterings, not for the large-angle scattering for which x=q, 
in order to establish that the closure relation can be employed. Since for small x the 
diagonal and collective off-diagonal matrix elements dominate, this would have led 
him to the conclusion expressed in the present paper, according to which the adiabatic 
approximation is valid for arbitrarily high electron energy. 
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Since AV,/V, is much larger than unity for moderately heavy nuclei, the 
first group of matrix elements calculated with x < 1/R is much larger than 
the second group. Further, the use of vw instead of ¢ in (6) will not be 
important so long as AZ < 1 MeV. Thus the adiabatic approximation can 
also be used for nucleon scattering. As before, the high-energy approximation 
requires that R/ka’<1 and V,R?/E'a’<1, where now E’ is the kinetic 
energy of the incident nucleon, and a < R/3 for the optical model potential. 
In contrast with electron scattering, the second condition is now more restrictive 
than the first, so that #’ must be large in comparison with V,R?/a?. This 
makes H’ so large that the validity of the underlying equations of motion is 
open to serious doubt. 

It is worth noting that a procedure analogous to that developed in this 
paper for electron scattering fails for nucleon scattering because of the rapidly- 
varying Character of the optical model potential near the edge of the nucleus, 
and not because of the excitation of virtual intermediate nuclear states. This 
suggests that the large-angle elastic and inelastic nuclear scattering of nucleons 
with more than a hundred MeV energy could perhaps be calculated reasonably 
well by starting with wave functions computed for the optical model potential. 
These would take into account the distortion due to the many small-angle 
scatterings, and one would hope that the one large-angle scattering could 
be caleulated as a single matrix element of an appropriate operator between 
such wave functions. No justification for such a procedure has been attempted. 


4, — Identification of correlation effects. 


The differential cross-section for large-angle elastic or inelastic scattering 
of the electron through the angle between k, and k,, in which the nucleus 
is left in the state b, can be obtained from Eq. (8) in the usual way. For high 
electron energy the result is 


foc [re exp ar — Ga [rer — Kos) ds — 


co 


> (iffie) | Vas) asl 


(12) 0,0(0) = (e cos $0/2ahe)? 


2 


60 


where Ace, is the energy of the outgoing electron, and the proton co-ordinates 
are not written explicitly as arguments of the V’s. It is not necessary that 
the initial and final nuclear states be close together in energy. For example, 
Eq. (12) applies as well to elastic scattering as to electron disintegration of 
the nucleus. 
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Exact evaluation of Eq. (12) would require precise knowledge of the initial 
and final nuclear wave functions y, and y,. Alternatively, (12) could be 
expressed in terms of one-proton, two-proton, ete., transition charge den- 
sities (5); however, an infinite number of these would be required, since the 
expansion of the exponential function of the V’s brings arbitrarily high powers 
into the integrand. While this is a natural consequence of an infinite-order 
calculation such as that of Sect. 2, it makes the interpretation of Eq. (12) 
impossibly complicated. We therefore adopt an approximation which makes 
further analysis feasible. 

We assume that for all those nucleon configurations for which 9,y, is 
appreciably different from zero, the protons have roughly their normal distri- 
bution throughout the nuclear volume. Then V(r,R,... R,) is close to V(r), 
which is the static Coulomb potential of the nucleus in its ground state. We 
now replace each of the V’s in the exponent by V.+(V—V.), expand the 
exponential functions of (V — V,), and keep a small number of terms. This 
should be a good approximation, first because the difference between the 
Coulomb potentials V and V, is much less than the difference between the 
proton distributions that give rise to them, and second because the integration 
over s further smoothes out the dependence on the co-ordinate r. 

The leading term of this expansion involves the matrix element V,,(r), 
and hence only the one-proton transition charge density. In order to obtain 
a proton-correlation effect, it is necessary to keep the second term as well. 
This yields factors of the general form 


oo 


(13) Jac rn Te Ry) | Vr BR aR fds: 


"exp ar — (ine) [var -- keys) ds _ Ge [re + kys) asf 
: 5 bo 
Now (13) clearly involves the two-proton transition charge density, and there- 
fore, at least in principle, it exhibits the effects of correlations between protons. 
However, these effects are very difficult to identify in the angular distribution 
of the scattered electrons, that is, in the dependence of (13) on q. 
This can be seen by considering a simplified version of (13): 


(14) fr — RK) Vir — R,)o(R,)g(R, — R,) exp lig:r] dt dt, dt, , 


in which we have dropped the integration over s and over all the nuclear co- 
ordinates except R, and R,, omitted the slowly-varying factors ILE ds in the 
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exponent, and chosen the simplified form o(R,)g(R, — R,) for the two-proton 
transition charge density. Writing V,, V2, o and g as Fourier integrals, (14) 
is equal to 


we IIS 1)P2( ho) F(x) G(y) exp [ig r + ki (r—Rı) + 


(r — R,) +R, + y: (Ri — R)) | dvdr, dr, dk, dk, du dy = 


way [|| Jr cute FONG) og + kit Boy) 


O(y + k) dk, dk, du dy = (2x) F(— a) [mir — q)p2(— Y)G(y) dy . 


Now in order that we may be able to. see correlation effects clearly, (15) should 
involve a factor @(g): the Fourier component of the correlation function g 
that corresponds to the momentum transfer hq. Actually, it involves an 
integral of G over its argument, so that the dependence of (15) on g is not 
at all characteristic of g. This is precisely the difficulty pointed out in Sect. 1 
in connection with the results of ref. (5) (our q is the same as Lewis’ K), so 
that inclusion of all orders of the Born approximation does not change the 
situation in this respect. 

The essential property of (14) from which this result stems is that the 
only rapidly-varying factor, exp[iq:r], involves only one co-ordinate r, which 
is connected with all the proton co-ordinates, in this case R, and R,. It is 
apparent that not only (13), but also (12), before the assumption of the small- 
ness of (V— V.) is made, share this property. Thus even if Eq. (12) could 
be evaluated without further approximation, it would not show the most 
characteristic correlation effects. What is required to exhibit two-proton 
correlations clearly is an expression in which the rapidly-varying factor in- 
volves two co-ordinates which are connected with the co-ordinates of two 
different protons, for example exp[itq:(r—r’)], where r is connected with 
R, and r’ with R,: A simple form analogous to (14) that has this structure is 


as) jr nz V.(r'— R,)o(R,)g(R, — R,) exp [ig (r — r')]dr dr’ dt, dr, . 
Proceeding as with (14), it is easily seen that (16) is equal to 


(27) — q)g:(q)F(0)G(— q) , 


which has the required form. 
An expression that has a structure like (16) can be obtained from (12) by 
summation over the final nuclear states b for fixed scattering angle 0. As is 
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well known (2255), the closure relation for the nuclear states can be employed 
if the dependence of &, and q on b is neglected. The result is 


(17) >, ow(9) & (E cos sahane | fararrerte) exp [iq:(r —r')]: 
= r 7 N N > N 2 A | 
-exp [— (i/he)] lo (r — kos) + V(r + ks) — V(r'— kos) — I (r'-- kys)] = 


0 


00 


Here E is the incident electron energy, and the proton co-ordinates are not 
written explicitly as arguments of the V’s; they are of course the same co- 
ordinates R, … R, regardless of whether V depends on r or on r'. It should 
be emphasized that the approximation involved in using the closure relation 
to obtain (17) is very much poorer than that involved in its use in the work 
of Sect. 2. This is because for large 0, (9) for large electron energy loss may 
be comparable with or larger than that for small energy loss. 

Equation (17) can be simplified in the same way as Eq. (12), by replacing 
each V in the exponent by V. + (V— V.), and expanding the exponential 
functions of (V— V.). Two-proton correlation effects now appear in the leading 
term of this expansion, which is 


(E cos soie | ar dr Vir, R, ...R,)Vi(r', RR, ... Rz) boo" 


u(r, r')exp[ig:-(r—r’)], 

(18) 4 

u(r, r’) = exp[— (i/he) ] fin. r— ks) + 
0 


A 


Â “A 
| + V(r + ks) — V.(r = k,s) — V,(r'+ k,s)]ds.. 


This can be expressed conveniently in terms of the one-proton and two-proton 
charge densities for the ground state: 


Zz 
| SR) = [fer Rn Pe SR — R,)y,(R, ... Rajdt ... dt, , 


(19) (2) ! à TS 4 x 
RER, = |. [AR . D> DR 


i=1 5H 


OR —R,)p(R; ... Ra) dt, ... dts, 


if. we take advantage of the slow variation of u(r, r') in comparison with the 
matrix element { }oo- 
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We consider a portion of (18), and rewrite it.in terms of new variables 
ep =r—R, and p'=r'—R;: 


| facac |r — R;|-1|r'— R, |-u(r, r') exp [tq: (r — r’)] = 


= exp [tq: (R,— Ro] | Jar, dr,(00') u(R; + e, R; + e’) exp [ig-(e — o')] = 


IR 


u(R,,R,)exp[ig-(R, -Ry1 [ar dr,(o0')"! exp[ig (ep — e’)] = 


= (42/q7)?u(R;, R;) exp liq: (R; — R;)]. 


We have kept only the leading term of the expansion of # about the point 
R;, R, in going from the second to the third line of (20); this is equivalent 
to neglecting terms of relative order (wq)1V,u ~ V./heq. For large-angle scat- 
tering, this is of order V,/E, and hence much smaller than unity whenever 
the high-energy approximation is valid. Substitution of (19) and (20) into 
(18) gives: 


(21) (E cos 40 /27ch?e?)?(Arte?/q?)' {> 2 (R;, R;) exp [iq: (Ri — R;)] boo = 
—(2e?E cos 40/h? 12 {a+ | fs R, u(R, R') exp [iq:(R — R')|dr, al 5 
where we have made use of the obvious relations 
u(R, R) =1 and IE be = 


Equation (21) closely resembles the corresponding expression derived from 
the first Born approximation (#3). The first term in the curly brackets is 
the total scattering from Z independent point protons, and would be modified 
if the finite size of the proton were to be taken into account. The second 
term is sensitive to the two-proton correlation function, and differs from the 
well-known corresponding term based on the first Born approximation only 
in the inclusion of the slowly-varying phase factor «(R, R’). 

We conclude from this investigation that proton-correlation effects will 
be very difficult to identify in high-energy electron scattering processes in 
which the nucleus is left in a well-defined final state, but will be easily reco- 
gnizable in the total differential scattering cross section, summed over in- 
elastic processes. These conclusions are in qualitative agreement with those 
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obtained earlier from studies based on the first and second .Born approxim- 
ation. We have now extended them to the infinite-order Born series, so that 
they are valid for heavy nuclei. 


* OK OK 


The author takes pleasure in acknowledging the hospitality extended to 
him by the Laboratoire de Physique, Ecole Normale Supérieure, during the 
1956-57 academic year. 


RIASSUNTO (*) 


Il presente lavoro studia fino a che punto le correlazioni tra protoni nella materia 
nucleare si manifestano nello scattering di elettroni di alta energia provocato da nuclei. 
Si somma la serie di Born di ordine infinito in modo da comprendere in tutti gli ordini 
gli effetti di dispersione insorgenti dall’eccitazione di stati nucleari virtuali intermedi. 
Si fa uso di un’approssimazione in alta energia precedentemente sviluppata e dell’ap- 
prossimazione statica o adiabatica per i protoni nucleari e queste si giustificano per 
gli elettroni incidenti; si discute anche la loro validita per lo scattering dei nucleoni. Si 
ottengono in tal modo espressioni per le sezioni d’urto dello scattering differenziale a 
erandi angoli elastico ed anelastico. Si dimostra poi che & difficile identificare gli effetti 
di correlazione finchè lo stato nucleare finale à ben definito. D’altra parte se si esegue 
una somma sugli stati finali, gli effetti delle correlazioni a range breve fra protoni 
appaiono in modo caratteristico nella sezione d’urto differenziale risultante dalla 
somma. Questi risultati sono qualitativamente in accordo con quelli ottenuti precedente- 
mente da altri autori sulla base della prima e della seconda approssimazione di Born. 


(*) Traduzione a cura della Redazione. 
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} Summary. — We report here the method used to carry out a phase shift 


analysis of the pion-proton scattering events found in photographic 
emulsions and in the hydrogen diffusion cloud chamber. The method 
uses an electronic computer to find the best set of phase shifts for a set 
| of scattering events having a given energy, according to a maximum 
likelihood criterium. This problem was coded for the electronic com- 
| puter, Avidac, of the Argonne National Laboratory, and used to analyze 
: the events found by various groups of experimenters. Most of the results 
{ have already been reported. The analyses were carried out for positive 
pions scattered by protons and could include d-waves as well as s- and 
p-waves, together with the effect of the Coulomb interaction. 
f 


t 1. — Maximum likelihood method. 


x 

The typical scattering experiment carried out with emulsions, or with an 
hydrogen diffusion cloud chamber provides a set of angles at which scattering 
; events were found, all at fairly nearly the same energy. The analysis is sim- 
plified if the efficiency of observation is independent of the angle of the event. 
: This was the case for most of the work analyzed thus far. A modified code 
can accommodate different efficiencies in as many as ten different angular 
ranges. The method of analysis was outlined in the thesis of H. Tart (?). 


a TES | 


(*) Research supported by a joint program of the United States Office of Naval 
Research, and the United States Atomic Energy Commission. 
(**) Now at the Argonne National Laboratory, Lemont, Illinois. 
COMEAND Darn: Phys. Rev., 101, 111671956): 
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A more complete discussion of the maximum likelihood method applied to the 
analysis of experiments has been given by SOLMITZ (?). 
Let 


(1) S(x, à) = — 


be the differential cross-section, given as a function of 2 = 2x cos 0 and phase 
shift angles «, which are capable of describing the scattering. The probability 
of finding an event within the angular range dx, when there are N scattering 
centers per cm?, is NS(x, «)dæ. The probability of finding no event in the 
range dx is 1— NS(x, œ)dx. The probability of finding a particular distrib- 
ution of events &,, %,...%, is the product, 


(2) P=TI[I A -N8$(e dr) II MS ;, &) dx, exp [— t?/2]. 


i#j j=1 


The last factor, exp [— t?/2], is introduced to take into account the uncertainty 
in the value of N. It is the probability that the value taken differs from its 
most probable value N, by the amount ¢, i.e. that N = N, + ut, u being the 
standard uncertainty in N,. The index 7 varies over all the angular range 
looked for in the scanning, so that with dx taken small enough, 


II A — NS, à) dr) = TT exp [— NS(x;, «) de;] 


X max 
— exp | N Ist, a) del F 


Xmin 


=exp[— No]. 


By o we mean the total cross-section for the angular range covered in the 
experiment. The index j covers only those values of x at which events were 
found. 


(3) log P =— No + ¥ log [NS( 23, «)] — 12/2 + Xie 


j=1 
The last term is a constant and is dropped for the purpose of writing the 


logarithm of the relative probability 


p 
= w = — No + ¥ log(WS(@,, «)] —12]2. 


j=1 


(2) F. Soumrrz: Rev. Mod. Phys. (in press). 
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The maximum likelihood method consists in finding those values of the 
os and ¢ which maximize w. 

The formula for the differential cross-section which we used was based 
on one derived by SoLMITz (*), adding terms for d-waves and taking Coulomb 


phase factors into account up to and including terms of first order in the quantity 


C2 


LIENS 
he Br’ 


where ß_ = (1/e) times the velocity of the pion in the laboratory. 
We used 


(5) S(a, a) =| f(a, a) |? + | g(a, @) |? 


(6) kf(x) = de L (1 + 2Qin)(2e# + ex x + (1 + 3in)(det + 2e) 


} 1— x 
-( — | a(t in log 5 i 


st rue to, eae | ge 
naar 


where k — wave number of the pion in center of mass system 


Be RE ee 
er) 
np! ; 2u, — 1 
b LE D 3 | p 4 
me + |, 


ß- = (1/e) x velocity of the pion in the center of mass system; 

B, = (1/e)x velocity of the proton in the center of mass system; 
u 
C= exp Br —1; 


s 


= magnetic moment of the proton in nuclear magnetons = 2.7896; 


% 5,4, 18 the phase shift of the scattered wave in the isotopic spin 3 state 


and with total angular momentum jf = (l + 4)h. 


Following Fermi’s notation (4), the s-wave phase shift is written «, the 


(3) F. Sozmirz: Phys. Rev., 94, 1799 (1954). 
(1) H. L. ANDERSON, E. Fermi, R. MARTIN and D. E. NAGLE: Phys. Rev., 91, 155 
(1953). 
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p-wave phase shifts &,, and &s, while to avoid ambiguity, the d-wave phase 
shifts are written ö,, and 0:,. These five phase shifts are varied, and in addition, 
the parameter ¢, in finding the maximum value for w. 

An important feature of the use of an electronic computer in finding the 
maximum value of w is that not much more work is entailed in carrying out 
an error analysis for the quantities determined. The general idea is the same 
as that followed by ANDERSON, DAVIDON, GLICKSMAN and KRUSE (°). We 
assume that in the region near its maximum, the quantity w varies quadratic- 
ally with the deviations of the parameters from their best fit values. Thus, 
we assume 
(8) w=W—t > Gijeie; ; 

7,9 

where w, is the maximum value of w in this region, e, is the deviation of the 
4" parameter from its best fit value, and @,, is the (ij) element of a real sym- 
metric matrix with positive eigenvalues. The matrix elements @,, are deter- 
mined by varying all the parameters individually and in pairs until w is 
diminished by 4 in each case. With the notation S;, (S;_) equal to the increase 
(decrease) in &, necessary to decrease w from its maximum value by 4, @,, is 
evaluated from 


(9) 6, = 408 8)? 


For the off-diagonal elements, pairs of parameters were varied. The mag- 
nitude of the variation was kept equal for each member of the pair, but all 
combinations of signs were used. With #;,,:, Sois S;j., Si, representing 
the change in each of the parameters 7 and 7 with the signs indicated, to give 
Wy) — w = 3, G,,; is obtained from 


(10) Gi = (Stee = See) OS Sr) 2, 


This method for determining @ gives an exact result if the surface w = 0, — 4 
is truly an hyper-ellipse centered at the nominal maximum. @ is not affected 
to first order by a small displacement of the hyper-ellipse in any direction. 

Since e” is the relative probability of having obtained the experimental 
results, given any particular set of parameters, the accuracy with which these 
parameters have been determined may be expressed by the error matrix G+ 
with the property 

Ba ul. | Frese de, de de 


11 ee A 2 (ee ee 
at) RO ends, de; des Van 


() H. L. ANDERSON, W. C. Davipon, M. Giicksman and U. E. Kruse: Phys. 
Rev., 100, 279 (1955). 
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The error matrix G~! is obtained by inversion of the matrix @ using a standard 
routine of the Avidac. The square roots of the diagonal elements of G1 give 
the standard deviations for each of the parameters, while the off-diagonal 
elements are the products of the correlation coefficients with the two cor- 
responding standard deviations. 


2. — Instruction of the computer. 


The Avidac is organized to receive words of 10 characters, each character 
being a sexidecimal number. 

Starting with 1800 each character is used to indicate the number of events 
to be included in each degree interval of angle. When the number of events 
in unit interval exceeded fourteen the letter F instructed the machine to add 
15 to the following number. In this scheme the results of most experiments 
could be stored in somewhat more than 18 words. The events for the various 
experiments analyzed are so listed in Table XII. 

As starting point for the routine we sought the Fermi type solution with 
the phase angles &;, small, «;, large and resonant, following the choice of 
DE HOFFMANN, METROPOLIS, ALEI and BETHE (6) and in accordance with our 
own (7), previously expressed view that a solution of this type is most likely 
the correct one. One of the ways used to determine the starting values was 
to construct an Ashkin (5) diagram, from which a suitable choice could easily 
be made. 

The search for the maximum in w has been much facilitated by the hunting 
procedure developed by one of us (WCD) and will be described elsewhere. 
This procedure regards w as a function of a vector # in an n-dimensional space, 
n being the number of parameters which are varied. The quantity w is max- 
imized by a series of iterations in which successive trials for x are made which 
increase w. In the neighborhood of the maximum w may be expanded in a 
Taylor series. The successive trials for » are made assuming that the behavior 
of w is quadratic near its maximum. When this is the case no more than 
n additional steps are needed to find the exact maximum. 

The machine first calculates the value of ı corresponding to the starting 
values of the parameters. It then calculates the derivatives of with respect 
to each of these parameters. With these, an improved value of w is predicted 
together with an improved set of parameters. These replace the previous set, 


(5) F. DE Horrmann, N. METROPOLIS, E. F. Arer and H. A. BETHE: Phys. 
Rev., 95, 1586 (1954). 

() H. L. ANDERSON, W. C. DAvıpon and U. E. Kruse: Phys. Rev., 100, 339 (1955). 

(5) J. ASHkIN and S. H. Vosko: Phys. Rev., 91, 1248 (1953). 
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and a new value of wis computed. The success is noted by the improvement 
in the successive values calculated for w. The hunting is stopped when the 
improvement is less than 277. After the best fit is determined, the differential 
cross-sections as functions of center of mass angle are printed out, using the 
last set of parameters. 

With the best fit parameters, the machine calculates the matrix @ according 
to the method described above. It then inverts this matrix to obtain @. 
As a check it carries out the product G»G to verify that the unit matrix is 
obtained. 


3. — Error matrix. 


The error matrix is useful because its diagonal elements give the square 
of the standard deviation of the derived parameters. Thus, we may judge 
how well the phase shifts were deiermined by the experiment. Moreover, the 
errors to be assigned to any function of the phase shifts may be calculated 
properly when the fuli error matrix is available. 

Thus, to calculate the error in the quantity R (a, & ... x,) we write, 


» OR 
= OC. 
AR — D: aS Am , 
m=1 C&Xm 
then, 
ee EN de 
ARS S — — Aa, Aa, , 
m=1n=1 00m CX 
but 


NGC. 


mn 
Hence the mean square error in R is given by, 


Dee. OR OR 


AR? — > > Ge 


m=ln-1 OU OUn 


In particular, we will want to calculate the quantity 
(12) di, = > iis ae 3) sin 2m ’ 
which is related to the real part of the forward scattering amplitude by 


Oe 
Dine 


(13) Ds (ky) = 
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where k, is the wave number of the pion in the center of mass system, and j,, 
is the total angular momentum in units of # corresponding to the m™ phase 
shift. Then, the root mean square error in the quantity 


? D 
(14) [(A4,)° =? > Din + 3) cos 2&m(lim + À) COS 20.05, 


n=1 


mn qe 


[| 
- 
3 


The total cross-section, in terms of the phase shifts, is given by 


4a à Bay 
a (Gk <= 4) Sin 2 Xm ’ 
ky 


m 


(15) Op 
and the root mean square error by 


A 213 > DIE 1 = 
(16) [Ao?|? = Se (mn + +4) )sin Xm COS CEPA lifes + 1) Sin %, COS an(G att . 


ky mn 


4. — Coulomb interference. 


One object of the experimental work was to determine the sign of the 
phase shifts from the observation of the interference of the nuclear with the 
Coulomb scattering. This becomes possible when the observations are extended 
to angles small enough for the Coulomb effect to become important. Such 
experiments were carried out with positive pions by OREAR (°) at 113 MeV, 
by FERRETTI et al. (1°) at 120 MeV and by TAFT (1) at 217 MeV. 

OREAR had already analyzed his own observations by the maximum like- 
lihood method, carrying out the calculation by hand. The same data analyzed 
by the electronic computer have the results listed in Table I. The solutions 
given are of the Fermi type with signs chosen first to give destructive inter- 
ference and then constructive interference. The value of w given allows the 
comparison between the two possibilities. In the case of Orear’s data, the 
relative probability of destructive over constructive interference is in the ratio 


exp [— 0.924]-exp [+ 4.940] = 55 


It is not entirely clear why OREAR obtained the value 4 000 for this ratio since 
his phase shifts are almost identical to the values given here. 


(?) J. OREAR: Phys. Rev., 96, 1417 (1954). 
(0) L. Ferretti, E. MANARESI, G. Puppr, G. QUARENI and A. Ranzi: Nuovo 
Cimento, 1, 1238 (1955). 


(NEL. D> Tann: Phys. Rev LOL 117162956)% 
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TaBLE I. — Coulomb Interference in the x++p scattering. Phase shift angles are given 


in degrees, t in units of 32/90 of 1 standard deviation. The relative probability w is deter- 
mined except for an arbitrary constant which is not changed in the different analyses of 


the same experiment. 
—— ——— ——— RS == = = = = I = ; —— = = 
Mean Number Coulomb | | 
| Energy | of | Inter- w t Pur | COR Ni ee Reference 
| MeV Events ference | | | 
| aa EN x £ BEER 
| | | | | 
113 333 destr — 0.924 | -07 | — 10.9 27.1|— 2.9| ORBAR (°) 
const — 4.940 (LE) 14.4 — 25.7 4.8 
120 871 destr —0.983) .09 —12.3  31.8,— 2.6 Ferrerrr 
| CODSt 14900, 2210 2716.97 80.7 3.5 et al. (2°) | 
3 5 | | - | 
217 90 const | — 0.040 .01 | —22.5| 114.0 — 11.6 Tarr (11) | 
adestn 0h 10439 = ‚01 24.01 267.21, 14,8 | 


The analysis of the data of FERRETTI et al. (1°) including the events found 
within the energy interval 110 to 130 MeV, gives for the ratio of the relative 
probability of destructive over constructive interference, 


exp [— 0.983] -exp [+ 4.906] = 51. 


Taft’s data show the preference for constructive interference which was ex- 
pected from the behavior of the forward scattering amplitude as calculated (?) 
from the dispersion relations. The number of events observed was not large 
enough to make the choice decisive, the relative probability favoring con- 
structive interference being 1.5. Taken together the three experiments favor 
the behavior of the forward scattering amplitude as deduced from the dispersion 


relations by the factor 4200. 


5. — d-waves. 


An attempt was made to analyze some of the early data of FERRETTI et al. (1°) 
including d-waves. There were 295 events obtained by area scanning in the 
energy interval 120 to 130 MeV, with mean energy 124 MeV. In this case 
the matrix @ turned out to be nearly singular and some of the diagonal elements 
in @-! were found to be negative. Such improper structure of the matrices 
indicates that the data were inadequate to determine so many parameters. 
More reasonable results were obtained when the analysis was restricted to 
s- and p-waves (Table II). The analysis of the 114 MeV data of FERRETTI 
et al. ("%) in which 226 events between 110 and 120 MeV were used, also failed 


79 — Il Nuovo Cimento. 
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TABLE II. — Analysis of the 124 MeV data of Puppi et al. (1%) (295 events) using s- and 
p-waves only. Phase shift angles are given in degrees. Matrix elements of G'in (degrees). 
To obtain the value of t in standard deviations, multiply its value given in degrees by 32/90. 


| 2 

| t CA | gs | Oa | w 
Best Fit 0.072 | — 14.42 34.39 — 2.18 | —0.588 

G t | 0.2087 | — 0.0647 205 4 0.03 = 
og | — | 0.0790 — 0.1451 | 0.0226 | == 
Le — | = 0.6645 | —0.0474 = 

N — _ — 0.1274 | — | 

Ga i 7.864 2.614 — 2,110 | —0.1828 a 
CA | — 22:58 3.879 — 2.196 = 
33 = = 3.080 04733 = 
AL | — | = = 8.281 | = 


when d-waves were included. In Table III we give the results of the analysis 
made using only s- and p-waves. In these tables w is determined except for 
an arbitrary constant, which is different for the different sets of data, but which 
is not changed in the different analyses of the same data. 


TABLE III. — Analysis of the 114 MeV data of Puppi et al. (1%) (226 events) using s- and 
p-waves only. Units are as for Table IT. 


| | | 
t | 3 Ka at w 
}- | i 
Best Fit 0.046" 10.07... 29.26 — 2.36 [A 20.4540 
EE == es a — —— = = = 
G t 0.209 | 20.0603, | 0.257 4. =0.0190 | a 
og = | 0.113 | —0.130:: | ~ 0.00463 — 
239 = | _ | = 0 799 MIRE 00521 = 
sy as = = 0.168 = 
Lg: | 4 low 27:93 1.68 = 221 0.164 = 
| A — 11.19 1.31 0.289 — 
| bee em = 2.18 0.393 ze 
Lire =. _ = 6.10 as 


A similar condition developed in the analysis of the 142 MeV data of Lorp 
and WEAVER (!?). In this case, even when the analysis was restricted to s- 
and p-waves, negative diagonal elements appeared in @-!. The data admitted 
a large change in the direction « less negative, &s more positive, and ¢ more 


(2) J. J. Lorp and A. B. WAVER: private communication. 
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positive. Since the value of « turned out to be anomolously negative, we also 
made analyses with & held fixed at less negative values. These results are 
summarized in Table IV. A change in « by 15.7 degrees gives a fit here which 
is only 2.2 times less probable than the best fit obtained without d-waves. 
To some extent this may be due to a peculiarity of the phase shift solutions 
in this energy region. A similar behavior had been noted at 165 MeV (1%). 

In Table V we give the results of the analyses made with and without 
d-waves, of the data of Taft (!!) at 217 MeV, and of Margulies (14) at 258, 294, 
and 395 MeV. 


TABLE IV. — Various analyses of the 142 MeV data of Lord and Weaver (1.002 events). 
Phase shift angles in degrees, t is in units of 32/90 of 1 standard deviation. Quantities 
underlined were not varied in the calculation. The error analysis was not meaningful in 
this case. 


| t hs X33 %31 das O33 | u 

| ei aa “ 
0.294 = 784: 43.1 == 61) |) at 0.1 | + 0.302 
0.717 — 32.6 38.5 2.4 0 | 0 — 0.186 
1.24 16:9 41.6 8 0 | 0 | 6.971 
1.60 11.3 41.2 OS WEY. 0 2959 


TABLE V. — Analysis of the data of Taft (1) at 217 MeV, and of Margulies (*) at 258, 
294 and 395 MeV, made with and without d-waves. Quantities underlined were not varied. 
Phase shift angles are in degrees, t in units of 32/90 of 1 standard deviation. The analysis 
of the data at 294 MeV was made using as total cross-section 75 + 5 mb. 


x | 
Mean | Number | | | 


Energy | of ec C33 | Hoi ds | Ose | t a) 

| MeV Events | | | 

| oe = et a 

|217| 90 —22.5+ 5.81114.0+7.4—11.6+ 9.7| 0 0 (0.01, — 0.040 5 
22.54 7.5114.0+49.6—11.7415.6| 0.03414.6) 0.05+22.50 | —0.0402 

| | | | I | i" | 

| | | | | 

258] 86 — 7.1+ 7.2121.3+6.1— 3.2+ 9.6) 0 | 0 10.07) — 1.36 
| 3.3 (mas | 52 | 202, 8.10 0.01 — 0.197 
| | | | 

294 | 132 —13.6+ 4.3128.443.9 — 4.94 6.2 0 0 00° 10:32 
—13.3+17.6128.246.4— 3.74 9.7—0.8 +18.4—3.2 +13.0|0.02) — 0.039 | 
| | | | | | | 

395 | 110 199.64 3.21148.042.6. 15.44 4.5 0 0 Ow ET 


1 20.1+13.31146.4+5.9)—11.4+ 9.3 —3.3 +14.6|—2.9 +14.1|0.03| — 0.02 


(3) H. L. ANDERSON and M. GLIicKsman: Phys. Rev., 100, 268 (1955). 
(4) R. S. MARGULIES: Phys. Rev. (in press). 
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The matrix @-! obtained was in all but one of these cases well behaved 
and so allowed an assignment of error in the phase shift angles. The values 
of the matrices G~! have already been published in the original reports of these 
authors (*) and will not be reprinted here. The d-wave phase shifts are seen 
to be small with an uncertainty several times larger than their best fit values. 
None of the experiments analyzed here was adequate to determine the pre- 
sence of d-waves. 


6. — Other results. 


In subsequent studies of experiments carried out below 200 MeV, we limited 
the analysis to s- and p-waves alone. Table VI gives the values of the ma- 
trices @ and @-! for Orear’s (°) 113 MeV data. Similarly, Tables VII, VIII 
and IX give the results of the analysis of the data of FERRARI et al. (1°) at 80, 
100 and 120 MeV. The starting values of the phase shifts used in various of 
the analyses are collected in Table X. In Table XI all the results are sum- 
marized. The best fit phase shifts are given together with their standard 


TABLE VI. — Analysis of the data of Orear (?) at 113 MeV (333 events) using s- and p-wawes 
only. Phase shifts are in degrees, I is in units 32/90 of 1 standard deviation. 


Ü er ss Zst 
Best Fit 0.07 — 10.9 27.1 — 2.9 
— — = — nn — = = Sen sr =| —— ——— = 
G | t | 0.332 — 0.123 0.518 | — 0.0925 
| oy | == | 0.190 — 0208, | 0.049 4 
Worse = | 2 | EN ME) 
ol = | 22 | =e | 0.278 
qa t 7.96 2.25 — 2.59 0.226 8 
Og — 6.97 0.147 = 0,378 | 
3g = = 1.776 0.475 
O54 = Æ a 4.116 
(*) In MARGULIES 395 MeV analysis correct values are (G),55 533 = — 72.6, 
(GT )585, 533 = — 199.0. 


(15) G. FERRARI, L. Ferretti, R. GESSAROLI, KE. MANARESI, G. PUPPI, G. QUARENI, 
A. Ranzı and A. STANGHELLINI: CERN Symposium, 2, 230 (1956). This is a preliminary 
report of the results obtained with somewhat more events than were available to us here. 
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deviations in all cases where @-! was well behaved. At 142 MeV we give an 
alternate to the best fit solution in view of the difficulties encountered here 
as discussed above. We also give the total cross-sections calculated from the 
phase shifts using Equation (15), together with its standard deviation obtained 


TABLE VII. — Analysis of the data of Ferrari et al. (°) at 80 MeV (180 events). 


| 
| | t | ag ase %31 
| 
= | —— nn nn nn ng 
| | | | 
Best Fit | — 10,2 | ei | —1.4 
| ~ — | | u — 
G f 0.428 = hh | 0.801 — 0.070 
| | | 
| | a 
Xs — | 0522 IE 9) 0.060 
| | | 
One = | = | 229 | OST | 
Ser — | — os 0.587 
| | 
- | | | 
a t 8.31 | 2.45 | —2.10 | 0.068 
x, — 4.90 | 0.869 | 0.067 
%3a = _ 1.52 | 0.150 | 
| 
%31 = | — | — | 1.75 


TABLE VIII. — Analysis of the data of Puppi et al. (5) at 100 MeV (450 events). 


t %z | X33 %31 
Best Fit be — 10.6 21.7 an, | 
G | 4 re = 0361 1.15 — 0.107 
ee Les | 0.470 0.608 | 0.029 | 
Nes cae har = | = | 2.73 __ 0.249 
&sı — — 0.592 
| | 
dos 7.90 2.47 on 0.146 
Re == | 3.77 — 1.82 0.186 
X33 on | = 1.51 0.141 
| CAS — | u — 1.76 
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TABLE IX. — Analysis of the data of Puppi et al. (9) at 120 MeV (871 events). 


| 
| t a | %33 O31 
| | 
Best Fit 0.09 ER | 31.8 Ve 
| @ t 0.833 0207 1.212 0.150 
| | 
| ats = 0.323 — 0.577 — 0.115 
ogg = = 2.178 0.225 
Gay | = = = 0.446 
en N er. | 8.665 4.382 = 3.669. | 0.058 
| oy | = 5568 uN =. 0.308 0.833 
| | 
eee TU) = = | 2.427 — 0.066 
aay = 2 | SE 2.470 


/ | À | 
Fe en | Analysis La an | can 035 ds 
SUEY VIE ED — 11.3 12.5 — 2° == — 
100 VITRE SD =) 9.5 22.5 — 3° == — 
113 VEREINS S113 28.7 73 ds. a2 
120 IX even 10 a 1 = = 
142 IV. EST 11.3 45.0 5.6 = = 
217 I sp 925 112.5 = 5.6 — — 
= I sp 25 110% N = 
V Sepadı a 229% 113.9 RO 0 0 
258 V S, P — 12 116 — LL | = = 
294 V s,p.d 17 127 = A 0 0 
395 V Sp de 158 N 0 0 


using Equation (16). Finally, we give the useful quantity d, [Equation (12)] 
together with its standard deviation [Equation (14)] for comparison with the 
real part of the forward scattering amplitude as obtained from the dispersion 
relations (7). 
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TABLE XII. 
serideeimal code 


H. L. ANDERSON 


and w. 


— Data of various experiments 
as described in the text. 


C. DAVIDON 


with events listed by means of the 


Here ©, = ®N,/gok2 and u is the error 


in Oy. In Orear’s data the events were specified only to three degree intervals and 


TABLE 


Name 
Energy. 


Efficiencies 


were analyzed accordingly. 


XIT-0. 


Pupri (1) 
80 MeV 


Angular Range 


1.000 180° — 20.5° 

Oe 11.378 

REN 1.29 

Events . 00000 00001 
00122 11130 
24111 42320 
11321 41411 
32212 - 42172 
02033 32010 
33350 03031 
10014 10112 
O1111 42132 
16020 12111 
00210 00011 
20100 10120 
11000 30000 
01010 00101 
10010 10001 
00001 00000 

TABLE XII-b. 
Name Puppt (15) 
Energy. 100 MeV 
Efficiencies Angular Range 
1.000 180° — 20.5° 

roe 13.165 

u 1.29 

Events . 00012 01100 
30330 32150 
13373 11456 
99456 28475 
66865 44343 
33724 46254 
14168 26542 
41017 63755 
30326 12515 
03102 24124 
41443 23132 
14131 32110 


Taste XII- . — (continued). 
Events : 22212 15106 
02421 32521 
32020 11141 
00321 20101 
TABLE XII-c. 
Name PupPpi (1!) 
Energy . 114 MeV 
Efficiencies Angular Range 
1.000 180° — 15.5° 
On: 4.075 
UNE NE .214 
Events . 00001 01003 
01211 11031 
13311 24112 
14501 42211 
34241 O1211 
35500 42402 
31143 10112 
32014 10033 
30111 01013 
10113 22111 
01320 14101 
33100 01200 
00203 12411 
03002 11210 
21122 20001 
31110 00120 
02000 00000 
00000 00000 
TABLE XII-d. 


Name 
Energy . 


Efficiencies 


OREAR (°) 
113 MeV 


Angular Range 


0 180° — 159°.5 
.667 159.5 — 130 
1.000 130 — 20 
122 205715 
.444 1927 221255 
OP 7.827 
u .b48 
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TABLE XII-d. — (continued). 


Events. 

Name 

Energy. 

Efficiencies 

.786 
.756 
ALS 
.671 
620 
«575 
.534 
.501 
.467 
1775 

GARE 

TRE. 

Events . 


00400 
04009 
OBOOA 
40090 
00c00 
00800 
05003 
80080 
00300 
03008 
50060 
00800 
09004 
50050 
00200 


TABLE XII-e. 


40060 
00rF00 
00600 
04007 
F400D 
A0060 
00800 
07005 
60070 
00600 
08007 
90030 
00300 
02003 
10000 


Puppt (1) 


120 MeV 


Angular Range 


180° 

174.5 
169.5 
164. 
159.8 
154.5 
149.5 


Qt On 


144.5 = 


139.5 
134.5 
43.99 
5:99 
01024 
997D8 
DF1r4 
OEF5A 
JAF2F 
F2DAF 
59588 
05355 
27654 
64654 
18512 
31033 
21552 
11107 
31141 
31332 
DO 
21020 


174°.5 
169.2 
164. 
159. 
154. 
449.i 
144.! 
139.! 
134.5 

14.5 


aaa Qt Où © 


Qt 


7B46A 
AIYIF 
9pklr 
BBE3T 
2F2EB 
89767 
14657 
18813 
44312 
41033 
24354 
3214] 
14123 
24355 
13433 
42613 
22311 
01000 


Name 
Energy. 


Efficiencies 
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TABLE XII-f. 


1253 


Puppt (1!) 


124 MeV 
Angular 


1.000 180° — ] 


Y 
VQ - 


i 


i 


Events . 


Name 


Energy. 


Efficiencies 


! 
Cy : 


A 
Events. 


DUO 
.176 

00000 
21111 
54313 
02221 
54242 
23314 
04430 
33430 
35330 
41111 
02012 
22114 
10521 
11111 
12120 
02212 
00001 

00000 


TABLE XII-g. 


LORD an 
WEAVER 
142 MeV 


SU 


.95 150.5 — 


8.1037 
.486 
00000 
00000 
00000 
89194 
98468 
47DCD 
7c973 
E381D 
52446 
74656 
66648 
25263 
77551 
32536 
B2897 
44000 


Range 


5.5 


01100 
40111 
23221 
34222 
46248 
23303 
21215 
21231 
02305 
13320 
00020 
Lx bs 
23120 
32121 
41332 
31001 
00000 
00000: 


d 
(1?) 


Angular Range 


150.5 
30.5 


00000 
00000 
00000 
AYATE 
F3F17 
B6E77 
95955 
92877 
87874 
93444 
65367 
36259 
S46D3 
6B224 
66037 
00000 
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TABLE XII-h. 


Namen ki ARTS) 
ÉDeRCNERC 217 MeV 
Efficiencies Angular Range 
1.000 1502210; 
| CR CU, mages (i> 
EC ted SS, SG 0.23 3 
HVOILES ee 00 ate 00000 00100 


00010 20001 

01101 00000 

11000 00002 

21111 01000 

00000 00120 

01001 00001 

00000 10110 

00001 00010 

10110 02310 

10200 00000 

02100 01010 
10001 12212 

01111 10011 

22030 10311 

00011 01202 
10011 11210 
00000 00000 


es TABLE XII-i. 


Names ob > a gn MiONexetoneseney (i) 
| nero = 2-4) 25 SEM eV: 

i Efficiencies Angular Range 
h .667 180% 10.5. 
em NUE ETS 

| U INC PRES .05 

ib Events. . . . . . 00000 00001 


00010 11001 
00011 20000 
00210 01100 
12011 00110 
10000 01100 
02000 01111 
01011 00000 
01102 10010 
02010 00000 
01101 11000 
5 00000 20020 
i 00011 01020 
| 10010 04210 

20000 01101 

01011 00110 
01203 01022 


Name 
Energy. 


Efficiencies 


Ores 
u 
Events. 


Name 


TABLE XII-j. 


.556 


MARGULIES (! ) 
294 MeV 
Angular Range 
VSO —= 7 
1.07 

-06 
00000 00110 
00010 00001 
01310 10101 
10000 00110 
10411 02200 
11021 01020 
00001 00120 
00201 10000 
11020 10010 
10211 01010 
O1010 10000 
02140 02200 
00520 04020 
11110 32002 
13020 50100 
42200 40012 
01200 12011 
10300 00000 


TABLE XII-k. 


Energy. . 


Efficiencies 


Gy 


17 
Events. 


.667 


MARGULIES (1!) 
395 MeV 
Angular Range 
180° — 6.5° 
1.639 

.08 
00000 00000 
00000 00000 
20000 00000 
10110 10011 
00001 00101 
00001 00101 
00000 00000 
00000 00100 
01000 00010 
o1lll 00000 
00001 11010 
22110 11100 
01010 02203 
72002 10020 
25200 20130 
53102 20110 
22021 03320 
34010 00000 
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RIASSUNTO (*) 


Esponiamo il metodo da noi usato per eseguire un’analisi in sfasamenti degli eventi 
di scattering pione-protone trovati in emulsioni nucleari e nella camera a diffusione 
a idrogeno. Il metodo impiega una calcolatrice elettronica per trovare la serie di sfasa- 
menti che, seguendo un criterio di massima verosimiglianza, meglio si adatti ad una 
determinata serie di eventi di scattering aventi una data energia. Il problema fu impo- 
stato sulla calcolatrice elettronica Avidac dell Argonne National Laboratory e l’impo- 
stazione servi ad analizzare gli eventi scoperti da vari gruppi di sperimentatori. La 
maggior parte dei risultati & gid stata resa nota. Le analisi furono eseguite per lo scat- 
tering di pioni positivi su protoni e potevano includere tanto onde d quanto onde sep 
assieme all’effetto dell’interazione coulombiana. 


(*) Praduzione a cura della Redazione. 
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Charge Dependent Corrections to Dispersion Relations. I: 


A. AGopı and M. Ciını 


Istituto di Fisica dell Universiti - Catania 
Centro Siciliano di Fisica Nucleare - Catania 


(ricevuto il 25 Febbraio 1957) 


Summary. — The corrections to the forward dispersion relations for pion- 
nucleon scattering due to the mass difference between charged and neutral 
m-mesons are evaluated. Since the dispersion relations obtained from 
a relativistic theory have essentially the same form as those derived from 
a fixed source Hamiltonian with s and p waves, our calculation has been 
performed by introducing in the latter Hamiltonian the observed meson 
masses. The correction term to the dispersion relations is different for 
positive and negative mesons but turns out to be small. For mesons ot 
momentum g of the order of the meson mass this gives a difference bet- 
ween the two cases which amounts to about 1% of f?. 


1. — Introduction. 


The dispersion relations discovered by GOLDBERGER (!) for meson nucleon 
scattering have been shown to be well satisfied by experimental data (2). The 
evaluation of the coupling constant f? from experiment by means of these 
relations yields f? = 0.08 (?), in fair agreement with the coupling constant 
derived independently from photoproduction data (4) and with the value ob- 
tained by means of the Low equation for the fixed source meson theory (°). 


() M. L. GOLDBERGER: Phys. Rev., 97, 508 (1955); see also for the latest develop- 
ments A. SALAM: ÜERN Symposium, 2, 176 (1956). 

(2) H. L. ANDERSON, W. C. Davipon and U. E. Kruse: Phys. Rev., 100, 339 (1955). 

(?) U. HABER-SCHAIM: Phys. Rev., 104, 1113 (1956); W. ©. Davrpon and M. L. GoLD- 
BERGER: Phys. Rev., 104, 1119 (1956). 

(4) M. BENEVENTANO, G. StopPpinı, L. Tau and G. BERNARDINI: CERN Sym- 
posium, 2, 259 (1956). 

(5) M. CII, S. Fusrnt and A. STANGHELLINI: Nuovo Cimento, 3, 1380 (1956). 
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Recently, however, a more refined analysis of the available data has been 
made (5), and some indications have been found that the scattering ampli- 
tudes for negative mesons fail to satisfy the dispersion relations with the value 
of f? determined from the positive mesons scattering data. 

Since dispersion relations have been derived from a charge independent 
meson theory some corrections are expected to be necessary when charge 
dependent effects are taken into account. It is worthwhile to examine if the 
known charge dependent interactions are sufficient to eliminate the above 
mentioned discrepancy between theory and experiment, also in view of the 
suggestion that the presence of heavy mesons and hyperons might produce 
deviations from the theoretical predietions of magnitude as yet unknown (?) (*). 

The electromagnetic interaction gives rise to competition between 7° elastic 
scattering and = radiative capture from the proton, and is also probably 
responsible for the mass difference between charged and neutral mesons as 
well as between proton and neutron. A large effect due to the meson mass 
difference has been found in an approximate calculation of nuclear forces (°). 
‚A phenomenological calculation of the correction to the s-wave phase shifts 
due to these factors has been performed by Noyes (?) by means of a potential 
model of the scattering, and found to be important. It is not sufficient, however, 
to consider the corrections to the diagonal elements of the scattering matrix 
(phaseshifts) because when isotopie spin is not a good quantum number also 
off-diagonal elements contribute to the scattering amplitudes. 

The purpose of this note is to compute the mass corrections. The radiative 
capture effect will be the object of a further research. 

It has been shown recently (®) that a fixed source Hamiltonian with s- 
and p-waves gives dispersion relations which have essentially the same form 
as those derived from a relativistic theory. This fact indicates that the neutron- 
proton mass difference can be expected not to affect significantly the latter 
ones and justifies the use of the fixed source relations to compute the cor- 
rections due to the mass difference between neutral and charged mesons, by 
introducing explicitly the observed meson masses in the Hamiltonian. By 
using this approach it turns out that these corrections are quite negligible. 
Furthermore it can be shown in this way that the form of the dispersion re- 
lations does not depend on the strength of the neutral mesons coupling with 


the source. 


(°) &. Puppı and A. STANGHELLINI: Progr. Report. N. 4 (Bologna, 1956). 

(7) B. VITALE: Nuovo Cimento, 5, 732 (1957). 

(*) Note added in proof. — Actually it turns out that no modifications to the pion- 
nucleon dispersion relations arise from pion-hyperon interactions. 

(5) RıazzuDın: Nucl. Phys., 2, 188 (1956). 

(®) H. P. Noyes: Phys. Rev., 101, 320 (1956). 

() A. Krein: Phys. Rev., 104, 1131, 1136 (1956). 
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2. - Derivation of the dispersion relations for the scattering amplitudes. 


We start from the interaction Hamiltonian (1°) 


ao œ 


1) A= (fr > | axs(x)0- pra, = +19 > | | d’xs (are 2 


+ 4 > ERS farxs ga ()] d'x's(x')r,r(x'} 


TH 
ann 


4, being the charged meson’s mass for x = 1, 2 and the neutral meson’s one for 
x = 3; s(x), the fixed source extension, is chosen to be spherically symmetric, 
thus restricting the theory to s and p waves only 


ENE À 
(2%) = (5) | aa exp{iqx]v(q) ; gq =|q|- 


The free Hamiltonian is now 


— 
bo 
SS 


Hi = > 9,0, 


qa qx qa ° 
el 


Let us consider the transition matrix 7,,(@) for forward scattering of mesons 
of charge m on nucleons (*) as a function of the meson energy and as an 
operator with respect to nucleon spin and isotopie spin. Its matrix elements- 
still satisfy, as in the conventional theory, the Low equations 


(3) <rt | (co) | rt’) = CP > Von] Pre) 2 


+3} (Pre, VonPn Pr, Vam Pre) | (Prey Vantin Pas Von Pre) | 


[0) + is — E. — © — E, + te ] Pe 
where 
(4) Vie = EE aes T= A/a we 
and 
m 
(5) an, = — 2/3 (Ou, + imödu)ai ; (m= +1), 


is a creation operator of a meson of charge m. 


(*) Since we are interested only in charged mesons m will take only the values +1. 


oe) 
Yo} 


in 
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The bare nucleon states 


rt» as well as the physical nucleon states Y,, are 
labelled with the spin index r and isotopic spin index ¢ (t = + corresponding 
to the proton and t = 0 corresponding to the neutron). #17? are the incoming 
eigenstates of the total Hamiltonian. 

By explicitly evaluating the commutator (4) it is easy to verify (*), by 
means of eq. (3), that 


(6) 1, 


mM 


(DE D), 


As a function of the complex variable 2, the matrix 27,(2) has a simple 
pole at z = 0 and branch points, on the real axis, at 2 = u, and at 2 = — pW. 
This because the smallest value of H, different from zero is 4, corresponding 
to a state with one nucleon and one neutral meson at rest. The transition 
amplitude at a given physical energy is defined, as usually, by means of 


(7) OU ony em JL 12e (Re 2 = @): 


Imz—0+ 


Then the function of complex variable 


(8) Que) = — : lim u(@) =v(g), (Rez = w,), 


u2(2)(2 — fe) (2? — 2) 2 Im 204 


is analytic in the upper imaginary half plane, has simple poles on the real axis. 
Cine == Uh an + o, and zQ,,(z) — 0 uniformly for |2|— co, 0 <argz< 2. 
We can therefore apply the Cauchy theorem, following Klein’s procedure (1): 


+ © 


(9) [LATE do’ = mt >= R; 


_— 


where R, are the residues of (),(2) at its poles on the real axis. A discussion 
of the residue at ¢ = 0 is worthwhile. From eq. (3) one finds 


„2 


(10) lim es mem — Ar (Ps, ms Por) (Bons, TOs) + 
z—>9 A st" 


Sr Tm 03 vrs) (Pr, N = 


We use now the property 


N 
(11) 
| (Prr ER) = or SF |Tmos |r'0) 7 


(*) See Appendix. 
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to obtain 


22 


rt | T,,(2)|r't > = Anfemorr ; Bee 


(12 lim 
2—0 u2(2) 
The forward scattering amplitude is defined in terms of 7',,(m) as follows: 


(13) HO = + | Pm(o) |r + 


The imaginary part of eq. (9) gives, after straightforward manipulations: 


il oO 1 0) 
14 Re PINCE) nent Il a= =|) IR TUN Gi) ae ae I le —m\He) — 
(14) i Re fale) — 5 (1 + 2) Retna z[1—2) Reini 
BR | do’ [Imf.(o) , Im fn(@’)| , 2m? fa 
a} u(w')q ?| © — Er USA ASE 


We stress that this result follows only from the requirement of charge sym- 
metry implied by eq. (11), and holds even if the coupling constant of the neutral 
mesons to the source differs from the coupling constant of the charged 
(Ones). 


3. — Behaviour of the imaginary part of the scattering amplitude. 


We notice that 


(15a) bin pa) =O, OS Why 
(15D) Im fn (©) = T 6,(@) , DENE 
47 


where o,,(@) is the total cross section for mesons of charge m against protons. 
Clearly, in the range fy) < © < u. there is no physical scattering. However, 
while Im f,(@) is also zero, Im f_(w) is different from zero and is given by 


(60) 


(16) Im f_(o) = Im fe(o) = 3 do — EM, VELO, Pu), 


~ neutral 
(Ho D < pe), 


(*) This indeed is the case in our theory because of the factor f"/a, in the p-wave 
interaction hamiltonian. 


1260 


CHARGE DEPENDENT CORRECTIONS TO DISPERSION RELATIONS - I 1261 


were the sum is carried only on states with one meson of charge zero, and the 
notation Im f* stresses that only charge exchange processes appear in the 
intermediate states. 

The w-dependence of Im f_(m) appears explicitly from the expressions (A.1) 
(see Appendix): it is easily seen that Im f_(»)/u?(w) is analytic at © = u, and 
its value in the unphysical range can be obtained by analytic continuation 
from its value immediately above threshold (» > w,). In this region the total 
cross section o_(w) can be splitted into charge exchange o,,(o) and elastic o5(@) 
cross sections. Of these (11) 


| 4 8 
(17) oo) = = Im f*(o) = > ni | 
where 
(18) D ee DT fle 


is constant at threshold and we have introduced explicitly the notation 
hy = V wo? — 2) de V @? — ur to distinguish neutral mesons momenta from 
charged mesons momenta corresponding to the same energy. 

Therefore we infer easily 


D) 


(19) Im f-(w) = 5 04? 
We are ready now to write explicitly our dispersion relations (14) as 
follows (*): 


1 1 
(20) Re f„(« ; [1 + =) Re Im(te) — z(t nn Ve fara) > 
Me WU 
Ke © 
2 aa ’ 1 | Pme, 4 Ge alee eee 02, (@) 


q T 
97 gd? oo + mo TKO) w(o') glo’—wo ow +@ 
Ho He 


At first sight one might consider the first term of the r.h.s. of eq. (20) as 
the correction to the dispersion relations we are looking for, since all the other 
expressions appearing in this equation are identical to the ones of the con- 
ventional dispersion relations. However this term is not finite, because the 


(1) H. A. Berne and F. DE HOFFMANN: Mesons and Fields (New York), vol. 2. 
(*) We assume w2(m) = 1 for the energy values of interest. 


80 — Il Nuovo Cimento, 
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integrand diverges logarithmically at the upper limit. A closer examination 
of the integral on the cross sections gives immediately the answer to this puzzle. 
In fact the total cross sections introduced in the conventional dispersion relations 
coincide with the experimental ones except at very low energies, because the 
divergence at threshold of the exchange cross section (17) is not taken into 
account. In other words the conventional evaluation of the integrals on the 
total cross sections is performed by extrapolating to zero energy the experi- 
mental total cross sections at, say, 30 MeV, with the assumption that mesons 
have all the same mass. In formulae, while the experimental total cross 
section is given by 


(21) | o_(w) = 0*(w) + 0" (a), 


the usual procedure amounts practically to assume for the cross section the 
expression 


/ 


(22) o_(w) =o%(m) + 0%), 
where 
(23) ol) = de 0% (0). 

do 


In conclusion we write the corrected dispersion relations as 


(02) 
Le 


(4) Ref: (wo) —3(1 + 2) Re fa )—3 (1-2) Re feu) = 


2000,27 AG oe. 
LEA =e = = fe i 1 1 
Le 47°] u?(œ')q, 


He 


C+(o), 


0+(W') oz (w') 
oo No 0 


where the correction is given by: 


He œ 
iz Rn ! 7 ! 1 
En 6 ele ve do’ go gs [ do’ . o(w') (a.—4% 
(25) ‘4(w) = 2 2 ji NET N. 1 Tees 
+o 477) u:(w')g. wo’ + w 
Lo He 


S, 
w 
Ss 
Lo) 
a 
LS 
| 
I 


Since o%(w) at threshold is given by eq. (17) it is easy to see that C,(o) 
has to be calculated as a principal value integral with the singularity 1/(@/? — y?) 
and is therefore finite. 
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4. — Numerical results. 


We write C + as follows: 


oF YI VII III 
(26) CL = Ch Ir CL at + ’ 
where 
5 Le +e€) 
20 ; 1 qe 
(27a) Co TE er 
Ed 9x EN ON Se (0 
Meile) 
: Hel+E) 
20 it 1 
(27b) ee aN MP ae 
97 4.0 + © 
He —E€) 
œ 
97 AI ge 1 o'(w') do = Ge 
(27c) C a do = FREIEN 7 , 
4? w(@o')g. © + w 


with e defined by u = “(1 — €). 
The evaluation of C!, is made by considering w’+ © a constant in the 


range of integration and taking as independent variable qh: 


2ye 
2 1 ad 2 0.75 
28 OL, » — GA? Si Aly a 
(28) ee lier Ton Ve Lo 
0 


Since this evaluation introduces errors of order ¢ relatively to C4, w indic- 
ates either of the values w, or w.. 
Similarly Cli is easily evaluated as 


A little more care is required to evaluate Cll". First of all the upper limit 
can be replaced by w.(1 + x) where « is something of the order of 0.3 (corres- 
ponding to an energy w’— u. & 40 MeV) since at this energy q,— % is already 
negligible. 


Secondly we still replace w'’+ © with «+o. This is a good approxim- 
ation for the interesting values of m (o — u & 120 MeV). 
Thirdly we again replace 0° by its constant value at threshold. Since the 
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cross section varies at most of 30% in the whole range of integration, the 
error introduced will not exceed this value. Taking the value at threshold 
gives an upper limit for the total correction C,. Thus we write 


V2a0+a 
| 2 1 dee 2 ve 
SL ee ge? go? + 2e — x qe A? 0.44. 
Qu, I One IS [Var + 2e — 2] Im H E & 
V2e 


Collecting the results (28), (29), (30) we obtain 


(31) CS EUR RR 


0.22. 
gr PSE) 


In the energy range of interest the correction C_ to the dispersion relat- 
ion for negative mesons is several times larger than the correction ©, for 
positive ones. However the difference is by far too small to account for the 
results of the Bologna group. For instance, at q, = u Eq. (31) gives for this 
difference about 1% of f?. 


We are grateful to prof. G. Puppr and dr. A. STANGHELLINI for commu- 
nication of their results and for helpful discussions. 


APPENDIX 


By performing the commutator indicated in eq. (4) it is easy to obtain 
the following expression (m = +1). 


> v(q) i , di 
ANAL J (i. = HF 4 fo: HET 
De Bl m, 
2 (Our + IMôa2) | Lxs(x)[ 2A, ee ), East Tall) + dm Par (X) | : 
SN Cine J 
Similarly one has (m = + 1) 
2 
(A.2) [ons Van] = 1-29 + morantsd) 
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RIASSUNTO 


Si calcolano le correzioni alle relazioni di dispersione per scattering in avanti pione- 
nucleone dovute alla differenza di massa tra mesoni r carichi e neutri. Poichè le rela- 
zioni di dispersione ottenute da una teoria relativistica hanno essenzialmente la stessa 
forma di quelle derivate da una hamiltoniana di sorgente fissa con onde s e p, il calcolo 
è stato effettuato introducendo in tale hamiltoniana le masse mesoniche osservate. 
Il termine di correzione alle relazioni di dispersione & differente per mesoni positivi e 
negativi, ma risulta piccolo. Per mesoni d’impulso q dell’ordine della massa mesonica 
esso introduce una differenza tra i due casi che ammonta a circa l’uno per cento di f?. 
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On the Problem of the Static Helium Film. 


III. - The Profile of the Film and its Dependence on Temperature. 


S. FRANCHETTI 


Istituto di Fisiea dell’ Universita - Firenze 


(ricevuto il 28 Febbraio 1957) 


Summary. — The profile of the film and its dependence on temperature, 
both below and above the 2-point, are studied on the basis of the results 
reached in papers I and II of the present series. The conclusions appear 
| to be in fair agreement with experiment. The thermodynamie condition 
À for film formation under the action of Van der Waals forces, is also 
discussed and found to be fulfilied. 


1. — Introduction. 
\ If t is the thickness of the film at a height ¢ above the free surface of the 
h bulk liquid, the profile of the film will be given by a function ¢ = t(z, T) which 

is the unknown of the problem. To determine it an equation (eq. (2)) has 
li been given in the first paper of this series (!), namely 
| à 

(1) AFP (ER) = 0, 

ot 

with 
[ (2) AF = Pst. — Fur 9 
| 
À where F’,,, is the free energy per cm? of the film at a given height 2, while 
D 
a} | 
EL (1) S. FRANCHETTI: Nuovo Cimento, 4, 1504 (1956) and 5, 183 (1957) (henceforth 
hr referred to as I and II). 
14 
YN © 
1% = 
PNA 
+ 


ON THE PROBLEM OF THE STATIC HEIIUM FILM - III 1267 


FF, is the free energy of the same amount of helium belonging to the bulk 
of the liquid (2). 
AF can be written as a sum of four contributions (eq. (3) I) 


(3) AF = AF, + AW, + AB, + (AF) 


exc” 


We shall now review these contributions. 


2. — The Van der Waals and gravity contributions A”, and AW, 


These have already been given explicitly in eqs. (10) and (3°) of I and 
are simply recalled here for convenience. They may be written 


(4) Af, = const + (A; — 2A,.) f?, 


00 
2m 


(5) AW, = oogèt . 


(The reader is referred to the «key » in Appendix B of the present paper for 
the meaning of these and subsequent symbols). In rewriting the expression 
for AF, the last term in eq. (10) I, being very small, has been omitted and 
the first two have been replaced by «const. »; indeed, being independent of t 
they do not contribute to eq. (1). 


3. — The « zero point energy » and the « exciton » contributions AH, and (AF)... 


These involve the effects due to the smallness of the film thickness ¢, treated 
in paper II. Eqs. (10') and (12”) II give on two different assumptions the 
change of zero point energy per atom. Taking 0.86 as an average of the two 
numerical coefficients, we have only to multiply by the number of atoms per 
em? of the film, namely (o,/m)t, to get E, (*) 


(6) AB, = 0.86-10- © 4-1 = 1.87-10-9 1 
m 


As regards (AF) there are two contributions to it arising from excitons, 


exc? 


(2) Use of free energy is due to the assumption of negligible external pressure 
(See I, Sect. 2). About condition (1) see also Appendix A of this paper. 

() The effect of the non rigorous uniformity of the density is entirely negligibie 
in this connection. 
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that we shall call type A and type B, whose energy is respectively a linear 
and a quadratic function of momentum. It will be convenient to consider the 
respective contributions to the free energy per gram of the liquid, which we 
denote by f. 
In the linear case, we have from eq. (28) Il, putting v for the average 
specifie volume of the liquid 
in the film 


3.774 


(7) ME ner 


ON (EID en: (A excitons), 


in the bulk liquid (characterized by the subscript 0) 
(7') De (A excitons). 
Subtracting and recalling (28a) II gives 


27.20 


h 3 


(8) (Af)a = ft = 


v SM ® 
BEN ta + he (k NE 0: Um 


For type B excitons, the equation needed is (22) II which gives 
in the film 


(9) Dee = (Boni: (B excitons), 
in the bulk liquid 

(9) Bi (B excitons). 

Subtracting and recalling eq. (22a) II gives 


L841 (278 one anne 9168 
Fee (KT)? A (vu?) ae Er (kT)2vut-!. 


(10) (ANA, = 

To get the phonon contribution to eq. (1) one has only to multiply ex- 
pression (8) by ot and take the derivative with respect to t. Since we have 
(I, eq. (18')) 


0 Nae 0 
un Te CIEE” 


ot 


the procedure requires the knowledge of 00/0v and 0?C/d0v?. For these quan- 
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tities the values 


& = -47.61-10?, Ge) = 1.04-104 (abs. un.) 
0 


CU pag Ov? ),— 


have been derived from the data of ATKINS and STASIOR (?). 
The final result, dropping smaller terms, is 


@é 


(13) aL 


(AF), = 1.79-1® 73 A,t-t-2 . 

The procedure is therefore a straightforward one in this case. Type B 
excitons, on the contrary, require a careful discussion concerning: a) the tem- 
perature dependence of the terms in eq. (10), and, b) the volume dependence 
of the effective mass u. 

The trouble with the temperature dependence arises because expression (10) 
was derived by treating type B excitons as a saturated Bose-Einstein perfect 
gas with an energy spectrum (1/2u)p*. It is well known, however, that such 
a simple treatment does not lead to quantitatively satisfactory results. In 
particular the number N, of particles (other than phonons) constituting the 
normal fluid, that is belonging to excited states, would have to vary as 71°, 
whereas experiments give a much more rapidly varying function. This sug- 
gests to introduce an empirical factor in the expression of NV, writing it as 


(14) IN = ENG, 


where N? is the number given by condensation theory. Since experiments 
give for N, a dependence approaching 7°-5 towards the A/-point, we shall 
assume in the region between, say, 1.4 °K and T, 


(14) n(L) & nT*. (ln er) 


At lower temperatures this correction is undoubtedly insufficient; however, 
in that region the temperature dependent terms in the equation for the film 
thickness are negligible ‘anyway, so we need not worry about them. The 
region beyond T, is also excluded. It will be considered in Sect. 5. 

It is an obvious incompleteness of the theory that the number of « excited 
particles » has to be corrected empirically. However, we prefer to take this 
course until the origin of type B excitons has been further elucidated (). 


(4) K. R. Atkıns and R. A. Stasıor: Canad. Journ. of Phys., 31, 1156 (1953). 
: (5) In Landau’s treatment as well, there is an empirically adjusted element in the 
expression for roton concentration. The difference is that here we are trying to remain 
within the frame of a London type theory. 
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The constant 7) in (14') can be determined through the equation charac- 
teristic of the A-point, namely N„=N, which will become 


(15) N) 
Since we have 


2.612 
h? 


(16) NAT) = V(2rukT)'> , 
introducing the value 12.5:10-%g for w (already employed in Sect. 2 of II) 
one gets 


(14") no = 0.0291 (°K)-*. 


Experimental data about specific heats support—at least approximately— 
the assumption that type B excitons, except for their number, behave as the 
non-condensed part of a Bose-Einstein perfect gas. (The energy per particle 
is more or less that expected in this hypothesis). The simplest course to take 
(although by no means rigorous) is therefore to introduce the same 7(T') factor 
in the expression for (AF), (°). We thus get 
(10') Af, = — 4.74 10% T%5 A(vu?) + 6.52-10 Téout-1 VER): 

It should be noted that the use of the same n(T) factor for both the bulk 
liquid and the liquid in the film, involves in particular the simplifying as- 
sumption that the total number of B-excitons per gram undergoes no signi- 
ficant change in going from the bulk liquid to the film. Put in another form, 
this means the neglect of any direct perturbation from the Van der Waals 
field of the wall on B excitons (and as a consequence on the corresponding 
occupation numbers). 

To get the contribution to eq. (1) there remains (as for A excitons) to apply 
the operator 


"Qi —=% 


Y| a 


Here comes in the problem of the volume dependence of the effective mass u 


(5) This procedure is less unjustified for the second term («limitation effect ») which 
is rather independent of the condensation mechanism (II, App. A). This term is 
likely to be the leading one. (See Sect. 4). 


ts 
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(1-st and 2-nd derivatives). Since there is no hope of deriving these quan- 
tities from the semi-empirical method employed in determining u (7), the only 
thing to do is to write 


(17) zo) = joo |1 ne 4 ee). 


where « and ß are dimensionless constants to be determined experimentally. 
Clearly, we should expect them—especially «—to be of the order of some 
units at most (See Sec. 5). 

Taking u, = 12.5107? g (see II, Appendix B) the final result is, dropping 
smaller terms 


2 Ait : At 
AP)» -3.14:101 (a ß Zr 7 0.815-109«7° —— (Pie TS), 


Y| aw 


Combining with (13) one gets 


2 AP), — =a TALENTS 


18 
(18) Er 


with 


(18) R(T) = er (> 226 = T= 107 At + 0.81507? — 1.79] -10°T2 At. 
(= 7) 


(We recall that A,t is a function of T and of the nature of the wall, given gra- 
phically and numerically in two instances in Fig. 2 and Table III of paper I). 
The first term in the above expression comes from the first one in (10) 
(« ordinary » density effect). The last two are due to «limitation » effects 
(B and A excitons respectively) (®). 


4. — The equilibrium equation. 


Eqs. (4), (5), (6) and (18), (18’) give what is needed for setting up the final 
equation (0/¢ct)(AF) = 0. 


(7) S. FRANCHETTI: Nuovo Oimento, 12, 749 (1954) and II, App. B. 
(8) Strictly, one should introduce in the term 0.815x7° the correction contained in 
eqs. (22), (22”) of II. It amounts to about a 5% increase at T.,. 
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It reads (°) 
(19) 2.18 -102? (A, — 2A,,,)t-* + [1.87 + R(T)] 1076? = 1422 
or else, by putting 
(19’) 6 — UE 1D) = Is 


(so that 7 is the film thickness in units of 10° cm) 


(20) A +[1.87 + R(L)|c = 14227", 
with 
(20') A —=218:102(4, —24,): 


Some values for the A coefficients—of whom A, is specific of the nature 
of the wall—have been given in paper I (eqs. (6), (15), (A.1’). In the exper- 
iments of JACKSON and co-workers (1), a metal wall was coated with a thin 
layer of Ba-stearate. In this case, the values of A,t (appearing in R(T)) ap- 
propriate for stearate must be used, but A, has to be that of the metal of the 
wall. The reason is that the very thin coating (about 24 À thick) affects the 
liquid only in its vieinity—the region important in determining A,t, but not 
at larger distances. A common value A = 10.8 was adopted both for a typical 
metal (such as copper) and for a stearate coated metal wall. 

At this point an experimental datum has to be inserted to get a condition 
for the two constants «, 6 appearing in R(T) (1). For this purpose we have 
chosen the relative increase (6.5%) of the film thickness at 1 cm height between 
1.32 °K and 2.05 °K, which results from HAM and JACKSON’s measurements 
(ref. (9). In other words we have imposed 


1, 2.05 
(21) a CONES rane 
z(1, 1.32) 


(°) In writing down eq. (19), the surface energy has been assumed to be thickness- 
independent. Indeed, ©. G. Kuper [Physica, 22, 1291 (1956)] has recently suggested 
that surface waves might be affected by the Van der Waals field of the wall. This 
would bring about a t-dependent term, concerning mainly the zero point energy of 
these waves. An exact treatment of such an effect would be rather difficult. However, 
a rough evaluation of crders of magnitude leads to a contribution to eq. (19) which is 
negligible in comparison of the Van der Waals term even for a thickness of 10-° cm 
(corresponding to more than 1 dm height). 

(1%) In particular, A. C. Ham and L. C. Jackson: Phil. Mag., 45, 1084 (1954). 

(11) Of course these should not depend on the nature of the wall. 
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Table I gives the pairs of values for « and f fulfilling the imposed requi- 
rement (!?). 


TABLE I. 
[0 1.0 1.5 2.0 2:20 2.0 2.6 3.0 4.0 
p — 4,12 |— 2.03 0.063 0.87 1918 2.13 3.50 6.55 
r(2) 1.28 0.52 0.14 0.0 — 0.085 — 0.124 — 024 == 0.43 


| 


It is worth noting that, as regards the behaviour up to the A-point, it 
practically does not matter which pair is chosen. The same, however, is not 
true above the A-point. The values « = 2.6 and $ = 2.13 have been adopted 
to suit the results in this region. (See following section). 
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Fig. 1. — Graph for the thickness of the static helium film on a vertical stearate coated 
metal surface, as a function of temperature (7) and height (z) above the free surface 
of the liquid. The thickness is given by the abscissa of the interception of the straight 
line labeled according to T and the parabolic curve labeled according to 2. 


(2) The 34 row gives the ratio r of the first term to the second one in expression (18’) 
at T = 2°K. (See footnote 6). 
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The values of t(z, T) can be obtained graphically by plotting the two sides 
of eq. (20) as functions of t at various temperatures and looking for the ab- 
scissae of the interceptions. Fig. 1 and 2 show two such graphs, while in 


Fig. 3 the relative increase of thickness at 1 cm height is plotted as a fun- 
etion of T. 
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Fig. 2. — Same graph as in Fig. 1, for a copper surface. 


It can be seen that the values of the thickness at 2 = 1 em are somewhat 
larger than those of HAM and JACKSON (ref. (?°)) or ATKINS ("?) but definit- 
ely lower than those of Bowers (1) or DAUNT and MENDELSSOHN (15). 

Very often experimental results are expressed by a formula of the type 


(22) T=ne", 


(5) K. R. ATKIns: Proc. Roy. Soe., 203, 119 (1950). 
(4) R. Bowers: Phil. Mag., 44, 1309 (1953). 
(5) J. G. Daunr and K. MENDELSSOHN: Proc. Roy. Soc., 170, 439 (1939). 
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In the present theory ¢ is 120 
not a constant but a func- 
tion of 2 and T (or T 
and 7). Identifying q with 
— d(log z)/d(log t) one 
finds easily from eq. (10) 
the formula 


(23) q = 


 3A+2[1.87+R(T)]t. 
ZEIT RT 


110 


(giving values between 
2 and 3) by means of 
which g can be computed. 

Fig. 
stearate coated wall—so- 
me g(T) curves for various 
values of the height 2. 
On the same graph are 


4 shows—for a 100° 


STATIC HELIUM FILM - III 12 


1 


we 
> 


Fig. 3. — The relative increase of the film thickness at 
1 cm height. Upper curve: copper surface. Lower eur- 


ve: stearate coated surface. 


plotted for comparison some experimental data obtained by Ham (!*) for a 
height + of about 1 em. Although all but one of these data are rather uncer- 


3.07 
/ z(cm) 
7.0 
2.5 + 
1.5 
0.7 
Q] 0.3 
2.01 
TECK) 
= 1 ul! L 1 
0 1 2 3 4 
(46) A. C. Ham: Thesis (Bristol, 1954). 


(7) Same 


tain, they render 


improbable 


very 
q(T) to 
be a non-decreasing fun- 


for 


ction of T, a result in 
agreement with the pre- 
sent theory. 


5. — The film at tempe- 
ratures beyond the 
À-point. 


Some uncertainties are 
encountered in trying to 
extend the theory beyond 


Fig. 4 — Curves for the 
parameter q(7. 2) appearing 
in eq. (22). 


observation as for (18') [footnote (8)] concerning the term 60.4 x 7%. 
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the /-point. In the first place, the exciton free energy change (AF)... has 
been worked out on assumptions applying only up to the /A-point. For the 
purpose of what may be not better than a simple estimate, we may ‘try to 
correct the contribution to (AF)... from type B exciton—which alone undergo 
Bose-Einstein condensation—so as to take into account (at least) the fact 
that their number no longer increases above the A-point. Roughly this can 
be done by putting 735 7"-*-5 in place of 7” in the first two terms of the 


expression for R(T), eq. (18’), getting (17) 


, 
+ T-10° At + 


+ 60.40 705 — 1.79 T3| 108 At. (TER) 


A further difficulty arises because the choice among the pairs of Table I 
is no longer irrelevant for T > T,. This means the need for more experimental 
information. According to the work of Ham and JACKSON (ref. (!°)) there is 
no significant change in the thickness of the film at 2 = 1 em between T, and 
3.8 °K. If we take this as an indication that (1, 7) must be stationary at 
some point 7, between T, and 3.8 °K, we may add to (21) the further con- 
dition 


! d 1 
(21) ane) =0; (T = To); 
which in turn requires 
(21) a TIL) = (0 (ieee 
aT 


Taking 7, = 3.0 °K one finds from (21) and (21’) 
ea, (B= 2.13. 


(The values adopted in drawing the graphs in Fig. 1 and 2). Taking instead 
T, = 3.5 °K the values would be « = 2.35 and ß = 1.24, which means that 
P is very uncertain but « should be in the neighbourhood of 2.5 

Needless to say, it would have been preferable not to ance! introduced 
any adjusted constants like x and ß. It is however satisfactory that the ex- 
perimental temperature dependence of the film can at least be explained by 
giving quite reasonable values to these unknown parameters. This may be 
taken as a hint that the theory is essentially right, although an argument of 


a 
= 
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this kind cannot, of course, exclude the neglect in the equilibrium equation 
of terms having the same importance and a similar temperature dependence 
than those taken into consideration. Indeed their absence might not alter 
the order of magnitude of x and f. 

It may also be noted that the values of the constants lie in the field where 
the ratio r of the « ordinary » term to the «limitation term in the expression 
for R(T) is small (see Table I). This shows the importance of the latter effect 
for the temperature dependence of the film. 


6. — Conelusions. 


Summarizing, the main results of the theory are as follows. 


1) The form of the film is determined by a delicate balance between 
several small effects, among which there are «limitation » effects, that is effects 
on the thermodynamic functions due to the smallness of the thickness. 


2) The temperature dependent properties of the static film are essentially 
due to «limitation » effects on excitons, the main contribution coming from 
« quadratic » ones 


3) The thickness of the static film at a given height above the surface 
of the bulk liquid increases with temperature for temperatures below the 
)-point. This effect should be somewhat greater for a metal wall than for 
a stearate coated one. (See graphs in Fig. 3). Above T, the situation is more 
uncertain but, presumably, the thickness of the film should reach a maximum 
and then decay by increasing temperature, although it is very likely that the 
critical temperature is reached before the film has faded away. (See also 
Appendix A). 


4) Representing the thickness of the statie film as t = tz"? the value 
of q is between 2 and 3. It increases with height and decreases slightly with 
increasing temperature (Fig. 4). 


5) The value of q (by given height and temperature) depends on the 
nature of the wall. Walls exerting stronger Van der Waals attraction should 
give g values nearer to 3. (Qualitatively Qu > Guns > paraitin)* 


In concluding, it is a pleasure for the Author to thank Dr. A. C. Ham and 
Prof. L. ©. JACKSON for kind intercourse and valuable informations about 
experimental details as well for the permission to quote the experimental data 
plotted in Fig. 3. 


ps 81 — Il Nuovo Cimento. 
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APPENDIX A 


« Affinity » for film formation. 


The equilibrium condition for the film, recalled at the beginning of Sect. 1, 
namely 


mb} 


(Priam Fix) = 0 ’ 


oO 
x 


is of course only a necessary, not a sufficient one. It should be supplemented 
by an existence condition, namely 


Ni Fim ot Four <0 ’ 


meaning a positive « affinity » for film formation. 

It is not difficult to set up an expression for AF, the starting points being 
eqs. (3), (5), (6), (8), (10') (the latter with the appropriate corrections dealt 
with for 7 < T, in Sect. 8 and for 7 > T, in Sect. 5), together with eq. (10) 
of paper I (#). 

We shall however not enter into details which would bring about nothing 
essentially new. The most important negative contribution to AF (practically, 
both T and t independent) turns out to come from the third term in eq. (10) I, 
expressing the Van der Waals energy wall-film. With x, = 3:10 cm this 
term gives about — 6 erg em? for a copper wall and about — 1.7 erg cm”? 
for a stearate coated one. The other terms, mostly positive, are much smaller 
(for current values of t) at least until 7 is not substantially greater than T.,. 
This ensures the necessary negative sign for AF. (And at the same time makes 
the calculation less critical). 

Above 7, the situation is more uncertain. The most important positive 
term in. this region is one in 7? due to phonons and, at about 13 °K for a 
copper wall or about 10 °K for a stearate coated one, it would balance the 
negative Van der Waals term. However, we should expect the phonon term 
to rise less rapidly than 7* for various reasons (finiteness of Debye temper- 
ature, change in the character of the thermal motion). Thus, compensation 
should take place at even higher temperatures. Imperfect as it may be, this 
analysis renders nevertheless very unlikely that any change of sign for AF 
will oceur below the critical temperature. This is the ground for the statement 
made on the subject at point 3) of Sect. 6. At the same time the existence 
of a stationary point in the thickness versus temperature curves somewhere 
above 7, is made understandable by these considerations (7°). 


(5) Note that the expression for AF obtained in this way is valid only for a 
liquid layer. The considerations that follow would therefore not apply to any gaseous film. 

(1) This result does not depend on the parameters x, B introduced into eq. (17). 
in which enter only terms of higher order than those important for AF. 
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It may be mentioned that among the «small terms » referred to above, 
there is a term Z,, which is the change in free energy associated with the 
solidification of the inner layers of the film. In evaluating it one should not 
contuse it with the work spent in compressing that portion of the film. Rather, 
it is of the order of TAS = (melting heat per gram) (mass of solid layer 
per cm?). At 2.5°K this gives about 0.44 erg/em? for a copper wall and 
0.30 erg/em? for stearate. Smaller values obtain at lower temperatures. 


APPENDIX B 


List of the main symbols employed. 


(Greek letters are listed together with the corresponding Latin ones. In 
references the first number indicates the paper, the second the section). 


A constant in the espressione Ar? for V(x) (see). I, 1. 

A Tit, eq: (207). 

a, B constants in the expression of « as a function of v. III, eq. (17). 

€ constant in the expression — cr" for the mutual Van der Waals po- 
tential energy between two atoms. 

C velocity of ordinary sound in liquid ‘He. 

AB, difference in zero point energy between an amount of helium in the 
film and the same amount in the bulk liquid. Usually referred to 
the amount present in a cm? of the film (at a given height +). 

AF difference in free energy, in the same conditions as for AK,. 

(AFP)... contribution to AF due to the exciton gases present in liquid He. 

At difference of thickness between the film and a layer of the same mass 
per cm? having density o, (see). 

At’ Teceeda(s): 

Aut like At, but referring to the liquid portion of the film. 

Ag increase of thickness of the film due to expansion of the surface layers 
(with respect to the bulk liquid). I, 3 eq. (17). 

AW, gravitational energy per cm? of the film (= o,g2t). 

E°, E, zero point energy (the first symbol for a system of Debye waves). 

Ee zero point energy per atom. 


F Helmholtz free energy U— TS for the system under consideration. 
Fi Helmholtz free energy per atom. 

F «ordinary » free energy (i.e. for a macroscopic sample). II, 3:1. 

œ(r) local eigenfunction describing the motion of a helium atom in its 


cell. Il, 2:2. 
gravity acceleration. 
IK Debye cutoff wave number. 


OE OE ie dons 
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L see II, Fig. 1. 

À the lenght AC(2kT). II, 3°2. 

15 Debye cutoff wavelenght. 

Al the lenght h (8rukT)-?. II, 3:1. 

m mass of helium atom. 

u effective mass of quadratic exciton. II, 2:2, Appendix B. 
N number of atoms in the sample. 

Vp Debye cutoff frequency. 

D pressure (hydrostatic). 

q parameter in the expression t = t,e=!". 

0 density. 

0 density of liquid ‘He under zero pressure. Practically constant bet- 


ween 0° and 7,. Value adopted 0.1445 g/em-*. 
R(T) function of the temperature (and of the nature of the wall). See IIT, 
eq. (18°) and (18”). 


S entropy. 

t thickness of the film (in em). 

t; thickness of the solidified layer. 

T the same as t, but in units of 10-65 em. 

= as above, for 2 = i cm. 

U internal energy. 

v specific volume (em? ¢-). 

Vo reciprocal of o, (see). 

4 volume of the sample. 

V(æ) potential energy of an atom at a distance x from a (plane) wall (*). 
a distance from a (plane) wall (*). 

Lo minimal distance of a He atom from the wall. 
Hy parameter of the order of 3 À units. T, 3 (end). 
2 height above the free surface of the bulk liquid. 


(*) Does not apply to II, App. B. 


RIASSUNTO 


Sulla base dei resultati raggiunti nelle note I e II della stessa serie, si studia il 
profilo del film e la sua dipendenza dalla temperatura tanto al disotto che al disopra 
del punto 4. Le conclusioni sembrano essere in disereto accordo con l’esperienza. Viene 
anche discussa la condizione termodinamica per il formarsi del film sotto l’azione delle 
forze di Van der Waals e si verifica che essa & effettivamente soddisfatta. 
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The Mass of the Neutrino and the Non-Conservation of Parity. 


B. F. TOUSCHEK 


Scuola di Perfezionamento in Fisica Nucleare dell’ Universita - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 5 Marzo 1957) 


Summary. — A special form of the theory of Lee and YANG (1) is obtained 
by imposing an invariance principle, which insures that the mass as well 
as the magnetic moment (?) of the neutrino is identically zero. This 
invariance property leads to the conservation of a quantum number n. 
The non-conservation of parity is discussed for the chain of decays 
mT>u+ty,u>e+yv+-y. It is shown that the present theory contains 
as a special case the «screwon » theory recently proposed by LEE and 
YANG (?) and a similar theory proposed by Salam (!). 


In a recent letter (5) it has been proposed to connect the observed non- 
conservation of parity in processes involving the emission and absorption of 
neutrinos to an invariance principle which insures that the mass (and also 
the magnetic moment) of the neutrino is identically zero. The invariance 
principle may be stated in the following form: 

All observable quantities of field theory are invariant under the trans- 
formation 


(1) = explinab,  #=Fexplinal, 


() T. D. Lee and C. N. Yane: Phys. Rev., 104, 256 (1956). 
(2) This has been pointed out to the author by Prof. L. RADICATI, see also ref. (1). 
() T. D. Lee and C. N. YANG: Parity Non-Conservation and a Two Componeut 
Theory of the Neutrino. Submitted for publication in the Phys. Rev. 
(4) A. SALAM: Nuovo Cimento, 5, 299 (1957). 
(5) B. F. TOUSCHEK: Nuovo Cimento, 5, 754 (1957). 
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of the neutrino field and the simultaneous transformation 


(2) y, = exp [in.a]y; , 


of all the other fields. Here y, is the fieldoperator of the i-th field and n, is 
a number characteristic of this field. « in (1) and (2) is an arbitrary real 
parameter. 

It follows immediately from (1) that the mass of the neutrino must be 
zero. For the Lagrangian of the free neutrino field 


a 0 
(3) 2,=—i(y = tm), 
u 


is only invariant under (1) if m = 0. If the neutrino would have a magnetic 
moment this would give rise to an interaction energy 


(4) = WWF (PY ur”) N 


with the electromagnetic field F wi 4 is the magnetic moment of the neutrino. 
It is clear that, since y; commutes with all the y,,,;, that (4) cannot be invariant 
under the transformation (1) and that therefore the magnetic moment of the 
neutrino must be zero. 

The conservation law corresponding to (1) and (2) is immediately obtained 
by considering « infinitesimal. With 


. 02 & 
(5) J,=-—i (= Te ; NW; Far) 5 
it immediately follows that 
(6) 0,9, —=0. 


The first term in (5) refers to all particles but the neutrino. As long as no 
neutrinos can be produced or destroyed we have the conservation law 


(7) >| 32), = const , Jo =—Wy,, 
where 
(8) Ji = > n,(n(k, i) — n(k, i)) 


k 


and n(k,7) is the number of particles of species i, n(k, i) the number of anti- 
particles. 
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The physical significance of the neutrino term in (5) becomes obvious if 
one remembers that 


(9) Ys = — (ae)(oe) , 


where a are the usual Dirac matrices and e is an arbitrary unit vector, o is 
the spin operator. It then follows that 


(10) Jin An, +n N, 


where n, is the number of neutrinos with spin direeted antiparallel to the 
momentum and n, the number of neutrinos with spin parallel. The bar () 
indicates antineutrinos. In processes in which neutrinos are produced or 
destroyed one therefore has the general conservation law 


(11) > Ji + Ji = const. 


In the following we shall not make any specific assumptions about the 
attribution of the numbers n to the various kinds of known particles. It is 
sufficient to note that charge conjugate particles must have opposite values of n 
and that particles described by observable fields must have n = 0. In fact 
the latter assumption has been used in showing that the magnetic moment 
of the neutrino must be zero. A possible choice of has been discussed in 
reference (5): all Bosons have n =0, Fermions n =1 and Antifermions 
nH =— 1. 

We now want to show that the invariance property (1) (2) is in general 
not compatible with the conservation of parity in processes in which one 
neutrino is emitted or absorbed. For non derivative couplings the Lagrangian 
which gives rise to the emission or absorption of neutrinos will be of the form 


(12) L'= Sy +78, S = Sty, 


S is the source density of the neutrino field and will transform like a spinor 
under Lorentz transformations. We shall not insist on the invariance of (12) 
under the full Lorentz group but content ourselves with the invariance under 
proper Lorentz transformations. In this case S can be assumed to be of the 
form 


(13) S=(e+ny,)T, 
where T is an operator which transforms like » under the full Lorentz group. 
That (13) is the most general expression which renders (12) invariant under 


proper Lorentz transformations follows from the fact that the factor of T 


cn 
n 


— a 


1284 B. F. TOUSCHEK 

in (13) must commute with all the generators y,,,, of the transformations of 
the proper Lorentz group. € and n will in general be complex numbers. Since 
(12) is supposed to describe the production of only one neutrino it is clear that 


S—and with it 7—are independent of the neutrino amplitudes. To describe 
the ß-decay of the neutron in a scalar theory one would choose 


T = ply Yad » 


where the indices e, p and n refer respectively to positrons, protons and 
neutrons and g is the Fermi constant. In terms of 7 we may now write for (12) 


(14) L'= T(e* — n*ys\v + He + nys)T. 

Apart from a common factor the parameters e and 7 can easily be de- 
termined from the invariance requirement (1), (2). For under the transform- 
ation (1), (2) T will transform as 
(15) T'= exp {xAn]T, 
where An is the difference between the numbers n; of the particles destroyed 
and those created together with the creation of a neutrino. By means of the 
identity 
(16) exp [tay;] = cos a + ty; sin «, 
we now find that (1) and (2) require that 
(17) e+ Ann = 0 Ane + n — 0. 


These homogeneous equations in e and 7 immediately give the selection rule 


(18) An2— ie An = +1, 


so that apart from a common factor which we may consider as absorbed in 
the Fermi constant we have instead of (14) 


(19) L'= T1 + y) +71 F y)T. 


Here the upper sign corresponds to the selection rule An = + 1 the lower 
sign to the selection rule An = — 1. From a comparison with equations (10) 
and (11) it is now easily seen that An = +1 corresponds to the production of 
a neutrino with its spin antiparallel to its momentum and that An = —1 


= 
Le) 
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corresponds to the production of a neutrino with its spin parallel to its mo- 
mentum. 

It is also obvious that a Lagrangian of the form (19) will in general not 
conserve parity. For under space reflections one has 


(20) Ry(x, t)R = yyr(— a, À), RL (ae, )R- = y,T(—-4, bt), 


so that the sign of y; will change in equation (19). This is also quite plausible 
from a physical point of view. For under space reflections a « parallel » neutrino 
is converted into an antiparallel neutrino. But since the conservation law (11) 
imposes the orientation of the spin of the neutrino relative to its momentum 
a transformation which reverses this orientation cannot leave the Lagrangian 
invariant. 

It has been shown by PAULI (65) that in a theory of this type it is in general 
not possible to conserve the invariance under charge conjugation or weak time 
reflection. It depends on the choice of the coupling in (19) whether or not 
the theory is invariant under charge conjugation. If it is invariant it cannot 
be reversible. The Lagrangian (19) gives a «maximum » of observable non- 
conservation of parity: the effects of the y,-coupling always appear in the form 
of interference terms with the parity conserving parts and this interference 
is maximum if parity conserving and non-conserving parts have equal in- 
tensity. The general effects of parity non-conserving terms in the theory cf 
6-decay have recently been discussed by OEHME, LEE and YANG (?). 

At present it is not yet known whether recent experiments by Wu (°) can 
be in quantitative agreement with the strong non-conservation of parity pres- 
cribed by the Lagrangian (19). 

As an application of the general argument we now want ot discuss the 
reaction 


(21) Tu Vv. 


In a series of brillant experiments GARWIN, LEDERMAN and WEINRICH (°) have 
recently shown that parity cannot be conserved in this process and that the 


6) W. Pauzr: Niels Bohr and the Development of Physics (London, 1955). See also 
G. LUEDERS: Dan. Mat. Fys. Medl., 28 (1954). 

(7) R. ÖEHME, T. D. Lee and C. N. YANG: Remarks on Non-Invariance under Time- 
reversal and Charge Conjugation. Submitted for publication in the Phys. Rev. 

(e) C. S. Wu, E. AMBLER, R. W. Haywarp, D. D. Hoppes and R. P. Hupson: 
An Experimental Test of Parity Conservation in Beta Decay. Preprint. 

(®) R. L. Garwin, L. M. LEDERMAN and M. WEINRICH: Observations of the Failure 
of Parity and Charge Conjugation in Meson Decays: The Magnetic Moment of the Free 
Muon. Preprint. 
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u-meson must leave the reaction (21) strongly polarized in the direction of 
motion. We shall show that in the present theory the u-meson is completely 
polarized (whether parallel or antiparallel depends on the assignment of 
n-values) and that the polarization of the p--meson is opposite to that of 
the u+t-meson. In keeping with the restriction to non-derivative couplings 
we shall assume that the Lagrangian giving rise to the reaction (21) is of 
the form: 


(22) £' = fll (u(An — ys)v) + FI (v(An + y;)u) . 


Here f is a coupling constant, // is the operator which destroys a positive 
r-meson and creates a negative x-meson, u is the operator which destroys 
a positive and creates a negative -meson and 


(23) An m Anv= 1. 


ut 


The second term in (22) ensures that this Lagrangian is Hermitian. It is easily 
verified that the expression (22) is invariant under the substitution 


(24) CUD RIND is (ORE arin N. 


The upper sign with f* holds if it is assumed that the operators of the u-mesons 
and neutrinos anticommute, the positive sign holds if they commute. Majorana- 
gauge (ys =y,, vi =— Yo 9% = —Y,) has been used throughout. The polar- 
ization of the yt-meson can now be determined by the usual method of eva- 
luating the trace of the modulus’ square of the first term in (22). Using the 
projection operator 


F 8 A = 
(25) P=5(1 + zu), S——+l, 


a 


in which k represents the momentum of the emitted p*t-meson we find im- 
mediately that the meson-intensity is proportional to 


4(1—sAn). 
This means of course that the pt-meson is emitted with 
(26) s=—An, for ut, 
i.e. that its polarization is complete in the direction of emission and that the 


sign of the polarization depends on the assignment of n-values to m+ and 
u*-meson. Since the intensity is proportional to |f|? and because of the in- 
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variance property under the transformation (24) it follows immediately that 
for the u= we must have 


(26') 8 = +An, for iu 


The result (26), (26) can also be expressed by saying that (if the u-meson has 
no anomalous magnetic moment) the magnetic moment of the p-meson pro- 
duced in r-decay is oriented in the same manner for positive and negative ps. 

There exists at least one process in nature in which two neutrinos are 
produced in a decay phenomenon. GARWIN, LEDERMAN and WEINRICH observed 
a strong correlation between the direction of emission of the electron in u-decay 
and the direction of emission of the u-meson in r-decay. As has already been 
observed such a correlation can only be explained by assuming that in both 
r- and u-decay parity is not conserved. To describe the decay of the u-meson 
we have to investigate the implications of the principle (1), (2) applied to 
Lagrangian densities which describe the production of two neutrinos. These 
Lagrangians will be of the form 


(27) 2" = F(vl'y) + H.C. 


if the two neutrinos produced are of different type (i.e. one a neutrino, the 
other an antineutrino) and it will be of the form 


(28) L" = F(vl'y+t) + H.C. 


if both neutrinos emitted are of the same type (neutrinos). H.C. signifies the 
hermitian conjugate. We shall assume that 7 transforms with integral spin 
under Lorentz transformations and in particular (that is in the absence of 
derivative couplings) in any one of the ways usually denoted by 8, P, V, A, 7. 
It is assumed that /” transforms in the same way as F under proper Lorentz 
transformations and that we must therefore have that 


(29) I"=I(e + nys) , 

where ¢ and 7 are e-numbers and /' transforms like F# under the full Lorentz- 
group. It should be noted that (28) is an invariant only in the Majorana- 
gauge in which »* transforms in the same manner as ». Under the trans- 
formation (1), (2) # will transform like 


(30) i Hexp HAN], 


where An is the change of n associated with a particular process described 


Se > 
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ia 


by (27) or (28). If the term represented explicitely in equations (27) or (28) 
is supposed to describe the decay of the u+-meson we have, that in this case 


(31) An = N+ — Ng - 


The selection rules which one obtains for An depend on the transformation 
character of F under proper Lorentz transformations and are because of 
y; = — y, independent of the alternative (27), (28). The results are summarized 
in the following table: 


| 8, P | V,A T 

(52) +2 0 +2 
27 = = 

(Eh no yes no 


The columns refer to the way in which F transforms under proper Lorentz 
transformations. The figures in the table give the selection rules for the quantity 
n and « yes» and «no » answers the question: «is parity conservation possible? » 
It is immediately seen, that the selection rule An = 0 does not force us to 
introduce terms which do not conserve parity. The selection rule An = + 2 
on the other hand seems to be in contrast with experiment. The reason for 
this is the following: the possibility of ß-decay together with the observed 
reaction 


Yıpzon-trzrı, 


lead to the relation 


(33) er al ys het al bn 


Equation (33) together with 


LEP G) 


4 


can only be satistied if N,+—N+ and n,+—n,+ have a different sign. For 
if they have the same sign it follows immediately that n,, = n.+ +3. But 
if n,+—,+ and n,+—n,+ have different sign it can immediately be seen 
that at maximum energy of the electron the backward intensity must be zero. 
To see this assume that 


(34) Mt — N+ =1, DN — Ds 


2 
2 
a 
= 
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Then according to (10) the neutrino of x-decay must have its spin oriented 
antiparallel to its direction of flight, i.e. parallel to the direction of the u-meson. 
(The w-meson spin is antiparallel, compare equation (26).) Now, if in u-decay 
the electrons are emitted in the backward direction, both neutrino and anti- 
neutrino must be emitted in the forward direction. Since because of (34) 
and (10) their spins are oriented in the direction of motion, also these two 
particles have their spin pointing in the direction of flight of the u-meson. 
The neutrinos have therefore carried away a spin — in the direction of motion 
of the u-meson. The u-meson having been first created and then destroyed 
does not enter the balance and the electron cannot compensate a spin 3. It 
is therefore impossible to emit an electron of maximum energy in the back- 
ward direction. It follows that for |An|— 2 the angular distribution of the 
fastest electrons emitted in u-decay should be 


(35) (1 + cos 9) 


and this at the time seems to be strongly in contradiction with Lederman’s 
experiment. 

This result is borne out by a more detailed calculation. Using an (8, P, 7) 
—mixture—which because of (32) is compatible with the hypothesis (27) and 
IN = 


[| 


+ 2 one obtains for the spectral distribution 


(36) S(p) = p’A[(6 + 37) — (2 + 3r)p] — ns[(2 + 38) + (2 — 3B)] cos 0}. 


Here p is the momentum of the electron (half the rest-mass of the u-meson 
as a unit) and the parameters t, f, 7 and s are real. t and f are defined in 
terms of the coupling constants g,, 9, 9 of the S, P and T-interactions: 


7 In |? +1g|? _ Hg + 99° 
Ge an aD 
and one obviously has 
6 
(38) Baer, Dre co, ver: 


(39) nn 


From the possibility of ß-decay it follows that one must have 7s = — 1 and 
this bears out the complete cancellation of the backward intensity at maximum 
energy already foreseen by the qualitative consideration based on the con- 
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servation law (11). It seems highly improbable that (36) could be brought 
into quantitative agremement with experient. For it is fairly certain that 
Michel’s o-value is > 0.5 and that therefore 7 <6, To describe the proper 
sign of the integrated asymmetry the most favourable choice would be t = 6 
and  =—6. In this case the spectrum becomes proportional to 


(40) p?[ (6 — 5p) — cos 0 (4 — 5p)] 


and the integrated asymmetry is only slightly more than — 11%, as com- 
pared with Lederman’s 33%. Also the energy dependence does not seem to 
be of the form indicated in Lederman’s experiment. 

The spectrum (36) is the most general spectrum compatible with the hypo- 
thesis |An| = 2: it is easily seen that in the case (28) a tensor calculation 
is not compatible with the Pauli principle and that therefore 9 = 0. 

The experiments therefore indicate that p-decay is governed by the se- 
lection rule An = 0. In this case the predictions of the present theory are 
identical with those of LEE and YANG: either alternative (27), (28) gives 
o = 0.75. The same authors also give the spectral distribution and angular 
dependence of electron emission as: 


(41) S(p) = p°((3 — 2p) + B cos O(1 — 2p)), 


where ß is given by 


19:1? + 1941? 


(42) B 3% 93:95 + Gigs 


The anisotropy of the direction of emission of the electron is not predictable 
in the case of theories with |An|=0. As one sees from (41) and (42) it 
enters the description of the process in the form of a parameter and there is 
no theoretical necessity for assuming that this parameter is 4 0. 

It is seen from these considerations that the invariance principle presented 
here leaves one a wider choice of theories to represent experimental data. 
The theory of Lee and Yang enters as a special case. The equivalence holds 
in particular in the absence of reactions which change the spin of the neutrino. 
Such a reaction would be possible in all the theories of the type (27) in which 
two neutrino emission is described by the selection rule |An| = 2. 

An unsatisfactory feature of both the present theory and the theory of 
Lee and Yang is that in the case An = 0 no reason can be given for the non 
conservation of parity. This non-conservation has obviously nothing to do 
with the structure of the neutrino since either theory allows one to construct 
bilinear forms from the neutrino operators which do conserve parity. In this 
type of theory therefore parity non-conservation in two neutrino decays enters. 
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as a special hypothesis. If one is prepared to introduce this hypothesis then 
there is of course no reason for not introducing it also to «explain » the decay 
of strange particles, about which present theories tell us nothing. The question 
remains of how the neutrino can be made responsible for the non-conservation 
of parity in the decays of the K-meson in which no neutrinos are actually 
produced. It is tempting to assume that this non-conservation of parity is 
due to the virtual emission and absorption of neutrinos. Processes of this 
type however are generally assumed to be described by matrix elements pro- 
portional to the square of the Fermi-constant. If perturbation theory has 
any meaning in the case of Fermi type couplings they should therefore be 
very slow. The only way to overcome this difficulty seems to us to consist 
in assuming that in a future theory the divergences of Fermi type processes 
will be treated in such a way that wherever the emission and reabsorption 
of a virtual Fermion has to be considered the ordering of matrix element in 
powers of g looses its meaning, that is that what hitherto has been referred 
to as a second order matrix element would go with g and not with g*. 


Note added in proof. 


The theory which we have here presented is compatible with a reality condition, 
which in the Majorana gauge may be written as: 


yt =v, 


and which has been proposed by M. Frerz (W. PAuui, private communication). This 
reality condition excludes tensor and polar vector terms of the form vy,yu®, vyyy,v resp. 
As a result the transitions in u-decay with An = 2 have necessarily o = 0 and the 
theory becomes completely equivalent to that of Lee and Yang. The author is extremely 
grateful to Prof. W. Paurx for a stimulating exchange of correspondence. 


RIASSUNTO 


Si discute una proprietà di invarianza che garantisce che la massa ed il momento 
magnetico del neutrino sono identicamente zero. L’invarianza conduce ad una legge 
di conservazione che sostituisce la conservazione di parita. Si discute la teoria della 
catena di decadimenti z-y-e mostrando che la teoria a due componenti, recentemente 
proposta da LEE and YANG, risulta come caso particolare. 
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Scattering of Fast Electrons by Polarized Nuclei. 


M. BERNARDINI, P. BROVETTO and S. FERRONI 


Istituto di Fisica dell’ Universita - Torino 
Istituto Nazionale di Fisica Nucleare - Sezione di Torino 


(ricevuto 1’8 Marzo 1957) 


Summary. — In the present work are given detailed calculations of the 
cross section for fast electrons on polarized nuclei. The results are ap- 
plied to the case of Ta; the predicted azimuthal anisotropy in the cross- 
section varies from 130% to 50% according to the shape chosen for 
the distribution of nuclear charge. 


4. — Introduction. 


Methods have been recently developed by which high degrees of nuclear 
polarization can be obtained on paramagnetic substances (!). In the present 
work calculations are made in Born’s approximation for the elastic scattering 
cross-section of high energy electrons against polarized nuclei. A first approach 
to this problem can be found in a paper by FERRONI and FUBINI (?). In the 
present work attention is paid to the effect on the scattering of the quadru- 
pole moment of the polarized nucleus, and the azimuthal anisotropy in the 
cross-section is derived as a function of the nuclear charge distribution. We 
Shall assume in the following that the target nuclei are in a time constant 
impure spin state. 


(1) A. W. OVERHAUSER: Phys. Rev., 8, 689 (1953); 92, 411 (1953) P. BROVETTO 
and G. Cint: Nuovo Cimento, 11, 618 (1954); P. BROVETTO and S. FERRONI: Nuovo 
Cimento, 12, 90 (1954); M. E. Rose: Phys. Rev., 75, 213 (1949); C. J. GORTER: Physica, 
14, 504 (1948); A. SIMON, M. E. Rose and J. M. Jauch: Phys. Rev., 84, 1155 (1951). 

(2) S. FERRONI and S. Fupinr: Nuovo Oimento, 1, 263 (1955). 
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2. — Theory. 


An ensemble of nuclei in an impure spin state is described by a density 
matrix o of the type (?): 


Le 
+ 


(1) = (a) (— 7 1) bn i 


where m is the component of the nuclear spin moment J along the quantiz- 
ation axis. Polarization P is related to the parameter u by: 


Tr (mo) 


mo) 
ce ee TAO, 


The differential cross-section is related to the scattering matrix M by: 


Tr (oM*M) 


(3 Vo d'or 
(3) ot Tr (0) 
21. Calculation of the scattering matrix M. — The elastic scattering 
matrix M is: 
Ha ofp Zee) 
A 4 M, ECS 7 VE UAT e) | vin i\"e ’ 
(4) ” EN m(Pe) Ze) | =e | (rp) Zi » 


where E is the energy of the scattered electron, YW (rp) is the normalized wave 
function of a proton in the nucleus, 7,(r.), Xr(r.) are the wave functions of 


the electron initial and final state respectively. One has: 


[ 2.) = a; exp [ip,-r./h], 
(5) UT | 
| x(7.) = as exp [ip;-r.|h], 


where a,, a, are Dirac’s amplitude matrices. By use of equation (5), equation (4) 
becomes: 


ZeE ö * expliq- re. 
(6) IM i -<ay|a;> dr EV. | dt, plig cr ; 
27h? c? | r.— rp | 


Tp Te 


where hq =p,—p, is the momentum transfer related to the scattering 


© @) J: Von Neuman: Die mathematischen Grundlagen der Quantenmechanik (Leipzig, 
1932), p. 173. 
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angle 9 by: 
) 


a) EN 
hq = 2p sin 5° 


BER 
1 
— 


Integrating over r, (see Appendix I) equation (6) becomes: 


Ze?E , 
(8) J haley aie : BE Cd | ax) = = m m ol QT? )dtp = 
 2nch2er 
An 5 3 fi 30 — di, ; 
a & E Sat FE u ue (Grp) dt; = 
IE oa lp 


Tp 


In this equation jo, j, are the spherical Bessel functions, x,, 7; are the com- 


ponents of r, and Q,, is the tensor related to the components q,, q, of q by 


P, 
the equation: 


(9) O5 = En Wey ; 


PE 


As the function j,(gr,) is a zero-order tensor the first integral in equation (8) 
is invariant for rotation of the axes, and can therefore be written as: 


(10) LATE dtp =? F(q)0 pm ’ 
Tp 

where 

(11) F(q) AT dtp . 


The simmetric second-order tensor in the second integral of equation (8) can be 
transformed by means of the relation (1): 


(12) Chit ee cones 
2 

where 

(13) Py, = EI; + LI) — 948°: 


In this equation, 7; and I, are the components of the angular momentum oper- 


() H. Wey: The Classical Groups (Princeton, 1939), p. 149. 
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ator I. The constant C can be determined by considering the matrix element 
between states m, m'— I of the component i,j — 3 of the tensor on both 
sides of equation (12). The result is: 


i Gr j B 
(14) | TE har) dre = OU, 1 [Tal D, 
./ P 
from which 
2G(q) 
15 (ee N 
a I(2I —1)’ 
where 
(16) G(q) =| esi. (COS %)jo(qr'p) ATz . 
Tp 


In this equation, x is the angle between r, and the nuclear axis. We can now 
calculate the matrix M*M. We shall consider diagonal elements only, since 
the density matrix o is diagonal. Taking into account equations (8), (10), 
(12), (15) and averaging over the electron initial and final spin states, one has: 


2Ze?E\° A 
(17) CHEN) 5 nn) (areas 


jy 


3 
1g 2e Das I, m|T,,|m, D + 


ete 


| Pwr —2F (ge UD) 7 


ER 


2 3 
em | Dime | Ds Qi; I, Mm | Ti; | m‘, L + : 


LR 
EL 
a bo 
SS g 


The average over spin states of the incident and scattered waves can be 
easily performed and yields (): 


MC NN (ep\? ) 


In the following calculations the rest energy m,c? of the electron will be 
neglected. 


2'2. Formulae for the differential cross section. — By means of equations 
(7), (17) and (18) and averaging over nuclear spin states, equation (3) can be 


() M. E. Rose: Phys. Rev., 73, 279 (1948), eq. (8). 
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shown to become: 


Zee COs ( 
~ 48? sin: (9 


79 9 fq3\?  — @ 
+ [54 (q >| er zi +) (I, u) +3(4) ar 13 V(1, u) aL 


(9) 0 a 


The trivial but rather tedious calculations are summarized in Appendix II. 
In this equation one has: 


(20) K(Z, u) 


1 u 
= — 2 AL) == 3708 teh — 
Tel 5 ee ) sib, (| vr) co h fl, 


Ul,u) = — nn Ira + 1)[47U + 1)—9]—61B, (& 1) coteh 47 
P(2I—1)?| I 
OT +7 cotgh? | 4- 18 cotgh? £ - Li vl, 
21 21 | 
Vie 2 Srp, is coteh À |4I(I + 1)--3 +12 cotgh? | — 
oa I°(21— 1) | 21 21 21 
EA AU heal 1) cotgh? “1 , 
21/ 
i L ue 
WT, u) > 07 a 1: sb (J +1) — sib, (4, 5) coten £ (coteht ort 1) + 


Sy 1) cotgns Hi, 


where B,(u/21) is Brillouin’s function. 
Where u goes to infinity, i.e. polarization P takes its maximum value 1, 
the function defined in equation (20) can be easily shown to become: 


[AG pue = 1 UE, eye =1, 
(21) awe ni ; é 5 
ame WU Mme = Tara) 


When no magnetic field is applied, « is zero, and, for equations (1), (2), po- 
larization P is also zero, the quantization axis is parallel to the momentum 
transfer q, ie. qs; = q. 
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In this case with simple calculations one gets: 


(22) K(I,0) = 0; U(I, 0) =; 


and the differential cross-section is simply: 


Z?e: cos? (0/2 
Be Leur + GT 


~ 48? sin“ (9/2) ELTERN, 


r41 4rd +1) = 
Equation (23) is the quantum mechanical correct expression of a relation 
already obtained by SCHIFF for the cross-section on non polarized nuclei and 
the two expressions become identical for I = co (°). 


93. Some nuclear models. — Let us now consider the function LP tek 
presenting the nuclear charge distribution, and expand it into spherical fun- 
ctions, neglecting the terms corresponding to multipoles of order higher than 
four. One has: 


(24) KA == 0, (tz) m 0,(7 p) P, (cos x) = 


The nuclear radius R and the quadrupole moment () are defined by the 
the following expressions: 


(25) PRE ANAL 
ip 
(26) Om 22 LP, \?P,(cos a)rp tp - 
Tp S 


We shall now require from the function 0,(r,) some conditions, so that equa- 
tion (24) represents in à plausible way the nuclear charge distribution. We 
shall therefore consider the quantities r? and r? defined by the equations: 


(27) TIRE 
TP 
(28) OLA >| LW, |? P,(cos x) dry - 
Tp 


. (6) L. I. SCHIFF: Phys. Rev., 92, 983 (1953), eq. (21). See this work also for the 
discussion about the applicability of the Born approximation in this case. 
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We shall assume that: 


(29) m. 


With this condition, the anisotropie term of the charge distribution has the 
same range as the spherically simmetric one. Moreover, it is plausible to 
assume that the charge density is approximately constant inside the nucleus, 
and that the quadrupole moment mainly derives from the elongated shape 
of the nucleus. This consideration implies a further restriction on the function 
0,(r,). In fact, let us consider a distribution o,(r,) practically constant inside 
the nucleus. The function o,(r,)P,(cos «) decreases the charge density for 
«= 7/2 and increases it for « =0. In order that the effect of the term 
0,(r,) P,(e0s «) should be that of altering the spherical shape of the nucleus 
leaving the charge density constant inside it, the function o,(r,) must satisfy 
the condition: 


CAE N 
(30) SESS for Rey a 
A first rough model introduced by SCHIFF ($) is given by the following expres- 
sions for the functions o,(r,) and o,(r,): 


[ Oy ONES P< Sar 
%(r,) > 
(31) U tor 7 ie 


Oo(7 


= Bodr,—R). 


p) 


The parameters appearing in eq. (31) are found by taking into account the 
normalization of W,, and eq. (26). One has: 


) 


For this model the conditions required for o,(r,) are automatically satisfied. 
Eq. (11) and (16) allow us to find the expressions for F(g) and G(q), that 
are given by: 


a 
| Ba) = Te hah) 

(33) 0 
| Gd) = sz paielah) 
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Another more satisfactory model is defined by the equations: 


| Oo(%p) = Oo EXP | a : 
| 
| 


a 


li 
(2 


a 


(34) 


For the conditions of normalization and taking into account eq. (25) and (26), 
one has: 


(35) 8x0 0° ale ze =D ae; a = : Ay we : 


the parameter 2 is determined through eq. (27) and (28) and condition (29): 
} g 


ab 
| Or 
ot = 
en | Gin — V7 I(n +5), eu p (* a a aly, ag? 
| D = 30 Tran "eager irren 


In this equations, ‚F, represents, with Barnes’ notation, a generalized hyper- 
geometric function. 
In the particular cases n = 1 or n = 2, the second of eq. (37) becomes: 


A 202 
| G(q) = =k Be ee = for oil: 
| 5 (Az + @202)° 
(38) | : a 
24.,, ga 
q = — RTS A ITS ” = 2 
| ((q) 5 k (2 age) for n 


3. — Numerical results and discussion. 


In the following discussion, we shall take the quantization axis 2 ortho- 
gonal to p, and we shall indicate with @ the angle between the projection of 
pr; on the plane orthogonal to p; and the z-axis. It is clear, from eq. (19) that 


() & N. Warson: Theory of Bessel Function (Cambridge, 1952), p. 385. 
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in these conditions the cross-section shows the maximum anisotropy with 
respect to p. With this choice of the z-axis one has: 


ax 43 l ae 
(39) — == — COS — cosy. 


q 2 
We shall apply the previous results to the case of Ta for which Q =6-10-*4 cm?, 
one of the largest values known, and J = $. 

The neutral Ta atom, and the ion Ta++ contain an odd number of electrons, 
and are therefore paramagnetic and can be polarized (1). In the following 
numerical calculations, we shall assume P = 0.8, i.e. w = 3.062. Eq. (20) 
gives: 

K 


| 

© 
Qt 
w 
— 
a 
| 

© 
© 
Ha 
bo 


1,3208; WET 


Let us consider the sharp-edge charge distribution described by eq. (30); 
the nuclear radius, calculated with the rule R = 1.4:10-13A% em results 
= 1.9.1022 cm. Kies shows, 
for H — 125 MeV, the values 
of the anisotropy o(d, @)/(9, 0). 
It is interesting to notice that, 
increasing 9 from 45° to 60°, 
the anisotropy goes from values 


9 4s 2.302 


es ° 
EEE larger than one, to values 


smaller than one. This is due 
to the fact that in such an in- 
terval for 9, the function #(q) 
(see. eq. (33)) shows an inver- 


0° 7 45° 90° 
Fig. 1. — Azimuthal anisotropy o(%, g)/o(ÿ, 0) as 
a function of » for #=45°, 60°, 90°, in the case À A 
of the sharp-edge charge distribution model SION of sign. 
eq. (31). Bombarding energy 125 MeV. The smooth charge distribu- 
tion model given by eq. (34), 
according to Hofstadter’s measurements (*) on non polarized nuclei, best 
represents the experimental-data, if a = 2.80-10-1% cm is assumed for Ta. 
For this value of a, from the second of eq. (35) we have R = 9.7-10-" cm, 
For n = 1,2 the function o,(r,) (eq. (34)) satisfies condition (30); in this way 
we obtain a more satisfactory description of the nuclear charge distribution 
than for n = 0. 
The third of eq. (35) and eq. (36) yield: 


k = 0.202 fi = Wel Hye A == Ab 
k = 0.180 A — 3.581 foren Dr 


(5) R. HoFSTADTER, H. R. FECHTER and J. A. McIntyre: Phys. Rev., 92, 978 
(1953). 
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Using these values, the graphs 18 SEITE 1 T i T 
x2 


of Fig. 2 and 3 are obtained | +80) 


in which anisotropy is plotted 


against the azimuthal angle 9, BE 
for E = 125 MeV and d = 45°, 13 
60°, 90°. 

12h 


It is clear that the function 
o(8, x/2)/0(9, 0) has a maximum MP 


for 45° < ÿ < 90°. Anisotropies 1 ee ” y 
Se 0° 45° 90° 
of the order of 50% are pre- 
: Win re 1 al anis r a 9 as 
dicted. Fig. 2. — Azimuthal anisotropy o(#, p)/o(8, 0) a 


a function of @ for ÿ—45°, 60°, 90°, in the case 
of the smooth charge distribution model eq. (34) 
that anisotropy decreases with with the choice n = 1. Bombarding energy 


It can be stated in general 


increasing n. 125. MeV. 
When the nucleus we con- 


sider is bound ina paramag- . 
netic compound, where the 
other atoms have a much lower 
Z, as it is the case for Ta in 
the compound TaCl,, the con- 
tribution of these other nuclei 


to the scattering of the elec- 


trons is small, and does not 
smooth out appreciably the Fig. 3. — Azimuthal anisotropy 0(9, ~)/o(%, 0) 
as a function of p for #= 45°, 60°, 90°, in the 
case of the smooth charge distribution model eq. 
(34) with the choice n = 2. Bombarding energy 
2. 125 MeV. 


anisotropy, since the cross- 
section varies practically as 


We are grateful to Prof. M. VERDE for very useful discussions and criticism. 
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“he integral appearing in eq. (6) of the text by using the Fourier trans- 
formation : 


(40) | er En Ela — 
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becomes: 
(41) frere exp [iq:rp] dtp . 
wir 
Taking into account the expansion (°): 


iS 


(42) exp Pig? Bale 21 (21 + 1)j(grr)P,(CoS y) , 
where y is the angle between the vectors q, rp, the eq. (41) can be written: 


(43) 


NE Pa Jo(r> \dtp = ofr m N) (qr r) P, (cos y) dr, = 


Ep Tp 


In eq. (43) for parity considerations only even order Legendre polinomials 
appear; also polinomials of order higher than two will be neglected. In fact 
thev are responsible for terms corresponding to multipoles of order higher 
than fonr, whose contribution is by all means negligible. 

Let us indicate with x, the components of rp, and with g, the components 
of g; the following identity can be easily proved: 


(30:0 — ON 


à, 


3 
(44 P,(cos y) =- 
(44) (COS 4 ae 


By means of eq. (43), (44) eq. (8) of the text is immediately derived. 


APPENDIX IT 


The summations over i, j appearing in eq. (17) can be easily evaluated 
remembering eq. (9) and using the expressions for the matrix elements of 
operator T,, (2°). One has: 


3392 — 
Dis he m|T..\m, D = — 43 q? 


5 q [3m? — II +-1)], 


2,1 


ea IY — 


U9 is 


du 
2 


(45) 2m +1) VIF mI £m +1), 


9 qs qi zi UE TF = 
q 


| 
| 
| 
| 
be Haut <I, m| Tis \m + 2, D = 


az iB pie) VUE mi = m—1)(1 EmEDU + m+2). 


(*) @. N. WATSON: Theory of Bessel Function (Cambridge, 1952), p. 128. 
(10) N. F. RAMSEY: Nuclear Moments (New York, 1953), p. 22. 
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Klementary calculations yield the following equations 


I N 

D m? exp e 7 m) \ 

4 Ich A 
= EU \ 2 INGE 2 Thy) IB, (5) cotgh a } 


= exp (- 5 ») 
—I 


2 u 
> mé exp (— Fm) fe 
> gu nes en 
Im EXP (— Fu) je 
= I 
ar 1618: (4 N cotgh sent DEE rn 


| 


where B,(u/21) is the Brillouin’s function 
Applying eq. (45), (46) the following equations are found 


| 
| 
| 
| 
(46) | 
| 
| 
| 


3 
Tr { On 222 yh EHLERS, 


| Tr On itr 
| eoteh fe 


qs — 4 
eS 1 +1) —31B,(# fl, 


Tri en DA I. m| T,,\m, D 
on 5 143 


= (= nf ru MI IE Ae Ly oO] Bu, en cotgh 2 


5 
72 


q? 
1) cotgh? —t , 
peo | 


jer fete ae > cotuh | + 181(1 


3 
HIS, :QuXT, Mt = [2% 


(47) À 3 
I er amt | Peg QT, Bat: 
1 1 = 
Tr On à 
81 /Q ; ee 2 
er 7) 5S q° FE tre, (4) cotgh Ir ru } 1) 3 Sy 122 coteh? 5 as 


Ai 

— 8/(f-- 1) cotgh? 1, 

( ) VOT 27[ 
3 

Tr Omf bee Vil, m\ Ty (m+ 2,73 + 1,04 I, m|T';;lin — 2, TAES = 
1 


SI 
= (€ 3 | pra a8 328, (4 a cotgh 


2 (cotsi J fe ) + 
OT entre ate 

q° 21 21 

+ 21(1 + 1) cotgh? A : 
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RIASSUNTO 


In questo lavoro si sviluppano in dettaglio, mediante Vapprossimazione di Born, 
i calcoli riguardanti la sezione d’urto di elettroni veloci da parte di nuclei polarizzati. 
I risultati ottenuti vengono applicati al caso del #Ta; si prevede un’anisotropia azi- 
mutale della sezione d’urto variabile dal 130% al 50% a seconda della forma della 
distribuzione di earica nucleare scelta. 
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Determination of the Pion-Nucleon Interaction Coupling Constant 
from Scattering Experiments Using Dispersion Relations. 


G. Puppr and A. STANGHELLINI 


Istituto di Fisica dell’ Universiti - Bologna 


(ricevuto 11 Marzo 1957) 


Summary. — We have caleulated the renormalized coupling constant 
of the pion-nucleon interaction by fitting the experimental data of the 
scattering with the dispersion relations. For the n'+p>r'> +p, we 
have found: f? = 0.095+0.005 and the experimental data and the theory 
well consistent. For the r +p > r-+p, we have found a coupling constant 
appreciably smaller. The fact is not understandable in the frame of the 
usual theory of the pion-nucleon interaction. 


Introduction. 


Two types of methods have been used for the calculation of the renor- 
malized coupling constant f? from pion-nucleon scattering experiments. 


1. — Fixed source theory. 


The first method consists in adopting the results of the fixed source theory 
obtained by CHEw and Low (1). This method for the nature of the theory 
in itself supplies information only on the P waves and may be used in various 
approximations, 1. e.: 


1:1. Effective range. — The lower the energy of the experimental data from 
which one extrapolates to zero total energy, the better the reliability of the 
effective range for the determination of the coupling constant. 


(1) G. F. Cupw and F. E. Low: Phys. Rev. 101, 1570 (1956). 
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At this moment only the &,P wave phase shift could be analyzed in this 
sense and the calculation of f? is made by the relation: 


2 In Fig. 1 (?) an ‘analysis 
based on the: most reliable 
experiments of z*-meson 


F?2 0.095*0.006 
0230%0,020) 9° 0 = 2-2240.20 scattering on protons in the 
i energy interval below reson- 
ance has been reported and 


the result is 


0 
jf? = 0.095 + 0.006, 
: a — 222 020" 


Fig. 1. =; 


The so calculated value of 
f? has recentely been confirmed by J. OREAR (?) and agrees with our former 
calculation (4). 

This value is slightly higher than the ones obtained in other previous cal- 
eulations (5) owing to the fact that high energy data were employed which 
now do not seem to be easily fitted with the straight line drawn through the 
lower energy data. 

In Fig. 2 (?) the result of an effective range analysis is reported, in which 
we have taken into account the Serber term i.e. 


4 / n8 1 1 D* 
(2) 5 (2 cotg ta) ers (: i=) 
3 \o@ o fe Mo 


from which 
f? = 0.107 + 0.007, 


= "9:08, 5520.20 3 


Without discussing the suitable expansion to be used as effective range for- 
mula, it is evident that the coupling constant obtained from this approximation 
points towards a value of about 0.1 with a 10 % error. 


) G. Puppı and A. STANGHELLINI: CERN Symposium (1956). 
) J. OREAR: Nuovo Cimento, 4, 856 (1956). 
3) G. Puppı and A. STANGHELLINI: Nuovo Cimento, 3, 491 (1956). 
) J. LINDENBAUM and L, C. L. Yuan: Phys. Rev., 101, 307 (1955). 


— 
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VE ie eee a 
1°2. — Still considering net SERBER PLOT 
the fixed source theory as 10 ne ar COLIC A ate) 

a base of analysis it is | 

possible to determine the 


coupling constant using 5 


1° = 010726. 007 
@y=2.08*0.20 


directly the one-meson 
equations deduced by CHEW 
and Low () without hav- 
ing recourse to an effective 
range approximation. Ce 
In this sense the calcu- wale ig 
lation of f? has been made aay. 
by CINI et al. (%) making use of the sum rules in the 4, phase shift which 
appears as main factor and they obtained 


f? = 0.107 + 0.010. 


This caleulation may be considered as a better approximation of the f? value 
in the limits of a well defined meson theory. 

On the other hand, one of us (7) has shown that the sum-rule for the CA 
phase shift is satisfied by introducing experimental data and a coupling con- 
stant f? not very different from the one obtained by CInt et al. 

We note that in the forementioned caleulations, owing to the fact that 
one takes into account only the x, phase shift, the f? is substantially obtained 
from the z*+ p charge state scattering. This happens expecially when one 
uses the graphical method for phase shift analysis of experimental data. When 
one analyzes the experimental data with an electronic computer the data of 
m+ p charge state and that of x- + p scattering are used at the same time. 
Therefore the phase shifts of 7 = 3 isotopic spin state are a sort of ‘mean 
value of that which one obtains if the analyses were made separately. 

It would be interesting to follow up this last point of view and make com- 
parisons. The present situation suggests that there are no substantial dif- 
ferences for the a3 phase shift. 


2. — Dispersion relations. 


The second method consists in deducing the value of the coupling constant 
through the dispersion relations for the charged pions scattered by protons 
as obtained by GOLDBERGER (8). 


() M. Cını, S. Fupint and A. STANGHELLINI: Nuovo Cimento, 3, 1380 (1956). 

(() A. STANGHELLINI: Nuovo Cimento, 4, 168 (1956). 

(3) M. L. GOLDBERGER: Phys. Rev., 99, 508 (1955); M. L. GOLDBERGER, H. Miza- 
YAWA and R. OEHME: Phys. Rev.,.99, 986 (1955). 
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These relations connect the real and the imaginary parts of the forward 
scattering amplitude. 

Making use of the optical theorem and of A, theory, the integrals are 
changed into integrals on the total cross sections with the addition of a term 
in which appears the coupling constant f?. 

ANDERSON et al. (?) have used these relations in order to show the coherence 
of the real part of the foward scattering amplitude calculated from the phase 
shifts with that obtained by means of the integrals on the total cross sections 
and assuming the f? equal to 0.08 according to CHEW. 

The first attempt to determine the coupling constant has been carried out 
by HABER-SCHAIM (1), who handles the dispersion relations so as to obtain 
the f? with a linear extrapolation. The value obtained by HABER-SCHAIM is 


f? = 0.082 + 0.015. 


In a recent attempt DAVIDON and GOLDBERGER (!!) use the dispersion 
relations for the derivative of the spin ftip scattering amplitude obtained by 
OEHME (!?). Introducing the x; and a, phase shifts of the Anderson ana- 
lysis (78), they find 

f? =0.1. 


We have rexamined the problem of the calculation of the coupling constant 
making use of the dispersion relations relative to the x++ p and z~+ p charge 
state scattering. 

These relations are: 


k 1 ! il 1) 
(2) po Da) = (1 .)? at (0) +5(1—2) 50) a 
à fe lu DA u 
2 fF da! “yt SE ry! OD F2 [2 
ei Ei dee PARIS teas f veel sates 
din?) k’ | o—@ w' + © cu? © (u?/2M) 


u 


Later we shall describe the calculation method of the various terms from 
the experimental data of the processes: 


(4) ee Ro Doit à YP 5 


NO PS CE EEE 


(*) H. L. ANDERSON, W. C. Davipon and U. E. Kruse: Phys. Rev., 104, 339 (1955). 
(0) U. HABER-SCHAIM: Phys. Rev., 104, 1113 (1956). 

(1) W. C. Davipon and M. L. GOLDBERGER: Phys. Rev., 104, 1119 (1956). 

(2) R. OEHME: Phys. Rev., 100, 1503 (1955); 102, 1174 (1956). 

(%) H. L. ANDERSON: VI Rochester Conference (1956) and private communication. 
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Now we want to discuss our results in comparison with the previous cal- 
culations. 

In Figs. 3 and 4 the experimental D°, and D° (r, = A/u_e units) in ¢.m.s. 
system are drawn with their errors. The continuous curves represent the 
second term of (2) and (3) calculated with various values of f?. 


06 


05 FEN 
A 3 N 50 
yo 6185 


ost SS 


0 80 120 160 \ 200 240 280 320 360 400 
a 


If one considers Fig. 3 relative to the process (4a) it becomes evident that 
the good agreement of the experimental data with the continuous curves, 
allows for a calculation of f?, which results to be 


f? = 0.095 + 0.005 . 


This result is in agreement with the values obtained in the calculations in 
which the process (4a) is predominant. 

It seems however evident that as far as the x++ p charge state is con- 
cerned the method of approximation employed for the calculation of f? is 
not very important. Therefore one may give the value of f? that allows to 


63 — Il Nuovo Cimento. 
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arrange all the x+-+ p—r*-+p scattering experiments in a sufficiently wide 
range of energy (from 0 up to 400 MeV). 

On the contrary the Fig. 4 relative to the process (4b) shows a particular 
Situation, that is to say a lower value of f? of about 0.04 in the energy interval 
below resonance. The experimental situation is not so good as for the process 
(4a) but the agreement of the various points below resonance is suggestive 
enough. 


0.2 


0 


oO 


-01 


There may arise the doubt that the error lies in the continuous curves, 
but an analysis of the various terms making up the continuous curves shows 
a maximum error of about 20%, while the deviation is more consistent. 

There are few experiments above resonance. They seem to be in dis- 
agreement with the previous consideration, but we note that in the energy 
interval the relative error due to the integrals on the total cross sections are 
very big. 

If we consider only the information below resonance, it becomes evident 
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that there is an inconsistency in the calculation of f?. This disagreement cannot 
be made clear by any of the previous calculations, because some of them use 
the T = 3 phase shifts which, 
as we have noted before de- 
rive from the process (4a). 

In the calculation of Haber- 
Schaim this disagreement is 
disguised because he used the 
combination: 


(5) Dar Re ; 


and makes a particular choice 
of the phase shifts. 

If we compute the means 
suggested by (5), we find a 
value for f? not far from 0.08 
as shown in Fig. 5. 

In assuming this state of 
fact to be real, and awaiting 
new experiments for (4b) and 
(4c) processes which may clarify 
the situation, we put some 
questions. 

We have noted that the 
dispersion relations relative to 
the process (4a), calculated 
with the same f? which one can Fig. 5. 
derive from the fixed source 
theory, is in good agreement with the experimental data. This may suggest 
that the experimental phase shifts for 7 = 3 isotopic spin state and «, with 


its behaviour towards 0, are consistent with the dispersion relations. 

From this fact, we could say that the impossibility of deducing the 
same coupling constant for the process (4b) depends on the phase shifts of 
T = 4 isotopic spin state, i.e. x, with its behaviour at high energy and «3, 
%ı phase shifts. 

These two latter phase shifts also do not seem to agree with the last pre- 
dictions of the fixed source theory as one can see from the last data of 
ASHKIN (!4) and from the analysis of ANDERSON. But this disagreement does 


(4) D. BODANSKY, A. M. Sacus and J. STEINBERGER: Phys. Rev., 93, 1367 (1954); 
G. Puppr: VI Rochester Conference (1956) and CERN Symposium (1956); J. ASHKIN, 
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not surprise considering that this theory is based on particular hypotheses. 
What surprises on the contrary is that there is a disagreement in the dispersion 
relations which are deduced from general physical hypotheses. 

At first time we were inclined to believe that the inconsistency depends 
on the failure of the isotopic spin conservation, owing to the electromagnetic 
effects and the mass differences between the charged and neutral pions. 

However a preliminary calculation performed by CınI et al. shows that 
this is not the case, because the corrections are very small and essentially 
of kinematical character. 

In conclusion, in the frame of the standard meson theory, which only con- 
siders pions and nucleons, it seems difficult to find out an explanation of the 
observed effect. 


We should like to acknowledge, with thanks, the assistance given us by 
Proff. H. L. ANDERSON, G. BERNARDINI, M. CINI and J. OREAR, with their in- 
teresting discussions, and we should like to thank also our colleagues L. 
BERTOCCHI and A. Mın@uzzı, who took great interest in this work. 


APPENDIX 


Numerical calculations. 


Now we analyse the method used in the calculation of the various terms 
of dispersion relations from the experimental data. We write the dispersion 
relations in this way: 


o= (u2/2M) ‘Axe ' 7 


; 193 
(6) “a (k) = nn | 


0 


+ 2f? Beer | 


D", is the real part of the forward scattering amplitude in c.m.s. for the (4a) 


J. P. BLASER, F. Feiner and M. O. STERN: Phys. Rev., 101, 1149 (1956) and CHRN 
Symposium (1956), p. 225; A. J. MUKHIN, E. B. OZEROV, B. M. PONTECORVO and 
E. L. GRIGORYEV: CERN Symposium (1956), p. 204; R. S. MARGULIES : Bull. of Amer. 
Phys. Soc., 7 (1955); H. L. ANDERSON, E. Fermi, R. MARTIN and D. E. NAGLE: Phys. Rev., 
91, 155 (1953); H. L. ANDERSON and M. GLiCKSMAN: Phys. Rev., 100, 268 (1955); 
H. L. ANDERSON, W. C. Davipon, M. GLICKSMAN and U. E. KRUSE: Phys. Rev., 100, 
279 (1955); J. ORBAR: Phys. Rev., 96, 1417 (1956); O. Tarr: Phys. Rev., 101, 1116 (1956); 
M. GLICKSMAN: Phys. Rev., 94, 1335 (1954). 
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and (4b) processes 


N [+ É la) GS ax) 
a) = | ~ 


T 
o'—o o' +o 


12 = — 1 D_(0) = DO) + o(D40)— D.(0))], 


where energy, momenta and masses are measured in sc? = 140 MeV units. 
It is possible to caleulate D’, without making up a phase shift analysis directely 
from the coefficients of the angular distribution (1). These coefficients have 
been corrected taking into account the Coulomb interference effects, that can 
be well calculated by an approximate knowledge of the phase shifts. 

We remember that in the case that only S and P waves enter in the 
considered processes, the differential cross sections can be written: 


lo(d 
nn —= |F(ÿ)|? =a, + 64 cos Ÿ + €, cos? à. 


for 4} = 0 
|F(0)|? =a, + ba + ei 


[Da|= / #2. — Ai. 


On the other hand making use of the optical theorem, we obtain: 


The absolute values of D are in this way calculated and the sign can be 
determined from the general behaviour of the right hand member of (6). 
This method has the advantage of separating the experimental data of 
the xt + p and x + p charge state in the calculation of D,. If more than 
two waves are important, the generalization is evident. 
As far as T., is concerned, the calculation is performed using the S waves 
behaviours given by J. OREAR (5), which are 


ds = (0.105 20.010) , 


a, = (0.165 + 0.012) , 


(5) J. OREAR: Phys. Rev., 96, 176 (1954). 
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and the result is 


T. == 0,016 0.1040. 


se 


The integrals on total cross sections (1) have to be extended to co, whereas 
the total cross sections are known up to 1.9 GeV. We have supposed that o* 
and o- are constant in the energy interval above 1.9 GeV, and equal to 


o, =o- = 30 mb as the value obtained by BANDTEL et al. seems to confirm. 
Calling: 
ao 
3 do’ 1 il 
C= O+ / / / ’ 
TO COCO RC) 
14 


we have 


C=4.4mb. 
One may cheek this hypothesis with the experimental data at low energy by 


ealeulating the quantity: 
ln 
>? + Co + : 
Px ( a 


In this way one could obtain the coupling constant and the contribution of 
high energy on the integrals. We have made this calculation and have found 
that there are no indication that C is different from 0 outside the errors, which 
is in agreement with the small value of C calculated from the integrals. The 
integrals are computed numerically after having subtracted the singularity, i.e. 


©) — f(o) da’ 
[2 Ke Me ee ect joy a 
(43) rao [42] =) DC 


in the kinetic energy interval from 0 to 400 MeV. 
A comparison of our integrals with those of ANDERSON (?) shows a close 
agreement with deviations not greater than 10%. 


(16) H. L. ANDERSON, E. Fermi, E. A. Lone and D. E. Nacre: Phys. Rev., 85, 
936 (1952); S. J. LEONARD and D. H. Srork: Phys. Rev., 93, 568 (1954); J. ASHKIN, 
J. P. BLASER, F. FEINER, J. G. Gorman and M. O. Stern: Phys. Rev., 96, 1104 (1954); 
A. E. IGNATENKO, A. I. Muxurn, E. B. OzErov and B. M. PontEcorvo: Sov. Phys. 
JETP, 3, 10 (1956); S. J. LINDENBAUM and L. C. L. Yuan: Phys. Rev., 100, 306 (1955); 
R. Coor, O. Picctonr and D. CLARK: Phys. Rev., 108, 1083 (1956). 
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RIASSUNTO 


Abbiamo calcolato la costante d’accoppiamento rinormalizzata dell’interazione 
pione-nucleone, adattando i dati sperimentali dello scattering alle relazioni di disper- 
sione. Per lo scattering z*+p—nr'+p abbiamo trovato: f? = 0.095+0.005 e una 
buona consistenza tra i dati sperimentali e la teoria. Per lo scattering m +p-n+p 
abbiamo trovato una costante d’accoppiamento sensibilmente minore. Il fatto non 
è spiegabile nell’ambito dell’usuale teoria dell’interazione pione-nucleone. 
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IL NUOVO CIMENTO VoE. V, N. 5 1° Maggio 1957 


Effetti isotopici nell’adsorbimento di gas su solidi (*). 


P. CALDIROLA e G. Rossı (?) 


Istituto di Scienze Fisiche dell’ Universiti - Milano 
Istituto Nazionale di Fisica Nucleare - Sezione di Milano 


(ricevuto il 29 Marzo 1957) 


Riassunto. Gli effetti isotopiei, che si manifestano nel processo di adsor- 
bimento di un miscuglio gassoso da parte della superficie di un solido, 
sono stati studiati in base alla teoria di Lennard-Jones sulla interazione 
di atomi e molecole con superficie solide. Di questa teoria sono state 
riportate le linee generali, adattate al problema in esame. Le formule 
dedotte per un miscuglio di due generiche specie isotopiche sono state 
applicate al caso particolare dell’adsorbimento di elio (?He, ed *He,) su 
fluoruro di litio. Si è trovato che sulla superficie adsorbente l’arriechimento 
isotopico Ö,, in condizioni stazionarie € sempre inferiore a quello 6, di 
Knudsen caratteristico del fenomeno di diffusione, avvicinandosi ad esso 
al crescere della temperatura. 


E nota l’importanza dei fenomeni superficiali nei processi di diffusione di 
gas attraverso sistemi porosi solidi. In questo lavoro ei siamo proposti di stu- 
diare gli eventuali effetti isotopici che si accompagnano all’adsorbimento di 
gas su solidi. 

Precisamente abbiamo preso in esame il processo di adsorbimento di gas 
su un solido a reticolo cristallino perfetto, nell’ipotesi che detto adsorbimento 
si manifesti in uno strato unimolecolare. 

Per un siffatto processo e stata sviluppata da LENNARD-JONES e collabo- 
ratori (1) in una serie di lavori dal 1935 al 1937 una teoria «fondamentale » 


(*) Lavoro eseguito nel quadro di una collaborazione con i laboratori CISE. 
(‘) Attualmente all’ Ufficio Studi dell’Agip Nucleare - Milano. 

(1) Serie di articoli di J. E. LENNARD-JONES e collaboratori in Proc. Roy. Soc. A, 
150, 442, 456 (1935); 156, 6, 29, 37 (1936); 158, 253, 591 (1937); 163, 101, 123, 132 (1937). 
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basata sullo studio, secondo la meccanica quantistica, della interazione fra 
gli atomi della fase adsorbita e quelli del reticolo del solido. 

Partendo da questa teoria, che riproduciamo in forma schematica nelle prime 
tre sezioni adattandola al nostro problema, abbiamo dedotto in modo espli- 
cito le formule, relative agli effetti isotopici associati all’adsorbimento. 

Infine abbiamo applicato, eseguendo i relativi calcoli numerici, i risultati 
ottenuti al caso dell’adsorbimento di un miscuglio di *He e ‘He su fluoruro 
di litio. 


1. — Richiami alla teoria di Lennard-Jones per l’adsorbimento. 


In questa teoria il solido viene schematizzato come un cristallo eubico con- 
tenente G* atomi di massa M. Un atomo del gas di massa m interagisce con 
un atomo della superficie del reticolo, il quale ha subito uno spostamento dalla 
propria posizione di equilibrio dovuto all’agitazione termica; la proiezione di 
tale spostamento nella direzione perpendicolare alla superficie & indicata con Z. 

Il moto dell’atomo del gas viene considerato unidimensionale (coordinata 2) 
e l’interazione viene rappresentata con una funzione potenziale del tipo di 
Morse, caratterizzata dai consueti parametri: 


D: profondità del minimo, 
x: inverso del «range », 


b: distanza tra il minimo e l’atomo del cristallo. 


Q 


L’equazione d’onda del sistema totale (reticolo + atomo del gas) & per- 
tanto: 
Ll G0? 02 02 s x “4 
> >: a (as r à NS 27°V;on M, (Ayanı + Dion) ar 
Fon 1 [2440 \OM gn; ODjon5 


he ©? ho 
om 32 Po expel 2u(z — b — Z)] — 2D exp [— x(2—b—Z;| —- | 


dove sono state usate le notazioni di Wilson per la parte che riguarda le vibra- 
zioni del reticolo, e cioè: 


My FR GE nn brie rons coordinate e frequenze normali 
del reticolo 


(f, 9, h, prendono i valori interi da — G/2 a @/2, cosicché ogni terna f, g, h, 
caratterizza un atomo del reticolo); >’ sta a indicare che la sommatoria va 
estesa ad una meta del « cubo delle fasi », per avere il corretto numero totale 
di vibrazioni normali. 
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Se l’agitazione termica del cristallo non è troppo intensa, la quantita xZ 
risulta piccola e cid permette di scrivere il potenziale V(z) atomo del gas-atomo 
del reticolo come somma di due termini: 

7, = D(exp [— 2x2 — b)] — 2 exp [— xz — b)]) + 
+ 2xZD (exp [— 2x(z — b)] — exp [— x(z — b)]) . 


V,, & il termine di accoppiamento e pud essere trattato come una perturbazione. 
L’ordinario formalismo della teoria delle perturbazioni dipendenti dal tempo 
porta a considerare lo sviluppo 


VEN a) Gn D, exp -: 


mn 


Wm ae En 
h ? 


dove y,, W, sono l’autofunzione e il relativo autovalore della equazione di 
Schrödinger degli stati stazionari del reticolo, ®,, H, l’autofunzione e il rela- 
tivo autovalore dell’equazione di Schrödinger degli stati stazionari di un atomo 
di massa m nel campo di potenziale rappresentato dal termine V, 

I coefficienti a,„,„(t) sono soluzioni del’ equazione 


W, 1, = Wa FE, 
Ars (t se >: Amn(t SV |mn) exp a M s DE 


In prima approssimazione si assumono i coefficienti a,,, tutti nulli tranne 
uno, ad esempio a,,, cui si attribuisce il valore 1 per t = 0. Si ottiene in tal 
modo la probabilita di transizione p,l—r,s all’istante t: 


1— cos (W,+ #,— W,-E)t/h 


= 
St NL (W, + E,— W,— By 


Vix | pl) |? 


2. — Valutazione della probabilita di transizione per un processo di attivazione 
o deattivazione. 


L’elemento di matrice che compare nell’espressione della probabilita di 
transizione ha la forma 


(rs NZ pl) = = 2D TI (Gran) Xr (Dyans) )Z in X» (Aynas) Lo Dyani)* [ [aan II db; 


+ co 


Jo: (exp [— 2x(2 — b)] — exp [— x(2 — b)]) ® de, 


Ce) 
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dove y(@;;) è Pautofunzione normalizzata dell’oseillatore armonico corrispon- 
dente alla coordinata normale a,,,;, ece. 

La parte dell’elemento di matrice che contiene le coordinate normali del 
reticolo si valuta tenendo presente Vespressione dello « spostamento » Z in 
funzione delle stesse coordinate, che & 


ES DIT ry Dr 2 
= > > Ayan; COS vas (JE + 9n + RE) + byns Sin G (f€ + gn + h£) (Usons)= » 
fgh 1 


dove: &, 7, € caratterizzano l’atomo del reticolo cui ci si vuole riferire (i risul- 
tati si rivelano indipendenti dalla particolare scelta di & m 6)s (ur). © la 
+-componente di un vettore (unitario) avente la direzione specificata dalla 
terna fgh per j=1, e direzione perpendicolare a questa per j—2, 3. 

Applicando risultati validi nel caso limite di onde elastiche propagantisi 
in un mezzo continuo, si ha che, fissato uno stato iniziale p, sono possibili 
transizioni a stati r, durante le quali l’oseillatore corrispondente ad Asgngy O 
emette o assorbe un quanto 2z7/r;,,;, dove 


Fahy 


Cj = Se SS 
Yun; = Ga vr Ss g? ar h? ’ 


(c; — velocità del suono per la vibrazione j; c, velocità delle onde longitudinali, 
€, =¢, velocita delle onde trasversali, tutte si suppongono costanti; a — co- 
stante del reticolo). 

Gli elementi di matrice +0 sono: 


IT 
y: h( +1) | ER G (fs “I 91) 2, h£)- (Urans)z 
1 ( (0 
M 4h 2 
An My; | sn na ( (JE + gn + RE): (uns): 


per assorbimento da parte degli oscillatori a,,,;, bym; rispettivamente; 


PHD. ps 
= | Cos z (JE ae gy ah h£) $ (uns): 


V hoe 
ARM y Vea 5 


per emissione da parte degli stessi oscillatori. 
L’intero o, numero quantico che caratterizza lo stato iniziale dell’oscilla- 


ee, 4 
| Sin a (JE + gn + RE) (Uyans)z » 


1319 


rn 


1320 P. CALDIROLA € G. ROSSI 
tore, viene sostituito con il valore medio 


= 1 
(= Ze en 
exp | 2ahv/kT]—1 
del numero di oscillatori di energia hy alla temperatura T. 

Per le transizioni durante le quali il cristallo assorbe energia, il quadrato 
del modulo del fattore di (rs|V,,|pl) contenente le coordinate normali del reti- 
colo assume cosi la forma: 


hGa PR ee _ f cos? 27 CU CD 
Arc, M, (f2 + ge) 1 — exp[— 2nhr,,,/kT] | sin? @ De PE Macias 


con 


is he ee HERR 
Pag rpg ER: 


La parte dell’elemento di matrice (rs|V,,|pl) che contiene la coordinata z 
dell’atomo adsorbito si valuta tenendo presenti i risultati relativi allo spettro 
energetico discreto della funzione potenziale di Morse 


it 5 es 

D,(u) = x OxP = der] (24er Tee ode ™) 
m 

_ v/2mD 


Be ; Û LE 


’ 


| [Pd —n)}s 


re (24 —2n — 1)n! ? 
Tapes nn on, 
Si ottiene 
no 
[or (exp [— 2xn] — exp [— xu]) D (u) du = g,, = 


— © 


6&1) ITA — TUE 
DUT | | [( 


red syst (24 — 2! — 2d — 2s —1)}-(— 5). (Rd —1—s —1) 


quando sia 1>s. 

E noto che il contributo prevalente alla probabilitä di transizione totale, 
per una data transizione 1—>s dell’atomo del gas, proviene dai processi in 
cui l’energia & conservata, e questi riguardano gli atomi del cristallo caratte- 
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rizzati da valori f, 9, h che soddisfano approssimativamente alla relazione 


2nhc;(f + g +R} 22h? 
= Er ET aii. (J — s)(24 —1—I—s). 


(1) 


La sommatoria >” potra sostituirsi con un integrale in uno spazio delle « fasi » 
fgh 
di coordinate f, g, h; ammettendo di attribuire ad ogni terna di valori CPU 


lo stesso peso unitario, basterà introdurre l’elemento di volume dello spazio f, g, h 


G3 3 
dfdgdh = — »dvd2 


3 
1 


2 > 2 a2 2 9 © 
(poiche wi; = &(f? + g? + h?)/G2a?). 

La (1) è Vequazione di una superficie sferica nello spazio f, g, h il cui raggio 
risulta fissato dalla particolare transizione | + s dell’atomo del gas che si con- 
sidera: 

E-—E, 
= = 
2ach 


La sommatoria >” diventa cosi una integrazione su uno strato sferico di spes- 


19h 
sore Av,, ed anzi — tenendo conto della prescrizione per la somma >’ data 
in Sez. 1 — una integrazione su uno strato semisferico di quello spessore. 


Come risultato di questa integrazione si ottiene la probabilità di transi- 
zione !—s per un atomo del gas al tempo t. 


Re ER Su 
RUES 3 Cr A SMT 64am? M \3c ' ci 
_(l—s) (2d —1 —s —1)9(2d — 21 —1) (2d —28—1) 1! (24 —1) 
1 — exp [— hy, [kT] s! ['(2d —s) 


Per un processo di «attivazione » dell’atomo adsorbito (transizione | —s 
con !<s) la probabilita di transizione pen unitä di tempo @,, si ricava dalla 
formula precedente scambiando J con s, e sostituendo il fattore di temperatura 


eS 1 
v Ei a — —— — —— ——— 

Zr 1 — exp [— iv, /kT] 

relativo all’assorbimento di energia da parte del solido, con il fattore 


1 
Oy ~ exp[am KT] — 1 


relativo all’emissione. 


1321 


1322 P. CALDIROLA @ G. ROSSI 


3. — Probabilità di transizione per un processo di condensazione e di evapo- 
razione di un atomo del gas. 


I processi di condensazione ed evaporazione di un atomo del gas corri- 
spondono — nello schema generale delineato nelle Sez. 1-2 — a transizioni 
dell’atomo del gas da livelli di energia > 0 a livelli di energia < 0, e vice- 
versa. 

I livelli di energia #>0 dell’equazione di Schrödinger per un atomo di 
massa m in un campo di potenziale del tipo di Morse formano uno spettro 
continuo. Le relative autofunzioni sono v = Pexp[—ibt/h] (E>0) con® 
soluzione dell’equazione 

aod 2m 


ia + 7 (E— D exp [— 2x(z — b)] + 2D exp[— x(z— b)])® =0, 


la quale, grazie alle trasformazioni 


2d exp [— xu] = 4 (u=2—b) 
D = 9 


assume la forma 


12 De IMD 2mE 
dy, f 14,3 GN _o VEmD LE EVENE 
da En sol 
Questa equazione € del tipo ipergeometrico confluente, ed ammette come in- 
tegrali linearmente indipendenti le funzioni Wu We, N) definite in 
WHITTAKER @e WATSON, cap. XVI, delle quali solo la prima è limitata per 
1) a SS 

Pertanto possiamo assumere come autofunzioni non normalizzate dello 
spettro continuo 


D(E, u) = (2d exp [— xu]) ŸW,,,(24 exp [— xu)) . 


La normalizzazione si effettua nel modo consueto per le autofunzioni degli 
spettri continui, ossia in termini di autodifferenziali. 
Posto A,„F=[N(E)&(E, u) dH, si deve determinare N(E) in modo che sia 


A,E 


+ © 


i A,FAnE* du = AB, 


— © 


dove A„„E è la parte comune a A„E, A,E. 
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La relazione che determina il fattore di normalizzazione N(E) si puö ridurre 
alla seguente: 


Arch 2 QQ*N(E)N*(E) =1, 


dove 


LC 2p) | 
TG — ip — d) ° 


Q = (2a) 


La probabilita di transizione contiene pertanto ora un fattore della forma 


2 


[Arex 2xu] — exp [— xu]) D, du 


+0 
= N(E)N*(E) fons, u)(exp [— 2xu] — exp [— xu]) D,(u) du — 
| | 


m  |Le—d+ ip)? (Teda— hy 7} 
(4d?x)2 ? 


a GENE I N 
dove 
= [Wa Ge — 2072). 


0 


[1 — 124 — 1 —1)n-1 + O(n?)]exp 


ae 2 dy (n=2dexp [— «u]). 


Usando per la funzione Wa, la rappresentazione integrale di Barnes, si 
puö mostrare che I=|I'(d +3 + iu) f(d—1— 2? + ur}. 

Pertanto il fattore che contiene le autofunzioni del potenziale di Morse 
nella probabilitä di transizione del sistema totale (solido + atomo del gas) 
avra la forma 


m Sinh Zur | T(d+3 + iu) |? pau? + ur) 


ER = 
gt, #) 4hed'x? (cos ı Zun o — cos Zur) 1! I(2d — |) 
Vv 2mE | ae _ V—2mE, 
m Ba 0 a xh 


La probabilitä di transizione per unita di tempo dal livello Z, all’inter- 
vallo (Z, E+dE) del continuo si otterrà sostituendo nella espressione di G,. 
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data in Sez. 2 il fattore g,, con quello g(l, E) ora ottenuto. Sara cosi: 


2x2D?a8 {1 2\ (E—E,;)g(l, E)dE 
dp at | EU OR 


38a Mh? exp Ree B)/kT}—1 = 


BE) 
& Ca 


ame \e © &) exp [ (2h? ei) 2mkT]—1 Ted — D 
(uw? + wi) |L(ad + § + iu) Pu sinh Zur du 
cosh 2ur — cos Aux | 


La probabilità di transizione per unità di tempo relativa al processo di 
adsorbimento /°,,4Æ£ dall’intervallo (H, E+dE) del continuo al livello Z, 
si ottiene da G,, con la semplice sostituzione del fattore di temperatura 
(1 — exp [— x’h?(u? + u7)/2mkT])" a quello che compare in G,, (cfr. Sez. 2 
alla fine), ossia 


LE 


Tri — Giz exp 


N) 
2mkT : 


4. — Flusso di adsorbimento e flusso di evaporazione per una superficie solida. 


Siamo ora in grado di calcolare il flusso di adsorbimento e il flusso di evapo- 
razione relativi alla superficie S di un solido, su cui si abbiano n, « posti » per 
l’adsorbimento per unita di superficie, e ad una massa gassosa di densità » 
(numero di atomi per unita di volume). 

Il flusso di adsorbimento @,,. & dato dal numero di atomi del gas che ven- 
gono adsorbiti per unita di tempo dalla superficie S, ossia che incidendo sulla 
superficie S con una energia cinetica qualsiasi compiono la transizione ad uno 
qualsiasi dei livelli energetici discreti del potenziale di Morse. Si ha: 


RM 
(2) Da = SA — 0) Joue > Tr.dE, 
6 ; 
dove: 
0 rappresenta la frazione di « posti » occupata da atomi del gas: si as- 


sume infatti che l’adsorbimento possa avvenire solo in « posti » liberi; 


p(E)dE rappresenta il contributo al flusso incidente dovuto ad atomi con 
energia (associata alla componente del moto normale alla super- 
ficie) tra E ed E-+dE, riferito all’unità di superficie e a densita 
unitaria della fase gassosa: considerazioni elementari danno o(P) = 
= exp [— Z/kT]/V2krmT; 

a è la probabilità di transizione per unità di tempo, riferita ad un flusso 
incidente unitario, da un livello # del continuo al livello £,. 
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La valutazione di 7',, si fa tenendo presente che le autofunzioni dello spettro 
continuo del potenziale di Morse 


D(E, u) = (2d exp [— xu])*W,,,,,(2d exp [— xu]) 


si possono considerare come la somma di due onde, incidente e riflessa rispetto 
alla superficie del solido: 


DE IDE De 


Il flusso corrispondente all’onda incidente 


h CD* + 0», 
u nl se. 2 og | 
risulta dato da 
hx zu) |? 
Le = n Ka 


m | +iu —a)|® 


e normalizzando l’autofunzione si ha f, = 1/h. 

Ne deriva che se /’,, rappresenta la probabilita di transizione s~' di un 
atomo del gas dall’intervallo (H, E+dE) al livello E,, questa riferita ad un 
flusso unitario € 


TE CARTE. 

L’intervallo di integrazione 0 H hy, ha come limite superiore la quantita 
massima di energia che in un singolo processo pud essere emessa o assorbita 
dal cristallo: nel presente schema gli scambi di energia riguardano: infatti 
un singolo quanto per ogni processo. 

La sommatoria che compare nell’espressione di ®,,, si estende ad un numero 
di termini che varia procedendo da un estremo all’altro dell’intervallo di inte- 
grazione. 

Precisamente, questo va suddiviso in tanti intervalli parziali in ciaseuno 
dei quali il numero degli addendi della sommatoria & costante. Il numero mas- 
simo dei livelli interessati al processo di adsorbimento & dato dai livelli com- 
presi tra — hr, e 0. Siano essi, in ordine di energia crescente: 


Ey, E;, Ey, 29.09 E, ; 


nell’intervallo 0 4 hy, —|E,| la sommatoria va estesa a tutti questi livelli, 
nel’ successivo intervallo hy, —|E,|—4 hv„—|E,| essa va estesa ai livelli 
Ideen VE (OR ae 


cS 84 — Il Nuovo Cimento. 
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Il flusso di evaporazione ®, & dato dal numero di atomi del gas, adsorbiti 
sulla superficie S, che lasciano la superficie per evaporazione nell’unita di 
tempo, ossia che essendo adsorbiti in un livello discreto E, qualsiasi del poten- 
ziale di Morse compiono la transizione ad un livello E qualsiasi della distri- 
buzione continua di livelli ad energia positiva dello stesso potenziale: 


Ru — lE,l 


®,, = Sn, 5 | n(B.)G,,„dE, 


s 
0 


dove n, rappresenta il numero di « posti » per l’adsorbimento per unita di super- 
ficie del solido (nel presente schema questo corrisponderebbe al numero di 
di ioni del reticolo cristallino che generano un campo di potenziale di Morse 
come quello sopra descritto, nell’ipotesi che 1 processi che interessano ciascuno: 
di tali ioni avvengano in modo del tutto indipendente l’uno dall’altro): z(#,) 
è la probabilità che un atomo adsorbito occupi il livello #,; assumendo una 
distribuzione di Boltzmann si ha a(H#,) = (exp [— #,/kT])/(>, exp [— E,/kT]); 
G,,adH è la probabilita di transizione per unità di tempo dal livello Æ, a un 
intervallo (#, H+d#) del continuo. 

La sommatoria è estesa a tutti i livelli discreti del potenziale di Morse, 
e il limite superiore dell’intervallo di integrazione risulta ancora determinato 
dall’ipotesi che la massima quantita di energia che il cristallo puod cedere a 
un atomo del gas à hy,. 

In Sez. 3 sono state date le formule esplicite per le probabilita di transi- 
zione /',, € G,, e pertanto — noti i valori delle costanti che caratterizzano 
il campo reticolo-gas — il calcolo di ®,,,, ®,, è ricondotto alle quadrature. 


ads? 


SL 


5. — Effetto isotopico nel fenomeno di adsorbimento. 


Posta una massa gassosa di densité » in presenza di una superficie solida S, 
si ha equilibrio quando il numero di atomi che nell’unità di tempo vengono 
adsorbiti dalla superficie è eguale al numero di atomi adsorbiti che nell’unitä 
di tempo «evaporano » dalla superficie. Ossia la condizione di equilibiro à 
espressa dalla relazione ®,,, = @,,. 

La condizione di equilibrio fornisce una equazione che ci permette di cal- 
colare la frazione di superficie «coperta» da atomi adsorbiti all’equilibrio. 
Ricordando le espressioni date in Sez. 4 per D.e D. si ha: 


ads ev 


hv yy War |Es| 

- exp [3 FETE. exp (— E,/kT] 
ee = Son, > A Re 
as | (2rm'T)* zn J I exp [— E,/kT] Gate 


5 


s 
0 0 
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e per la relazione tra G,, e F,, 


rary rw —|Bs| 

"exp [— Z/kT]AT,, [exp[— E/kT]T,, 

1 di = On, — N 

ay | 2 (2rmkT')% a On, >| > exp [— E,/kT] ie 
0 0 s 


Tenendo presenti le prescrizioni indicate in Sez. 4 per Vintegrazione che com- 
pare nel primo membro, si riconosce facilmente che detto integrale pud seri- 
versi nel modo seguente: 


wg || 


I|.:.....aB, 


GP 
0 

ossia in modo formalmente identico alla doppia somma del secondo mem- 

bro. Ne consegue che la condizione di equilibrio pud essere espressa dall’equa- 

zione 


Gi dh On. 


(8) Ormkty — ¥ exp [— ET] 


Questa equazione si poteva ottenere direttamente, ammettendo l’esistenza 
di un bilancio dettagliato tra un livello di adsorbimento Æ, e Vintervallo 
(E, E-dE) del continuo. 

Se la massa gassosa a contatto con la superficie S contiene due specie 
isotopiche di massa m, ed m,, per ciascuna di esse si potrà scrivere una con- 
dizione di equilibrio analoga alla (3). 

Precisamente, dette 9,, 6, le frazioni di superficie coperte da atomi delle 
due specie e »,, », le rispettiva densitä, si avranno le equazioni: 


(1—9, + d,wıh bin, 
(rm kT} = > exp [— EW/kT] 
J s 
” | eb = Wh ee Ons ; 
| (2rmkT > exp [-E®/kT] 


dove 1 —0,—0, & la frazione di superficie libera da atomi dell’una o del- 
Valtra specie. 
Definiamo ora Varricchimento isotopico à sulla superficie S 


IM 
is Vy | ¥ 


(Vindice 1 contrassegna l’isotopo di massa minore). 


u un u nn re 
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Dalle equazioni (4) si ha immediatamente 

— > exp [— EY /kT] 

(5) D Ja Re 
| m, > exp [— EP/KT] 

Noti i livelli energetici E® per le due specie isotopiche (i—1, 2) l’anda- 
mento di à in funzione della temperatura 7 risulta determinato. Se i livelli 
energetici H vengono classificati in ordine di profondità decrescente, ossia 
di valore relativo crescente 

Ti) (à) 7%) 
Ey Ee 


max 
e se i livelli relativi alla specie isotopica (1) sono pit alti (meno profondi) di 
quelli dello stesso ordine relativi alla specie isotopica (2), ’andamento della 
funzione 6 = ö(T) è del tipo di quello indicato nel grafico di Fig. 1, calcolato 
per il caso particolare di adsorbimento di elio (“He e *He) su fluoruro di litio. 


1.2 
ô OK || 


Ar 


04+ 
037 
02 
01 
> na 
0 50 700 150 200 250 300 
Fig. 1. — Dipendenza dalla temperatura dell’arriechimento isotopico della fase adsor- 


bita (miscuglio ®?He e *He). 


Benchè a temperatura elevata lo schema da noi adottato non sia il pit 
adatto ad una descrizione corretta dei fenomeni (gia a temperatura ambiente 
il tempo medio trascorso da un atomo del gas sul livello fondamentale prima 
di essere eccitato & dell’ordine del periodo di vibrazione dell’atomo in quel 
livello) & possibile interpretare le principali caratteristiche della curva ö=ö(T). 
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Si tenga presente l’andamento di 0 in funzione della temperatura 7 per 
una singola specie isotopica: dalla equazione (3) si ha facilmente 


lim @) 1, 
T—0 
11m209- 20 
T>» 


Alle alte temperature un atomo trascorre un tempo estremamente piccolo in 
uno stato di adsorbimento e l’arriechimento isotopico & determinato essenzial- 
mente dalle velocità di incidenza degli atomi del gas, ossia si riduce all’arrie- 
chimento isotopico nel puro fenomeno di diffusione. 

A temperature vicine allo zero, sia Puna che l’altra specie isotopica tende- 
rebbero separatamente à ricoprire completamente la superficie del cristallo, 
ma la specie isotopica più pesante tende a farlo più rapidamente al diminuire 
della temperatura: infatti le quantita 1 — 4 sono infinitesimi per 7 — 0 di 
ordine superiore per la specie isotopica che ha i livelli di adsorbimento più 
profondi. 


6. — Applicazioni numeriche. 


Abbiamo applicato la teoria svolta al caso di adsorbimento di un miscuglio 
di isotopi ‘He e *He su fluoruro di litio. 

In questo caso infatti sono disponibili dati numerici abbastanza precisi 
per le costanti che caratterizzano il potenziale ione del reticolo-atomo del gas. 
Da esperienze di diffrazione di atomi di He da parte di un cristallo di LiF si 
& potuto ricavare la « profonditä » di due livelli energetici di detto potenziale, 
e da questi risalire ai valori delle costanti D, x (2). Si & assunto che tali 
valori siano gli stessi per l’uno e per l’altro degli isotopi in questione: 


D — 175 cal (grammoatomo)-!, 


7 VL CM 
Ne derivano i seguenti valori di d = Y2mD/zh 


AY ~ 3 (He), 
d® 35 (He). 


I livelli energetici di adsorbimento risultano in conseguenza tre per l’una e 


(2) J. E. LENNARD-JONES e A. F. DEVONSHIRE: Proc. Roy. Soc., A 156, 242 (1936). 
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er l’altra specie isotopica: 
p pP 


E® ~ — 73.32-10-* erg EO ~ — 88.8-10-18 erg 


B® = — 30.19-10-% erg E® ~ — 39.5-10-7® erg 


EY ~— 3.26-10-16 erg EP ~— 9.9:10-* erg 


Con questi valori abbiamo calcolato la curva 0,,,(7) data dalla (5), che da 
Varricchimento isotopico in funzione della temperatura 7, riportata in Fig. 1. 
Come si vede lo scostamento dal valore 0, = Vm,/m, è sensibile solo a tem- 
perature molto basse. 

Un dato che per il fluoruro di litio è alquanto incerto € »,,, ossia la frequenza 
massima di vibrazione del reticolo nella teoria di Debye: fortunatamente fin 
tanto che interessa il puro arricchimento isotopico esso non compare nei calcoli. 

Esso interviene nel calcolo dei flussi totali di adsorbimento e di evapora- 
zione relativi ad una superficie S (si veda la formula (2)): noi abbiamo calco- 
lato le curve @,,.(7), ®,(T) per le due specie isotopiche assumendo un valore 
di », quale si deduce da hy, = k@ con © = 717 °K per il fluoruro di Htio. 


500; 2 


(em s7) 


400;- 


300} 


200: 


5 1 N 1 1 ner 
er ae) 
510 50 100 150 200 250 300 


Fig. 2. — Variazione con la temperatura del flusso adsorbico per i due isotopi 
dell’elio. 
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Per quanto riguarda le velocita di propagazione ¢,, & del suono nel reti- 


colo ci siamo valsi della relazione che le lega a v, nella teoria di Debye: 


= il +) 1 
OPA EN) EE 
Le integrazioni sono state effettuate numericamente, le quantita | /'(d+4+iu)|? 
essendo di facile dominio nel nostro caso particolare, che comporta valori 
approssimativamente interi o semiinteri di d. 


400 


o 


ev 


(n2atomi s°\ cm?) 


300- 


200.- 


100 


23 
10-10 N 
: 50 100 750 200 20 300 
Fig. 3. — Variazione con la temperatura del flusso di evaporazione per i due isotopi 
dell’elio. 


Il flusso di adsorbimento & riferito ad una superficie unitaria, a densità 
unitaria della massa gassosa sovrastante e ad una condizione in cui la super- 
ficie sia completamente libera da atomi adsorbiti (9 = 0); il flusso di evapo- 
razione è riferito ad una superficie unitaria e ad una condizione in cui la super- 
ficie sia completamente ricoperta da atomi del gas ( = 1). 

Le curve ottenute sono riportate in Fig. 2 e in Fig. 3: come si vede @,,, 
e D, crescono ambedue al crescere della temperatura, ma Vinfluenza della 
temperatura € assai pit marcata su ®, che su @,,,. 


7. — Conelusioni. 


‘Dati sperimentali che permettano una verifica diretta dell’effetto isotopico 
calcolato non si trovano nella letteratura. Effetti isotopici sono stati consta- 
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tati nella formazione di strati di ossido di metallo nell’adsorbimento di ossi- 
geno su tungsteno (?) o anche nell’adsorbimento di ‘He e ‘He su carbone 
di legna (*). 

Il meceanismo con cui questi fenomeni di adsorbimento si verificano non 
& perd quello dell’adsorbimento fisico unimolecolare da noi considerato (e che 
& deseritto dalla teoria di Lennard-Jones) e pertanto non & possibile utilizzare 
i dati sperimentali relativi per un confronto con la teoria sviluppata in questo 
lavoro. 

I risultati da noi stabiliti possono essere utilizzati per l’interpretazione dei 
dati sperimentali relativi alla separazione isotopica nei sistemi porosi. 

Una verifica diretta dei nostri risultati teorici potrebbe perd presentare 
un certo interesse. 


Ringraziamo il dott. CODURI per la sua collaborazione nell’eseguire i calcoli 
numerici. 


(?) A. MALCOLM DALE and G. A. Lann: Journ. Chem. Phys., 22, 949 (1954). 
(4) C. I. Horrmann, F. I. EpESKUTY e C. H. Hammer: Journ. Chem. Phys.. 24, 
124 (1956). 


SUUENINDRER Nez) 


The isotopic effects which appear in the adsorption process of a gaseous mixture 
on a solid surface are studied basing on the theory of Lennard-Jones on the inter- 
action of atoms and molecules with solid surfaces. We report the general features of 
this theory adapting them to the examined problem. The formulae deduced for a 
mixture of two generic isotopic species have been applied to the special case of the 
adsorption of helium (He, and *He,) on lithium fluoride. We have found that on the 
adsorbent surface the isotopic enrichment 6,,, in stationary conditions is always inferior 
to the renrichment 6, of Knudsen, which is characteristic of the diffusion phenomenon, 
approaching it with rising temperature. 


(*) Editor’s translation. 


LETTERE 


ALLA REDAZIONE 


(La responsabilitä seientifica degli seritti inseriti in questa rubrica é& completamente lauseiata 
dalla Direzione del periodico ai singoli autor’) 


Application of the Klausen Micrometer to the Measurements 
of Multiple Scattering of Elementary Particles in Nuclear Emulsions. 


G. ALVIAL and S. STANTIC 


Centro de Investigacion de Fisica Nuclear y Radiacion Césmica 
Universidad de Chile - Santiago 


(ricevuto il 10 Settembre 1956) (*) 


1. - The application of the Klausen 
micrometer to tbe measurements in 
nuclear emulsions was first suggested and 
carried out by Boxkrr, Dinwortn, 
LADU and OCCHIALINI(!). Later on it was 
used in ionization measurements (2%). 

In order to know the possible ad- 
vantages supplied by the use of the 
Klausen micrometer over the filar micro- 
meter in the measurements of multiple 
scattering of the elementary particles in 
nuclear emulsions, the authors of the 
present work performed a series of mea- 
surements the results of which are here 
reported. 

For this purpose r-mesons of the 
same plate were taken and measured at 
the end of their range, both with a 


(*) La pubblicazione di questa lettera av- 
viene con ritardo per aleuni scambi di vedute in- 
tercorsi nel frattempo fra gli Autori e la Reda- 
zione del Giornale (N.d.D.). 

(*) A. BONETTI, ©. DILWORTH, M. LADU and 
G. OCCHIALINI: Rend. Acc. Naz. Lincei, s. VIII, 
12, fasc. 6, Dicembre 1954. 

(2) G. ALVIAL, A. BoNETTI, C. DILWORTH, 
M. LADU, J. MoRGAN and G. OCCHTALINI: Suppl. 
Nuovo Cimento 4, 244 (1955). 

(5) M. LADU, R. Levi Serr, L. Scarsı and 
G. TOMASINT: Suppl. Nuovo Cimento, 4, 621 
(1956). 


Klausen micrometer and a filar micro- 
meter of Koristka manufacture fitting 
the microscope MS2 of the same factory. 


2. — First, the final part of a track 
of a r-meson (this segment was about 
500 um in length) was repeatedly mea- 
sured 40 times, being always set parallel 
to the X axis displacement in the same 
fixed position. The set of variable cells 
of the microscope MS2 was used, which 
on being corrected by. a small factor 
turned out to be very close to the ceil 
scheme for r-mesons presented by Fay, 
GOTTSTEIN and Haın ({). 

The determination of the «y» coor- 
dinates of the track was always per- 
formed by placing the index of the cor- 
responding micrometer on the centre of 
gravity of a number of grains. 

The mean value of the second dif- 
ferences for the 40 measurements is as 
follows: 


Klausen Micrometer: (0.446 +0.004) um. 


Filar Micrometer : (0.443 0.004) um. 


(4) H. Fay, K. GOTTSTEIN and K. Ham: 
Suppl. Nuovo Cimento, 11, 234 (1954). 


The above results show that there is 
no differences between the measurements 
performed either with one or other type 
of micrometer upon a common track 
segment always set in a fixed position. 

Subsequently, another 7-meson track 
was successively measured ten times at 
the end of its range with each micro- 
meter. But now the track was not in a 
fixed position: it was turned 6 times on 
‚each measurement so as to orientate it 
properly. The measurements were car- 
ried on the last 263 um of the track. 

The results obtained for the mean 
value of the sagitta of scattering are 
these: 


Klausen Micrometer: (0.425 0.004) um. 


Filar Micrometer : (0.432 0.005) um. 
Between these figures no significant 
‚difference can be observed again. 
Finally, we have measured with the 
micrometer 15 tracks of dif- 
ferent r-mesons belonging to the same 
plate, strictly considering the scheme of 
variable cells above mentioned (-). The 
characteristics of this micrometer which 
permits to measure the «y» coordinates 
and at the same time to adjust to the 
displacements corresponding to the lengths 
of the variable cells were used for this 
purpose. The selected tracks presented 
a dip smaller than 10° and the segments 
on which the measurements were per- 
formed varied from 1244 to 10337 um. 
The mean range length was of 3435 um. 
The fine adjustment was performed 
within an interval of 5 um due to the 
fact that the microscope grants minimum 
controlled displacements of 10 um in the 
Y-axis direction. 
The result obtained is: 


Klausen 


D,, = 0.429 + 0.015 um. 


8 


The sagitta of scattering has been 
calculated by using the method of Bristol 
for eliminating the noise. 

‘aking the expression e/yY N as the 


G. ALVIAL and =. 
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statistical error, the value of ¢ experi- 
mentally determined is 1.26. 

According to the preceding facts we 
may conclude: 


«) the precision of the Klausen 
micrometer is the same as that of the 
filar micrometer in multiple scattering 
measurements ; 


_ b) the Klausen micrometer allows 
to perform the measurements quicker 
than the filar micrometer, as long as the 
sets of variable or fixed cells of the 
microscope are used: we have obtained 
the value 1.7 for the ratio of the time 
necessary to perform a given measure- 
ment with a conventional micrometer 
the corresponding one to and make the 
same measurement with the Klausen 
micrometer ; 


ce) in case that it is not possible 
to adjust the microscope to the corres- 
ponding scheme of cells it is possible 
to adjust to them the Klausen micro- 
meter itself, in an interval limited by 
the optical curvature of the field, and 


d) working with a lamina of right 
thiekness it is possible to exclude auto- 
matically those measurements vielding, 
for the ratios between the first differences 
end their corresponding lengths of cells, 
superior values to a preestablished limit, 
as recommended by DILwoRTH, GOLD- 
SACK and HIRSCHBERG (5). This limit is 
6,/t <1/5, where 6, ist the first difference 
and ¢ is the cell length. 


OK OK 
Our thanks to the Rector de la 
Universidad de Chile, Profesor JUAN 
Gomez MıLLAs, for his interest and 


financial support to our work; finally 
we give thanks to Mr. T. JARUFE for 
his valuable contrib ution in measure- 
ments and calculations of this work. 


(5) ©. DILWORTH, 8. J. GOLDSACK and L. 
HIRSCHBERG: Nuovo Cimento, 11, 113 (1954). 
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On the Phase-Shift Analysis of High-Energy p-p Seattering. 


R. J. N°: PHILLIPS 


sltomie Energy Research Establishment - Harwell, Berks, England. 


(ricevuto il 9 Gennaio 1957) 


In the region of 140 MeV, where 
p-p polarization (1?) reveals large F-wave 
effects, it is hoped that S, P, D and 
F waves will be sufficient to describe 


the scattering. However, single- and 
double-scattering experiments do not 
yield enough information for a full 


analysis in terms of all eight phase shifts, 
together with the ?P,-F, coupling para- 
meter. With present experimental errors, 
the polarization data can be fitted by 
MORE WEN 


(1) P(6)o(0) = sin 0 cos O(a + b cos? 0) , 


and thus provide two independent pieces 
of information. The unpolarized cross- 
section (25) yields essentially four more, 
(which may be taken as its values at 
90° and at 40° e.m., with the position 
and height of the minimum at small 
angles). To extract three more parameters 
from these two quantities, one would 


(1) J. M. Dickson 
Nature, 173, 946 (1954). 

(2) A. E. TAYLOR: Report at 6-th Rochester 
Conference on High-Energy Nuclear Physics, 1956. 

(5) J. M. CASSELS, T. G. PICKAVANCE and 
G. H. STAFFORD: Proc. Roy. Soc., A 214, 262 
41952). These results are taken normalized to 
3.7 mb/sr at 90° c.m. See refs. (45). 

(*) J. M. CASSELS: Proc. Phys. Soc., A 69, 
495° (1956). 

(5) A. E. TAYLOR and E. Woop: Proc. Phys. 
Soc., A 69, 645 (1956). 


and D. C. SALTER: 


need experimental errors impossibly small 
with present techniques. An appeal to 
charge-independence and the use of n-p 
scattering data prove to be of little 
help; although seven (or, optimistically, 
eight) more independent pieces of in- 
formation (*) are provided, a further 
seven unknown quantities enter the 
analysis. 

With these inadequate data, the most 
natural step is to consider only the ?F, 
wave, which one might expect to be 
favoured through a coupling 
to ?P,, but to ignore the coupling para- 
meter itself. (This has been done by 
FELDMAN and OHNUMA (%) at the no- 
minal energy 150 MeV). Only six un- 


tensor 


knowns remain, and the problem is 
determinate. 
However, certain features of the 


phase-shift analyses at 310 MeV (%8) 
(where triple-scattering experiments have 
been carried out) cast doubt on this 
procedure, though they are not conclu- 


(*) The present n-p data near 140 MeV are 
worth less than this, but could be improved. 

(°) S. OHNUMA and D. FELDMAN: Phys. 
Rev., 102, 1641 (1956). 

() H. P. Srtapp: California thesis UCRL 3098 
(1955). 

(5) T. YPSILANTIS: Report at 6th Rochester 
Conference, 1956. (Later amended. There were 
numerical errors in the original report). 
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ON THE PHASE-SHIFT ANALYSIS OF HIGH-ENERGY P-P SCATTERING 


sive objections. It is found that ?P,-F, 
coupling is small, leaving small reason 
to prefer ?F,. Again, °F, is not the 
dominant F-wave in any of the « best 
fits». Lastly. the F-phase shifts are 
smaller than in typical fits of Feldman 
and Ohnuma. 
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«G» solution; (his other solutions in 
this range, «EP» and «F», give the 


wrong shape for o(0) at small angles). 
Using °F,, however, three different fits 
were found. Fit 1 corresponds 
nearly to Fit 4, but with significant 
differences such as the inversion of the 


most 


TABLE I. 


| Phase-shifts in degrees | 


| Fit no. | | 
| | Oo | Os | of OF | Of | DR DR | 
pa 
la — 21 3 — 31 12 8 — 1.0 | 
1b — 28 2 — 26 8 10 — iD 
| 2a 32 3 — 28 — 8 8 — 12% | 
2b 29 2 — 38 0 6 | —- 0.9 
3a 20 =A — 29 15 8 = 1.0 
3b 18 — 2 — 36 14 6 — 0.8 | 
4a — 25 6 20 14 8 — 5.2 — 
4h —19 8 — 18 16 té — 6 — 
The notation used is 5% for triplet, ö, for singlet phase-shifts. 


There remains the hope that the 
particular form of F-wave interaction 
assumed, to explain specifically F-wave 
effects, may make little difference to 
the other partial waves. This hope can 
be exploded by considering the examples 
below. 

A phase-shift analysis has been made 
of the latest 140 MeV p-p scattering 
data (*) using either the ?/’, wave without 
‚coupling, or the ?F, wave. Small discrete 
regions of fit were found, typified by 
the sets of phase shifts in Table I 
Unlike that of Feldman and Ohnuma, 
this analysis did not cover all possible 
values of the phase shifts, but only 
those consistent with 6° < Oy < 12°, and 
67 < 0. Only one ?F, solution was found 
(Fit 4), corresponding to Feldman’s 
®P levels. Fit 3 is similar to Feldman’s 
«E» and «Ff» cases. ‘Fit 2, however, 
is unlike any solution that can be ob- 
tained using °F, alone. 


(*) Not available at the time of Feldman 
and Ohnuma’s work. 


The analysis was carried out with a 
desk computer. The fits to data are all 
roughly the same: examples are shown 
in the diagrams. The curves shown in- 
clude relativistic and magnetic moment 
corrections of the types given by Gar- 
REN (°) and justified by Breit (1°). The 
differences between the fits to o(@) are 
partly due to giving the phase shifts in 
round numbers. The fits to P(0)o(0) 
differ more widely at small angles than 
is strictly necessary, through being made 
identical at large angles. 

These phase shift fits are offered to 
show the large effect of particular as- 
sumptions about the form of the */ inter- 
action on the form of solution that can 
be found. There is clearly a need for 
triple-scattering and/or correlation expe- 
riments to be performed in this energy 
region, in spite of experimental diffi- 
culties, so that a reliable analysis of the 
nucleon-nucleon interaction may be made. 

(?) A. GARREN: USAEC report NYO-7102 
(1955) and Phys. Rev., 101, 419 (1956). 

() G. Breit: Phys. Rev., 99, 1581 (1955). 
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Angular Distribution of Photoprotons from Oxygen. 


C. MILONE and R. Ricamo 


Istituto di Fisica dell’ Universita - Catania 
Centro Siciliano di Fisica Nucleare - Catania 


(ricevuto il 6 Febbraio 1957) 


The angular distribution of photo- 
protons from oxygen observed by SPI- 
CER ('), with a bremsstrahlung spec- 
trum of maximum energy 18.7 MeV, 
was of the form (a+b cos? Ÿ) indicating 
that the reaction proceeded mainly 
through Æ2 or M1 photon absorption. 
This distribution refers to the little 
resonance peaked around Æ,—15 MeV. 
To prove that the O(y,p) reaction in 
the region of the giant resonance 
(E,=25 MeV) is due to #1 photon ab- 
sorption (?) we measured the angular 
distribution of photoprotons with the 
bremsstrahlung beam of 30 MeV max- 
imum energy of the Brown Boveri beta- 
tron of the University of Turin. 

Normal Ilford C2 nuclear plates as 
well as water loaded plates have been 
exposed parallely to the y-rays; the 
dose of irradiation was 5 roentgens at 
the plate position. The water content was 
1+0.1 g for nuclear plate of 1 in. x 3 in. x 
x 200 um. The distance of the plates 
from the betatron target was 2m. 
After processing, the shrinkage factor 
was 8+1 in water loaded plates and 2.5 
in dry plates. 


(1) B. M. Spicer: Phys. Rev., 99, 33 (1955). 
(2) ©. MILONE, R. Rıcamo and R. RINZI- 
VILLO: Nuovo Cimento, 5, 532 (1957). 


The results refer to preton tracks 
beginning and finishing in emulsion and 
having a dip angle 6<30° in the un- 
processed plates (as well dry as loaded). 


N 4<Ep<8MeV 


0 i 
0° 30 60° 90° 120° 150° 190° 


Fig. 1. — Angular distribution of photoprotons: 

in water loaded emulsion =H, dry emulsion = Em 

and Oxygen Ox=H — Em. N = number of 

observed photoprotons in the energy interval 
4 to S MeV, for constant solid angle. 


As most of photoprotons with energy 
E,> 8 MeV escaped from the emulsion, 
only protons with H,<8 MeV have 
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been included. In addition, protons with 
E,<4 MeV have been disregarded in 
order to select protons due mainly to 
the giant resonance in O(y,p) process. 
The proton energy in water loaded 
emulsions has been calculated from the 
range, taking account of the results of 
WÄFFLER and Younis (?) and of HUGHES 
and SINCLAIR (4). 

The angular distribution of photo- 
protons with energy 4 MeV < #, <8 MeV 
found in 0.6 em? of water loaded emul- 
sion (7) and dry emulsion (Hm) is shown 
in Fig. 1. N is the number of photo- 
protons for a constant solid angle; 9 is 


(°) H. WÄFFLER and S. 
Phys. Acta, 24, 483 (1951). 

(4) I. S. HUGHES and D. SINCLAIR: Proc. 
Phys. Soc., A 69, 125 (1956). 


Younis: Helv. 
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the angle between the y-rays and the 
projection of proton track in the plane 
of the plate. Experimental points can 
be fitted with curves (ab sin? 9). The 
Ox=H — Em curve is the contribution 
of the oxygen. A maximum around 90° 
is evident. 

As this work was in progress we 
learned of the results of Conmn and 
cow. (5). The angular distribution of 
the photoprotons, obtained by them, by 
irradiation of an oxygen gas target 
with 25 MeV bremsstrahlung exhibits 
in the interval 30° to 150° a maximum 
around 90° for protons with H, > 6 MeV 
in good agreement with our results. 


(5) L. COHEN, A. K. Mann, B. J. Porran;. 
K. REEBEL, W. E. STEPHENS and E. J. WINHOLp : 
Phys. Rev., 104, 108 (1956). 
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Laboratory of Nuclear Studies, Cornell University - Ithaca, New York 


(ricevuto il 19 Febbraio 1957) 


Experiments by BUDDE, CHRETIEN, LEITNER, SAMIOS, SCHWARTZ, and STEIN- 
BERGER, have revealed the following points about the associated production of strange 
particles by 7--mesons on protons (1). 


(1) For the K°-A° (or K®-%°) production the angular distribution of the K° 
is peaked so strongly forward that it is not possible to analyze the data under the 
assumption that only s- and p-waves are 
involved in this process. 


(2) For the K*+- production the 
angular distribution of the K+ is prefe- 
rentially backward. Similar results have 
been obtained by BROWN, GLASER and 
PERL (2). 


The purpose of this note is to give 
a simple field-theoretical explanation of 
the above results, under the assump- 
tions that perturbation calculations are 
valid and that the spins of the K and 
the A (2) are 0 and + respectively. 

It was pointed out by several au- 
thors that the above difference in angular 
distributions may arise if the K-meson 
can emit or absorb pions (?). Thus, in 
addition to the usual diagrams such as 
l(a) and 1(b), we must consider I(c). 
Fig. 1. — Lowest-order diagrams for associated Ge ue ei us of ue, a 
production. We indicate the «direction» of absent for the K*.> production. 
the isoparticle as well as that of the baryon. In perturbation caleulation it is im- 


(*) Supported by the joint program of the Office of Naval Research and the Atomic Energy 
Commission. 

C) R. BUDDE, M. CHRETIEN, J. LEITNER, N. P. Samios, M. SCHWARTZ and J. STEINBERGER! 
Phys. Rev., 103, 1827 (1956). 

€) J. L. BROWN, D. A. GLASER and M. L. Pern: Annual Meeting of the American Physical 
Society (1957). 

(?) M. GOLDHABER: Phys. Rev., 101, 433 (1956); S. BarsHay: Phys. Rev., 104, 853 (1956); 
J. SCHWINGER: Phys. Rev., 104, 1164 (1956). 
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portant to note that the angular distribution is sensitive to the type of coupling 
we assume. For instance, if the K-A-N interaction involves Ys, the forward am- 
plitude for 1(c) will be greatly diminished. We have reached good agreement with 
the observed angular distribution under the assumption that the A°-K° production 
takes place predominantly through I(c) and that the interactions at the two ver- 
tices are given respectively by 


pw (OP) and PAU yp yr) , 


where C, is the parity conjugation operator of Lee and Yang ('). The angular 
dependence can be easily computed by the Feynman-Dyson technique. In addition 
to the virtual dissociation of N+ into K+ and A® considered by ScHWINGER we take 
into account the effect of the virtual pair production of K° and K by x. In terms 
of Feynman graphs K+" mesons propagating backward in time are to be regarded 
as K -°-mesons propagating forward in time 


do fi ((Ex(p) Ex(p') — pp’ cos 0)| ; 3 n ! 
— oc + — —— —¢ (20;(p) @,,(p’) — u — 2pp' cosd}-2 
Ga. he My, My fi la LA 


where p and p’ stand respectively for the momenta of the incoming mesons and 
of the outgoing K-mesons in the center of mass system. (Other energy dependences 
which do not depend on 9 are omitted.) We have plotted this angular distribution 
in Fig. 2 for p=0.714 GeV/c. The experimental angular distribution by STEIN- 
BERGER et al. and SHUTT et al.(5) at this energy is shown for comparison. The main 
feature of the curve will not be altered if we consider %° instead of A® as the out- 
going hyperon. 

We have also examined the angular distribution for the K+-E- production 
under various assumptions. The desired backward distribution can be obtained if 
we assume that the predominant process is 1(b) rather than 1(a) where the r-S-A 
or r-I-%) coupling may or may not involve y,. 

In this note we have tacitly assumed 
the validity of perturbation theory. The 
fact that the perturbation calculations [ 
are not in contradiction with various 


Fig. 2. — The solid curve represents the theo- 
retical angular distribution computed from 1(¢) 5 
at p= 0.714 GeV/e (in cm) under the assum- 
ption that the K-A-N interaction is direct and 
does not involve Y. Experimental histograms 
based on 43 events observed by STEINBERGER 0 5 $5 4 us DE 
et al. and SHUTT et al. are shown for comparison. cos 8 (center of mass) 


Number of Events 


(*) T. D. LEE and C. N. YANG: Phys. Rev., 102, 290 (1956). 
(6) R. BUDDE et al.: loc. cit.; W. B. FoWLER, R. P. SHUTT, A. M. THORNDIKE and M. L. Wuit- 
TEMORE: Phys. Rev., 98, 121 (1954). 
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experimental phenomena may indicate that the excited isobaric states which play 
such an important role in the pion-nucleon interaction are relatively unimpor- 
tant inthose strange-particle interactions (°). 


* KOK 


The author wishes to acknowledge his indebtedness to Professor S. Hayakawa 
Dr. T. KınosnitA, and Dr. A. SırLın for helpful discussions. 


(°) As first pointed out by K. BRUECKNER and A. PAIS, the largeness of the K-N cross section 
in comparison with the K-N cross section can also be explained from perturbation theory, if one 
simply considers energy denominators consistent with the conservation of strangeness. See foot- 
note (%) of FOURNET and WIDGOFF: Phys. Rev., 102, 929 (1956). 


a 


IL NUOVO CIMENTO VoL. V, N. 5 19 Maggio 1957 


D Wave Effects in Positive Pion-Proton Scattering. 
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Istituti di Fisica dell’ Universita di Padova e di Trieste (*) 
Istituto Nazionale di Fisica Nucleare - Sezione di Padova 
(*) Istituto Nazionale di Fisica Nucleare - Gruppo di Trieste 


(ricevuto il 22 Febbraio 1957) 


The data of A. I. Mukuin et al. (1) have been used to investigate the interactions 
of positive. pions with protons at 270 and 307 MeV. The results of this analysis 
are somewhat different from those of the Russian Authors, because among the four 
causal solutions, existing when D waves are considered, there are two, and not 
only one, which involve the Fermi set of P phase shifts. Furthermore, the linearity 
of x, versus the relative momentum 7 has not been found consistent with the best 
fit of the 307 MeV data. 

These results have been obtained using the analytical approach outlined in a 
previous paper (?). The difference AB = by; — BP; between the two D phase shifts 
is assumed as independent variable. From Eqs. (1-33) and (1-29) we determine the 
following parameters 


(la) u'(AB) = 2[3 — A, — (4,/3) — (A,/9) — cos 248], 
(1b) v'(AB) = ¥,.[13 + 12 cos 2AB — (U — uw’, 


where the 4,’s are the least squares coefficients of the angular distribution expanded 
according to Eq. (1-25), and U, V are given by Eqs. (1-28a, b) respectively (°). The 
kinematical meaning of w’ and v’ (coordinates of the auxiliary track in the (U, V)- 
plane) is clearly exhibited by the fact that when By; = Pas = 0, Eqs. (la, b) identify 
with Eqs. (I-9a, b) (v= U —5 =u,; v'= V=v;). The difference Aw = a5, — 33, 
following from the definition of w'’ and v’ in terms of phase shifts (I - Sect. 4), is 


(!) A. I. MUKHIN, E. B. OZEROV, B. M. PONTECORVO, E. L. GRIGORIEV and N. A. Mıtin: Pro- 
ceedings of CERN Symposium (Geneva, 1956), vol. II, p. 204. 

(2) E. CLEMENTEL and C. VırLı: Suppl. Nuovo Cimento, 3, 474 (1956). This paper will be 
quoted as I. 

() Since we are dealing with the scattering of positive pions only, we drop the suffix + in 
the notation adopted in Eq. (I-28a, b; 29; 33). In the term on the right of Eq. (1-28b) a factor 2 
is missing. 
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given by 

(2) cos 2Ax = 4[(w'— cos 2%,)? + (v’— sin 25)? — 5]. 

Then, from Eqs. (2) and (I-34) the S wave phase shift is determined as a function 
of |AB| only, i.e. 


w2 + 92  4(3 — 2A, + 2A,/15) 


08 (2x, — © = REIN 
(3a) COS (2x; 0) [3 + Zu De + dv Ve} 


(3b) tg D, = (2v’— V)/(3 + 2u’— U). 


When both D waves are zero, Eqs. (3a, b) reduce to Eqs. (I-12a, b), valid in the 
S and P wave approximation (*). 

Since the even angular distribution coefficients [Eqs. (1-26a, c, e)] can be expressed 
as functions of wu’, v’ and «, only, it follows that they are reproduced by all values 
of |Aß|, compatible with the conditions that v’ be real and |cos (2x, — ®))|<1, and 
by whatever combination of the Fermi and Yang set of P phase shifts with each 
one of the two possible sets of D phase shifts, satisfying the ambiguity relation (1-32b). 
This is not any more true for the odd coefficients A, and A, [Eqs. (1-26b, d)], because 
the quantity 


(4) Re (bËb,) = 4 sin Ac sin AB cos [(%3, + o33) —- (Bas + Ba5)] > 


does indeed depend on the combination of the two P and D sets of phase shifts. 
Therefore, the fit of Re (b*b,), derived from any one of the two odd coefficients, 
is essential in order to find out the possible solutions of Eqs. (1-26) at a given 
scattering energy. 

We shall indicate with a], of,’ (Ax<0) and with aff, off (Ax > 0) the Fermi 
respectively the Yang set of P phase shifts. Similarily, we shall indicate with pS’, 
Bs5’ (AB < 0) one of the two sets of D phase shifts and with Bi, ß5 (AB > 0) the 
set associated to the former according to Eq. (1-32b). The symbol [«#|ß=] = 
=[a,, a, off) |B, PS] will be used to denote briefly the. complete set of five 
phase shifts. 

The phase shifts «},,; for the (I, j 
the following equations (7) (1 = 1, 2) 


1 2 a 
= 1+3) states (039,5 = 3.95, #32; = Paso) Satisfy 


(5a) (LT) cos 225 1 1608 205.5,-, = 0}, 

(5b) (Verl) sed sin Bok en 

where 

(6a) CAB) = (I—1)U + (L— 2) cos 2a, + (—1)'4u', 
(6b) SAP) = (Dr + U 2) sin 2a, Pl, 


(*) Eq. (I-12«) contains two misprints: the alternative on the sign of the right hand side should 
be dropped and the sign in front of 4(1 + w,) should be negative. 
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From Eqs. (5a, b) one has 


+ S74 241 8 
(Ta, b) cos (DER —D,) = ne = gies a 3 tg D, = —. 

2( + 1)(07 + 81)? Ci 
From Eqs. (7a,b) we derive 2(05574,)* = ® + esse, and consequently 
(05,0741) = (5141) +|Ax |. For 1 = 1, one should add zx to 2433 in order to 


preserve the monotonic increase of x33; above the resonance energy. The stability 
of all the sets of phase shifts thus determined can be investigated using an obvious 
extension of the method suggested in a previous paper (5). 

The values of the causal phase shift solutions at 270 and 307 MeV, corresponding 
to the central values of the least squares coefficients, listed in Table I, are given 
in Table II. 


TABLE I. — Angular distribution coefficients in the expansion 
4 
k?o(9) = > A, cos” & at 270 and 307 MeV (1). 
n=0 
Energy 270 MeV 307 MeV 
Waves S-P S-P-D S-P S-P-D 
An 0.594 | 0.554 | 0.553 0.460 
A; 0.954 | 0.835 | 1.199 1.075 
A; 2.135 | 2.441 2.167 3.292 
4: = 0.293 Le 0.245 
A, = — 0.234 = — 1.372 
ay ON 5.2 | 3.54 BE 10.58 1.48 


The negative value of A, fixes a lower limit Af, for the difference AB; solutions 
of Eqs. (1-26) exist only for |Aß| >|Aß,|. At 270 and 307 MeV it is found 
|Aß,|= 9.3° and 11.9° respectively. Because of the sign ambiguity appearing in 
Eq. (1b) two cases must be considered: (a) |v’|<|V | and (b) |v’|>|V |. The solutions 
[ae |B], [a | BO] and [a |] belong to the case (a) at 270 MeV and to the case (b) 
at 307 MeV; the reverse is true for the solution [x |]. The solutions [+* |] 
and [«®|ß'P] at 270 MeV correspond to the same value |Aß|= 9.4°, whereas at 
307 MeV the solutions [a |] and [«t|B#] are both found for |Aß|= 25.1°. 
The solution [|] (AB = 10.9°) at 270 MeV has been found also by A. I. Muk- 
HIN et al. (1), using an electronic computer. At 270 MeV «, satisfies surprisingly 
well Orear’s linear relation (%) «, = — 0.11%, but at 307 MeV the Russian data do 
not give any evidence that the S wave phaseshift is still a linear funetion of the 


relative momentum. The value of the quantity M= > [A(d)/e(8)P, where &(9) is 
Ÿ 


the experimental error and A(#) is the deviation of the calculated from the observed 
cross-section, evaluated at 307 MeV using the solution [x|B#] (AB = 24.8°) co- 


(6) I. GABRIELLI, G. TERNETTI, E. CLEMENTEL and €. VILLI: Suppl. Nuovo Cimento, 3, 498 (1956). 
(5) J. OREAR: Phys. Rev., 100, 288 (1956). 
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incides with the least squares value M, (Table I), whereas using the Russian solution 
it is found M = 3.84. 


Taste Il. — Causal solutions (in degrees) for positive pion-proton scattering 
at 270 and 307 MeV. 


270 MeV 
Wawes ISA S-P-D 
Solutions [at] [ot] Lu |B] | [a |B] [ae |B] [e | BO] 
ee — 19.5 — 19.5 = 13.2 — 18.7 — 18.7 — 22.5 
Ca = (yet 291.9 — 4.0 292.6 292.6 - 9.1 
ss 128.8 154.9 128.9 155.9 155.9 1317 
Pas — — 4.3 5.0 - 6.5 - 52 
Bor = — — 6.6 | — 4.5 2.9 4.2 
307 MeV 
Waves S-P S-P-D 
Solutions [x] [oi] [a |p] fa? | BY] [ae | BO] [al | BOF 
CA 93.6 — 23.6 — 9,8 - 31.8 — 21.2 = 31.8 
ay - 85 297.3 = Cl 317.0 303.7 — 15.9 
ci 132.3 156.2 134.4 LEA 159.0 144.0 
[Sees — — 12.5 18.1 — 14.0 — 12.3 
Boe — — — 12.3 — 7.0 9.8 11238 
If the solutions [«|6™] and [«'P |], which involve the Yang set of P phase 


shifts, are rejected (7$), there still remains the problem of the correct choice bet- 
ween the solutions [«|f®] and [|], fitting the data equally well. As it is 
seen from Table II, these two solutions are substantially different. The set [x |] 
implies a repulsive D; state and the linearity of «, according to Orear’s relation at 
least up to 270 MeV. The phase shift |x,,| appears to be a slowly decreasing function 
of the energy and therefore, in order to preserve the continuity, this solution sug- 
gests that |«,| should have a maximum at lower energies if one accepts the con- 
ventional values of this phase shift in the energy region where the interactions in 
the D state are practically absent. On the contrary, the set [a |] is characterized 
by an attractive D: state and by the two phase shifts «, and «,, increasing with the 
energy, but the behavior of the former is not linear versus the relative momentum (?). 


(7) A. SALAM: Proceedings of CERN Symposium (Geneva, 1956); vol. II, p. 176; W. GILBERT 
and G. R. SCREATON: Phys. Rev., 104, 1758 (1956). 

(5) W. C. Davipon and M. L. GOLDBERGER: Phys. Rev., 104, 1119 (1956). 

(°) This behavior of à, and az, is in agreement with the analysis performed by G. Puprpı and 
A. STANGHELLINI: Nuovo Cimento, 8, 491 (1956) and by A. STANGHELLINI: Nuovo Cimento, 4, 
168 (1956). } 
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Although in principle this new kind of ambiguity, brought about by the D waves, 
could be eliminated on the basis of dispersion theory (?), a clear-cut argument would 
be provided by the measurement of the polarization P(9) of the recoiling proton. 
The quantity o(#)P(d) is defined as 


(8) o(9)P(9) = Tr [f*(8)of(9)] = k-? sin 8 Ÿ B,P, (cos 9) , 


n 


where the elastic pion-proton scattering amplitude, written as a matrix in spin 
space, reads 


(9) kf) = [a(d) + 0 nbW)]x, » 


ko Pc) 270 MeV il 307 MeV 


0 30 60 30 120 150 0 30 60 90 120 150 180 


Fig. 1. — Polarization of the recoiling proton in positive pion-proton scattering at 270 and 307 MeV. 
The curves (a), (b) have been calculated using in Eq. (8) the solutions [a‘—|#™] respectively (a | pO). 
The dotted curves correspond to the solutions [a]. 


being x, the spin function of the proton and nr the unit vector normal to the 
plane of scattering. Using the notation of Sect. 4 of ref. (?), the functions a(d) and 
b(ÿ) are given by 


(9b) a(9) = > (a,/2i)P,(cos 9) , b() = à > (b/2i)Pi(cos ) . 
u 


ı 


Including all the waves up to l,,,, = 2, the expansion coefficients B, are expressed 
in terms of phase shifts by the following relations (nu, = 2lmax — 1) 


| Bo = 2L (43 | das) — (%3 | dy) — (car | Pas) + (%s1| Bas) + 2(%33 | Bas) — 2(0t33 | Bos) » 

B, = 6[(& | Bas) — (%3|Bs3) + (%1|%33) + 2(B3s | Bas)] » ¢ 
By = 2[ (3 | Bas) + 5(%51| Bas) — 6(%35 | Bss)] > 
Bye 18(B33 | B35) ? 


where (x|ß) = sin « sin f sin (x — f). 


> 
= 
= 
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The behavior of the quantity k?o(9)P(9) at the two energies of 270 and 307 MeV 
for those sets of Table II having Ax < 0 is shown in Fig. 1. It is clear that a pola- 
rization experiment at about 9 = 30° or & = 150° could simply from the sign of the 
polarization decide between the [«|ß®] and [x |] solutions. 

The scattering data (!) at 240 MeV are not accurate enough for this kind of 
analysis on D wave effects. 


xx 


We thank Dr. L. BERETTA and Miss A. CAPonıo for computational assistence. 
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On the Theory of Leptons. 
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(ricevuto il 23 Febbraio 1957) 


In the last few years the theory of hyperons and heavy mesons made a great 
progress and it became clear that the imvariance of the theory against rotations 
in isotopie space plays an important röle. In this paper we would like to discuss 
a new invariance prineiple upon which many properties of leptons can be explained. 

According to the well-known classification of interactions, all interactions are 
divided into three classes: (a) charge independent interactions, (b) electromagnetic 
interactions, and (c) weak interactions. Since leptons have no interactions of the 
type (a), let us first study if there is any invariance property in the electromagnetic 
interaction of leptons. We start with stating the following theorem: 


Theorem I. The following two sets of field equations (1) and (2) lead to the 
same S matrix: 


[ FAC i ieA ,) eee ie 0 


(1) , 

| DA, = —ieyy,y, 

[Y (9, —ieA,) + m exp [2ixy;]!y = 0, 
(2) | 4 DA, = —ieyy,y. 

| (a: real constant). 


(Proof.) It is clear that the set (1) is transformed into (2) under the trans- 
formation 


(3) y >exp [ixy;]y , y > y exp [iey;] ; 


(*) On leave of absence from Osaka City University, Osaka, Japan. 
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which leaves the canonical commutation relations invariant. Let us distinguish the 
operators appearing in eq. (1) from those in (2) by a subscript 0, then one can write 


(4) Yo = exp[iayslp, Yo = y exp [iay,]. 


In deriving eq. (2) from eq. (1) through the transformation (4), we must notice the 
‘following relation: 


(5) exp [iaysly, exp Leys] = Yu» 
or more generally 


O, for O = y, VsVu> (V, A) 


(6) exp [iay;] O exp [iey;] = | Der 1600 = Wek cet Pare 


The Dirac four spinors of free particles corresponding to eqs. (1) and (2) are related 
to one another through 


[ u(p, 0) = exp [— iay;luo(p, 0) , 
(7) 


| up, 0) = u(p, 0) exp [—iays] - 
Thereby it must be noticed that both w and u, belong to the same eigenvalue of 
the spin operator, since the spin operator o,, is commutative with y;. 
The transformation of the propagation function is given by 


Sfr — y) = (2, Tly(x), p(y) 2> 


= exp [— iay,K2, T[po(x), Yoly)]2> exp [— iays] 


eee 


= exp [— iays] Safe — y) exp [— tay], 
where 7 is Wick’s chronological symbol and 2 the vacuum state. Now let us 
prove that the S matrix is Independent of the choice of «. 

The contributions of the spinor field to the S matrix consist of two kinds of 


Feynman diagrams, closed loops and open polygons. The contributions from the 
closed loops are generally of the form 


(9) Tr [y18 2(p1)7 pS p(Pe) ++ VS r(Pn)] - 
If we insert eq. (8) into the above expression, we get 

= Tr [(exp [— iays]y, exp [— iays]) Sr, (pi)(exp [— iays]y, exp [— days) Sr, (pe) -] - 
according to eq. (5), the above expression is again reduced to 


(10) = Tr (9,8, Pı)yaSr(P2) ++ Sr (Pn)] - 
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The result means that the contributions of the closed loops to the S matrix are 
invariant against the transformation (3). The contributions from the open polygons 
are generally given by 


ups; 04)Yr Spin S (Pa) Dur SP) (Pi; 6j) E 


Again inserting eqs. (7) and (8) into this expression, one arrives at 


= Uo(Pr> 05)Va Sr (P1)V y Sr (Pa) ++ Sr(Pn)yWlpi, 9) « 


Thus we have completed the proof of the statement that the S matrix is invariant 
against the transformation (3). Even if we take account of the renormalization 
procedures and of the existence of bound states, Theorem I still holds. 

As one can readily see in eq. (10), the Dirac matrix y, plays the essential rôle 
to absorb the transformation factor exp [—i«y;]. One can adopt an equation of 
the form (2) to nucleons only at the cost of abandoning the parity conservation 
in strong interactions, since the pseudoscalar coupling between nucleon and pion 
fields destroys this invariance property. Thus we can apply the transformation (3) 
only upon leptons whose strongest interactions are electromagnetic. The only pos- 
sibility to distinguish between eqs. (1) and (2) is therefore to examine the weak 
interactions. Instead of examining this possibility, however, one can require that 
the S matrix be strictly invariant against such a transformation so that in principle 
one cannot distinguish between eqs. (1) and (2), at least for leptons. 

Before entering into the discussion of weak interactions, let us make a short 
remark. Since quantum electrodynamics is clearly invariant against the trans- 
formation 


(11) y >exp [ip ly, y > y exp [— ip] (ß: real constant) 
we can generalize the transformation (3) as 
(12) y >exp [ixy, + iBly, yy exp [iay; — if], 


which leaves the S matrix in quantum electrodynamics again invariant. 

Although quantum electrodynamics is invariant against a wide class of trans- 
formations of the form (12), it is no more the case in weak interactions as we shall 
see later. This situation has a strong resemblance to the charge independence in 
the sense that the strongest interactions of the class (a) are invariant against all 
rotations in isotopic space but the electromagnetic interactions (b) are invariant 
only against the rotations around the third axis in isotopic space. 

Recently LEE and YANG (!) and also independently SALAM (?) have proposed 
the so-called screwon theory of the neutrino to guarantee the vanishing rest mass 
of the neutrino. This theory is invariant against the following transformation of 
the neutrino field: 


(13) yor Y5Y » y > + YYs- 


(!) T. D. Lez and C. N. YANG: Phys. Rev., to be published. 
(?) A. SALAM: Nuovo Cimento, 5, 299 (1957). 
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Without loss of generality, we shall choose the upper sign and assume this invariance 
from now on. 

Let us now investigate what kind of restrictions should be imposed upon the 
choice of the parameters « and ß in order that the weak interactions be invariant 
against the transformation of the form (12) (See Note (1)). 

To see this invariance requirement more closely, we shall discuss a simple 
example, the r-u decay. According to the screwon theory, the decay interaction 
is given by 


a = Op : 

(14) Hana = Bull — 75)" + Gras), 5 — + herm. conj. 
2 
Through the transformation (12), H,.,, is transformed as 


decay > Hiccuy = IsPu exp [tay; — BIO — y;)p, p+ 


| 

| > { ’ Op ; 
| Orit, su Un orton, 
| 


= exp [— ia + B)l9su(l — Y5)9 "9 


\ = dy P 
+ exp [t(% — B)gppyuva(l — ys5)y ae + herm. conj. 
2 


From this result one can conclude that if gy = 0 or gg = 0 the theory is invariant 
against the trasnformations of the form 


(16) Pau > Pa exp [ielys+1)] or > py, exp [éx(y; —1)], 


and the invariance of the theory requires 9:9, = 0. 

In the above discussion one can see that the invariance of the theory is attained 
only when H,,.,, is accompanied by the matrix (1—y;). Contrary to the case of 
quantum electrodynamics the Dirac matrix (1—y;) accompanied by the neutrino 
field plays the role of the absorber of the transformation factor exp [ixy,; —7/]. 
If we assume furthermore that the neutrino operators appear always only in the 
combination (1 —y;)y, or y,(1+y;) and that this is the only source of the parity 
non-conservation in lepton interactions, then it is not hard to prove the following 
theorem: 


Theorem II. Weak interactions involving only a y-meson-electron pair 
eannot be invariant against transformations of the form (12). 


Hence the invariance requirement forbidds the following unwanted processes: 
Kou-te, or tmtu+e, 
UNE or Beer or sen 


u+tN->N-+e, etc. 
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It must be noticed that the emission of an electron pair or a u-meson pair is not 
forbidden by this theorem. But the process 


(spin 0) = v+y 


is strictly forbidden in the serewon theory. 
If we apply the above argument to the B-decay, we get the following theorem: 


Theorem III. The £-decay interaction must be either of the STP com- 
bination or of the AV combination. 


To prove this theorem one has only to remember eq. (6). 
If we now choose according to experiment the STP combination, the theory is 
invariant against the transformation of the eleetron operators 


(17) ve exp Lia(y;s —ljJm, Ve pe exp [ialy, + D]. 
By similar arguments we can prove through the process (*) 


uretvt+y or CNE or ey JE SES, 


that the theory is invariant against the transformation of the u-meson operators 
(18) . Yu > exp Lia! (ys = 1)]y,, > Yu => Yu exp Lia! (y; ir 1)] > 


and that in all interactions the operators Yu, O Ps» y. O0 y, and their hermitian 
conjugates appear only in STP combinations. On the contrary, the transformation 
of the neutrino field which leaves the theory invariant is given by 


(19) Wy > exp [ix”(y; + 1)]y, , Py > Wy exp Lix'(y; — 1)]. 


Thus we have clarified the universality of STP combination in weak interactions. 
The present theory does not contradict the results of the analysis of the decay 
processes (*) 


Ks>u+tr+tv, 


Ksz3—-e+r+v, 


that the STP combination is likely in both interactions. 
Finally it must be remarked that according to the present theory the decay 
interactions for 


rou-+v, K.>utv 


(*) In any case we assume the conservation of the lepton number for a suitable particle-anti- 
particle assignment to electron, u-meson, and neutrino. 

(?) S. FURUICHI Y. Sugawara, A. WAKASA and M. Yonezawa: Nuovo Cimento, 5, 285 (1957). 
Their analysis is based on Crussard’s talk in the 6th Rochester Conference. 


1353 


1354 K. NISHIJIMA ‘ 


are not of the AV type as believed so far to account for the small rates of 
(x>e+y)/(zx>u+y) and of (K>e+v)/(K>u-+v). These small rates must be at- 
tributed to another source. 

Once the present theory were justified, we would be free to substitute an 
equation of the form (yd+m exp [2ia«y;])y=0 for the ordinary Dirac equations of 
leptons. 


Note added in proof. 


For the sake of clarity it must be mentioned that by invariance we mean 
in this paper the invariance of the interaction Hamiltonian wich is enough to gua- 
rantee that the S matrix is independent of the choice of the parameter « appear- 
ing in the modified Dirac equation ass seen in the discussion of quantum elec- 
trodynamies. 

If the neutrino-antineutrino mode is granted for the u-decay, the interaction 
is given uniquely by 


H gecay = fPuyn 1 + ys)pe yat —Y5)y, + herm. conj. 
xxx 


The author would like to express his sincere thanks to Prof. W. HEISENBERG 
for the hospitality extended to him in the Max-Planck-Institut für Physik. Thanks 
are also due Prof. W. HEISENBERG for suggesting this problem and for his interest 
and encouragement, and to Dr. R. HAAG for his helpful discussions. 
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Thallium Activated CsI for Scintillation Spectroscopy. 


W. BEuscH, H. KNoEpFEL, E. LOEPFE, D. MAEDER and P. Srorr 


Swiss Federal Institute of Technology - Zürich 


(ricevuto il 26 Febbraio 1957) 


In a recent paper (!) we have de- 
monstrated that thallium activated CsI 


crystals are very suitable for x and 
proton spectroscopy, because CsI is 
non-hygroscopic. By using the Po- 


g-line (5.3 MeV) we have obtained a line 
width of 3.5 per cent. The scintillation 
efficiency (°°) with z excitation is com- 
parable with that of NaI. The emission 
spectrum (>?) is very broad and the 
strongest part is situated in the red. 
The scintillation decay time is 0.55 us. 
The crystals are easy to grow to appre- 
ciable dimensions. As the effective 
Z-value is slightly higher than that of 
Nal, we can expect a ‘higher response 
probability. Especially for angular cor- 
relation experiments this fact may be 
very important. It appeared of interest 
to examine the suitability of a thal- 
lium activated CsI erystal for y-spec- 
troscopy. (Size of the crystal: 
= 2.0 0m, l= 2.5 em) (*). 


d= 


() H. KNOEPFEL, E. LOEPFE and P. STOLL: 
Helv. Phys. Acta, 29, 241 (1956). 

(*) H. KNOEPFEL, E. LOEPFE and P. STOLL: 
Zeits. f. Naturwiss. (to be published). 

(6) B. Hawn and J. Rosset: Helv. Phys. 
Acta, 26, 271 (1953). 

(*) Our grateful thanks are due to Dr. 
G. WEISSENBERG and to Dr. NITSCHMANN of 
Ernst Leitz GmbH (Wetzlar, Germany) for their 
kindness in giving us a CsI-crystal. 


1D 
Te] 
GS 
- 


In handling the erystals the following 
points must be observed: the crystal 
should be conserved in total darkness 
to avoid an excitation of a long lived 
fluorescence emission. By warming up 
the erystal to 150 °C this background 
will disappear. On the other hand, by 
very intense y-irradiation (> 100r) red 
centres are formed, as shown by a reddish 
colour. By thermal treatment these 
eolour centres disappear. 

In Table I the calculated linear ab- 
sorption coefficients # of the seintillator 
and the photo coefficients up are com- 
pared for CsI and Nal using the results 
of MAEDER et al. (4). The linear ab- 
sorption coefficients j and the photo 
coefficients sp of the CsI are at all 
energies at least 20 per cent higher than 
those of Nal. Especially in the energy 
range 1-2 MeV the ratio of the photo- 
fraction to Compton fraction is more 
favorable, i.e. the effective photo fraction 
is higher. In Table II experimental 
values for the photo fraction of a CsI 
crystal (size: d= 2.5 em, 1 = 2.5 em) 
are tabulated. The corresponding data 
for Nal are taken from the paper ({). 

The light efficiency of the thallium- 


(4) D. MAEDER, R. MÜLLER and V. WINTER- 
STEIGER: Helv. Phys. Acta, 27, 3 (1954). 
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| # linear ab- Response probability 
Y- sorption coef- EVA") ——— 

jenergy, ficient in cm! Us Ieee V2 5eme ml VOsem 
MeV oh a 3 dr aoe 

Nal | CsI Nal CsI Nal Cal INA EOS NAT RCE 

2 en | SET 2 
0.25 0.77 1.12 0.52 | 0.60 | 0.54 0.67 | 0.85 | 0.94 | 1 1 | 

0.5 0.33.17 0.43 0.17 0.21 0.28 0.35 | 0.56 | 0.66 | 0.96 | 0.98 
ı | 021 | 0.25 | 0.049 | 0.068 | 0.19 | 0.22 | 0.40 | 0.46 | 0.87 | 0.92 
2 | 0.147 | 0.180 | 0.016 | 0.025 | 0.136 | 0.165 | 0.31 | 0.36 | 0.77 | 0.83 
3 0.125 0.155 0.008 0.009 | 0.117 0.143 | 0.27 0.32 20371 0.78 


*) wp: linear photo-absorption coefficient in cm, 
F 


TABLE II. 


| 
| Effective photo fraction ; : : 
| | i See en et Photons in the photo fraction 
| Enerev for cylindrical crystal Saar ide her 
MR re ars" = DRE number of incident photons 
| Source keV d= 2.5 cm, | = 2.5 cm | 
CsI Nal CsI 

| | 
| 203Ho 279 82% | 75% 73% 60% 

13708 661 39% | 30% 22%, 14% 


activated CsI crystal is comparable with crystals vary in the light efficiency de- 
that of Nal. We measured efficiencies pending on the manufacturer and the 
that lay between those of two different size. (Uther factors are: degree of 
specimens of Nal crystals. The Nal activation, purity of crystal and qua- 


Fig. 1. — Pulse spectrum produced by the 661 keV 1*Cs-line in a thallium activated CsI crystal 
(d = 2.5 cm, 1 = 2.5’cm). 
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lity of the surrounding light rpflector). 
Our crystal is not optimal, because the 
percentage of thallium activation is too 
high (1 per cent). Fig. 1 shows the pulse 
spectrum of the 661 keV '7Cs-line. The 
pulses originating in the Du Mont 6292 
phototube were amplified and fed to a 
photographic gray wedge pulse spec- 
trograph. The experimental half width 
of the photopeak is 
the thalliuni activated CsI-crystal with 


14 per cent for 


1 86 — Il Nuovo Cimento. 
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a size of 2.5cm diameter, 2.5 cm 
length and a y-energy of 661 keV. 
Thus CsI erystals are shown to be 
very suitable also for y-spectroscopy, 
especially if high efficiency is needed. 


FRE 


We would like to express our hearty 
thanks to Prof. P. SCHERRER for the 
support of this work. 
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Angular Correlation of Radiations with Parallel Angular Momenta. 


U. Fano (*) 


Istituto di Fisica dell’ Universiti - Roma 
Tstituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 7 Marzo 1957) 


The discovery (!) of parity non-conservation in the disintegration of °°Co has 
attracted attention to the chain of emission processes which starts from Co with 
spin j,=5 and yields: * Ni with j,=0, an electron with j,=3, a neutrino with j,=#, 
and two y-rays with j,=2, so that j.=j;+je+jy+2),. Such a chain of emission 
processes, with « parallel angular momenta», is by no means unusual because ra- 
diation emission with least angular momentum is generally favored by selection 
rules. In this special but interesting case, the theory of angular correlation and 
distribution of radiation simplifies considerably, as noticed by Cox and TOLHOEK (?). 

The simplification may be expressed as a theorem which is almost obvious when 
stated in terms of the vector model. Consider the angular correlation between two 
radiations emitted with angular momenta j, and j, anywhere along a chain of 
emission processes. The quantum number J corresponding to the resultant J=j, +-j, 
has a single possible value, namely J=j,+j., if j, amd J, are « parallel». Under this 
condition, the angular correlation depends on the quantum numbers j,, j,, and J, 
and on no other angular momentum. One may then calculate the correlations as 
though there were only an unoriented particle with spin J which disintegrates into 
two radiations and leaves no residue. The correlation between the orientation of 
the initial nuclear spin j, and any successive radiation with angular momentum J, 
depends similarly on j,, j, and on J= |j, + jı |; as though the radiation were emitted 
directly by the nucleus in its initial state, leaving it with a residual spin J=j, — j.. 
The actual order of emissions is immaterial, provided only that the parallelism of 
angular momenta fixes the value of the quantum number J unambiguously. 

These statements are proved, when the theory is formulated in terms of Racah 


(*) On leave from the U.S. National Bureau of Standards under a Rockefeller Public Service 
Award. 

(0) C. S. Wu, E. AMBLER, R. W. Haywarp, D. D. Hoppers and R. P. Hupson: Phys. 
Rev., in press. 

(2) J. A. M. Cox and H. A. TOLHOEK: Physica, 19, 671 (1953), Eq. (15). 
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coefficients (?), by a recoupling tran- ARNDT 
sformation of these coefficients. The 
angular correlation of two radiations j Jai 
is usually expanded as a sum of Le- ; on 
gendre polynomials a Ni 
2 
nn 
(1) W(0) = > a,P, (cos 0). % 
k AUS 
(a) ; (b) (c) 


When two radiations are emitted with 
angular momenta j, and j, in transi- Fig. 1. 

tions between with spins j,, j, and j,, 

as shown in the figure, each coefficient a, levels of (1) contains the factor (+) 


(2) (— UrthstterBe tte (2j, + DM i: : si w (* S AE 

Jo Jo Ja Jo Jo Je 
Each W in this formula corresponds to one of the triangles in the vector diagram 
(in a cascade of n radiations the vector diagram contains » triangles and (2) contains 
n factors W). We wish to express (2) as a function of the quantum number J, cor- 
responding to the total angular momentum J=j,+j, of the two radiations. Accord- 
ing to the Biedenharn identity (5), (2) is equal to 


Be: } P — 191 Je JN |)? — [hi tr & 
(3 dirt 4825, 1)(2F' + 1 L i fat. | W ( ae bc 
; ~ 4 je Ja Jo, je ja J 


Notice that only the last factor of (3) depends on k, whereas the other factors are 
common to all terms of the expansion (1). The replacement of (2) with (3) becomes 
decidedly convenient for parallel angular momenta, because there is then a single 
value of J consistent with the triangular conditions J=j,+j, and J=j,—j,. In 
this case the summation in (3) reduces to a single term and the factor (2j,+1)(2J +1)- 
‘LW (vio /Jejady) 2? reduces to one, because of the normalization of W (%). Thereby (3) 
becomes ; 


— (Hk 
(4) ee year (N 2 |: 
jo do J 


which is independent of j,, j, and j,, as we wanted to show. When several radia- 
tions are emitted, the proof may require repeated application of the Biedenharn 
identity and elimination of factors that reduce to one. 


(?) See, e.g., G. RACAH: Phys. Rev., 84, 910 (1951); also: L. ©. BIEDENHARN and M. E. Rose: 
Rev. Mod. Phys., 25, 729 (1953); K. SIEGBAHN, ed.: Beta and Gamma Spectroscopy (Amsterdam, 1955), 
Chap. 19, or U. FANO and G. RACAH: Irredueible Tensorial Sets (New York, 1957), Sect. 19. 


lade 
(*) The Racah coefficients are normalized here with JF (; a = (— 1)**°+°+4 Tyra be d:; e f): 
see FANO and RACAH: I. c., note (%), Sect. 11. 
(5) L. ©. BIEDENHARN: Journ. Math. Phys. (M.I.T.), 31, 287 (1953). 


() The general normalization condition is 2 (2jv + 1)(2J + 1)IW ied [iclaiv))? = 1; in our case 
J 


the summation reduces to a single term which is itself equal to one. In the general case where 
J takes more than one value, the expression (3) may be called <(— 1) Peat i +k W (sil lfsie)). 


a 
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As an applieation we outline the calculation of a £-y correlation. In this 
process, each coefficient a, of the correlation formula (1) will contain a factor of 
the type (4) with quantum numbers j,—j, and j,—j,. If the 8 emission is allowed, 
j, is $, W vanishes in (4) for % > 1, and the correlation function reduces to the 
form 


a 
(5) 1 + — cos 0 = 1 + aa, COS O . 
Ay 


The single coefficient is factored here into three components, which depend respect- 
ively on the 8 emission, on (4), and on the y emission. 
We have 


/ en 


6 a een: at Era ] 
iy ae 3h, + 1) 


The coefficients +, would vanish if the state of the emitted electron, with j.=3, 
had either of the spectroscopic classifications s; or py. Non-conservation of parity 
yields a superposition of s, and p, and thereby a value of a ~ 0, which coincides 
with the parameter f,, of Lee and Yang (’). The coefficient «, is proportional to 
the efficiency &, of the y-ray detector as an analyzer of circular polarization, defined 


in terms of its responses /, and J, to left-and right-cireular polarization. One finds 


eee We FT 


| or 
“ 0, + 1) 


= 
R 
| 


In conclusion Eq. (6), with 


Een 


(8) pO gO, = 


gives the @ —y correlation for any y-ray linked with an allowed ß process in a 
chain with parallel angular momenta, i.e. with J=j,+ 3. 


(7) T. D. LEE and C. N. YANG: Phys. Rev., 104, 254 (1957), Eq..(A.6). 
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On the Nucleons Magnetic Moments Contribution 
to the Radiative Pion-Nucleon Scattering. 


B. Bosco (*) 
CERN - Geneva 


(ricevuto P11 Marzo 1957) 


With the aim to get more and morei nformation on the pion-nucleon interaction 
many efforts have heen devoted until now, both experimentally and theoretically, 
to investigate phenomena involving pion-nucleon scattering with and without the 
presence of an electromagnetic field. 

It is well known that the most successful theory in explaining such a type of 
phenomena is the so-called cut-off form of the Yukawa theory, lirst proposed 
by CHEW (1). 

Recently the results of this theory have been very much iiiproved by using 
the Cuew, Low (2) and Wick (?) technics. 

It seems then interesting to apply this theory to the radiative pion-nucleon 
scattering. 

Of course the experimentally observed y-rays-speetrum is composed of both 
nuclear and bremsstrahlung spectra. N 

We wish in this letter only to outline the treatment of the nuclear current while 
the complete results including the bremsstrahlung spectrum will appear in the 
near future. 

Following the Chew-Low idea of the photoproduction theory (?) we can write 
down the matrix element 


FAG, 4); 


due to the current j for the radiative scattering from a meson g' in a meson q 


(*) On leave from Istituto di Fisica dell’Universitä, Torino (Italy). 

@) G. CHEW: Phys. Rev., 89, 591 (1953) and 95, 1669 (1954). 

(?) G. Cnew and F. Low: Phys. Rev., 101, 1570 (1956) and Phys. Rev., 101, 1579 (1956); this 
paper will be denoted in the following as C.L. 

(?) G. C. Wick: Rev. Mod. Phys., 27, 339 (1955). 

(4) See foot-note (?). 
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with emission of a photon k in the form: 


(1) Ka. q') = Ca | na Aun?) 


Here the indexes q, k, q' stand for all the variable of the particles to which 
they refer; A, = (1/V2k)eexp[—ik-r] is the electromagnetic vector potential 
associated with the emission of photon k and yy ?(y{?) is the exact eigenvector 
of the Schrodinger equation for the meson-nucleon system which asyntotically con- 
tains no incoming (no outgoing) particles. 

If then we assume j’ as nucleonic density current operator and make the Chew- 
Low decomposition j’=j, + Js we can write immediately 


1 Gp —9x € OP\ El a 
$ 9x Fik Eye VP), 
CONTI MP REET Ee he eke 


nn 
iw) 


Hig, q') = 


Where all the symbols ail the same as in C-L Work. 

The analogous term for j, can be neglected for the same reason for which it 
is omitted in CL, i.e. for the smallness of the ratio (gp + gx)/(Gp — gx): 

Unfortunately here, also working only with eq. (2), there does not exist a simple 
connection between the matrix element 


(-) p0, (+) 
(Ya >» Vow)» 
and the scattering matrix. 


However, this expression can be cast into a form consisting in a sum of terms 
of the type 


1 1 
4 an 
(ro HER ST Ie n) 


and then evalued first introducing the one-meson approximation and then retaining 
only the terms which can be expressed by means of the scattering matrix. 

This calculation is not difficult but rather cumbersome and we will give details 
in the more complete paper; the results for the reaction 


Zu Pre: aD eue, 
read: 


(3) (y, Vey?) = Born term + <a|[hy(q, !P)e pq: q' + hilq. q',plo-qp'q'+ 
+ hq. (pa q’pq + had, P)PAG*Xq ]|%> 


where h; are quite complicate functions of the phase-shifts and 


|x" (Io), 
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are the spin function of the proton in the initial (final) state and the Born term is: 


3 vlg)e(p)olg‘ 
(4) Born term = 4i(4x)? (1 2a) a : ee 
V 20, V 20, V 2a 


u 
| 


Since all the h; are such that they vanish if all the phase-shifts are put equal 
to zero the approximation expressed by (3) means that we have decomposed the 
process in Born approximation plus scattering corrections. 

We give here the cross-section in Born approximation: by substitution of (4) 
in (2) and using the usual formula for the cross-section one finds: 


À 


BER 
a). 


1 1 
| e:qpq- —,°:9P. I 


@yk 


5) el u r ye v2(q')v®([(og — k)® — ?*) 
: lin = 0 IN) = . 
ty dQ, qd 1272 \ u CES M? (@q — ko 


22, og — k)? — p2F{2(wy — k)? + [302 — 20,(w, — k)] cos O}k dk , 


where © is the angle between gq’ and p= k/\e. cos © can be expressed in terms 
of the angle 0 between k and q and the angle « between € and the (q.k) plane 
by the relation: 

cos © = sin Ü sing. 


If we are not interested in the polarization of the emitted radiation we have 
to preform the sum over the polarizations; then we get: 


(Fy (9e — 9x)? & v2(q' )u?([(cog — k)® — pw?) 
F- JP IN | 


u MM? (or ko 


(6 do k) 
a sapere Pra 


(oo — k)? — pg {os — k)? + (Bay — 2q(@y — k)] sin? 0}k dk . 


T T (RE MERE | 
: 1.0 (LT yo? cm? 
In Fig. 1 we give the graphical repre ‘ ds dk sr - 139.7 MeV 7 


sentation of (6) for incident 220 MeV 
energy of rt in the laboratory systeur 
and for 0 = 45° and 90°. 

Since this cr oss-section is very 
small if the scattering corrections will 
not turn out to change very much the 
order of magnitude of the Born ap- 
proximation, we can conclude that the 
contribution of the nucleons magnetic 
moment to the radiative scattering is 
very small and that significant contri- 
butions to the complete spectrum only 
can derive from interference terms. 


His el: 


: I am greatly indebted to Prof. B. Ferrerri for very useful discussions and 
kind interest in this work. I also wish to thank the Istituto di Fisica dell’Uni- 
versita di Torino for my leave. 
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The Parity Non-Conservation and the Strength of the Interaction 
of Elementary Particles. 


S. TANAKA 


Department of Physics, Rikkyo University - Tokyo 


(ricevuto il 12 Marzo 1957) 


Recently, LEE and YANG (!) proposed an important question of the parity con- 
servation in the weak interaction. Being motivated by their proposal, Wu and 
her collaborators have made experiments of decay processes and showed defi- 
nitely the right- and left-asymmetry by which Lee and Yang’s anticipation, the 
violation of the parity conservation and that of the invariance with respect to 
the particle conjugation, has been confirmed. 

Now, this negative result against the conventional view-point seems to have 
a possibility to give a clue to discover a future theory. In order to turn this passive 
consequence into a positive direction, we should try to discover the law of the 
violation of invariances. We believe the violation of the parity conservation is 
closely related to the fundamental aspect of the structure of elementary particles. 

As a result of the discovery of many new particles, we became aware of the 
distinction of interactions of the elementary particles, for instance, about the 
strength of the coupling. However, there seems to exist a slightly profound aspect 
concerning the property of the strong and the weak coupling themselves. For 
example, in the hypothesis of the composite theory of new particles proposed by 
SAKATA (?), interactions of such type as 


(1) NNNN, AANA, NNAA, 


are conceived to be strong, and 


bo 


NNAN , NN u AN fal 
à 


af” ines ete. , 


to be weak (*). Here, it is noteworthy that, qualitatively speaking, in the strong 
interactions the same kinds of particles occur necessarily associated in pairs, but in 


(?) T. D. LEE and C. N. Yang: Phys. Rev., 104, 254 (1956). 
() S. SAKATA: Prog. Theor. Phys., 16, 686 (1956). 
(?) S. TANAKA: Prog. Theor. Phys., 16, 631 (1956,. 
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the weak interactions partieles take place in a somewhat irregular way. Hence, 
one may conceive that each elementary particle possesses some internal structure 
concerning the mass, which affects the strength of the coupling and the mixing of 
parity in the weak interaction. 

In the present letter, we shall try to get a theoretical inner relation which may 
exist among the kinds of particles, the strength of eouplings and the violation of 
the parity conservation, etc., introducing the internal degrees of freedom. 

According to the above considerations, we propose a six-dimensional basic equation 
for the elementary particles, 


2 


(3) u ar 0 
: 4 Ve y DU) 0 
ee Tey Pt 
where y; = yY3Y3Yı, Y = à and w,'s (a = 1, 2) represent the internal variables. Now, 
let us postulate the fundamental principle of our theory: 

The theory should be invariant under both the proper Lorentz transformation (Rs) and 
the proper rotation in the (u,, u,) space (Rm), while it need not be invariant with respect 
lo inversions such as the space reflection, the time reversal, or the particle conjugation. 

From (3), one sees 


02 02 22 
(4) ;) P(x, u) = 0. 


Out, Ou? ou; 


By comparing this equation with the Klein-Gordon equation, one finds that the 
internal freedom relates to the mass of elementary particles and (—(0?/0u?) — (0°/ou2) 4 
can be interpreted as a mass operator and that Dix, u,) may be considered to 
be a unified field similar to the non-local field. In order to make possible the unified 


field to involve both a real and a complex field, we assume the reality condition 


or 
wa 


Dix. Ua) == D°(x Ua) = OD(x,, =; Ua) e 


Lys 


Then, by using the usual Dirac spinor y(x,, x) with the mass x, the solution of (3) 
can be written as follows, 


(6) Dia, Ua) = Vus Ua) + VE» Ua) » 
where 
(7) pa, ; Ur) = > Yim(Lu » Wa) ; 
lm 
1 [ ' 1 : 5) en a 
(8) VA ? Ua) — on do exp = U a 2)0] exp ly5760/2] Plays kim) 
0 


il 
"exp [— im, Sin 0 + u, cos 0)] = (— 1) #1 exp [ill + Lip — vsveh/2]- 


a 


2 {J p44 (4m?) ie J i(%im) =. V5J 141 (im) wv V5J 1(HimT)} PL u» tim) , 


and (r, g) denotes a polar coordinate of (w,,w,). In the above equations, the mass 
spectrum x, may be obtained by a suitable boundary condition for D(x,,u,) im 
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the internal space. Henceforth, we regard y,„(2,, u.) as a new representation of 
an elementary particle. Further, we find that 


02 02 
(9) | 2 RE Sn +) PAC u? Ua) —) 4 


ou] ou? 2 


©) 
| (i a0 — tysyo/2 | Yim(& u? Ua) = (l a 2) Pim ly u a) 2 
(à 


(10) 2 
| © ü dp ae inant?) PACE U) is (I SE 3) Pim (Eu W,) > 


and that the rotation Rm can be represented by a unitary operator, as 
U P(x, u,)Ux* = exp [— ysv6%/2] D(x, Ua) - 
Such a unitary operator can be determined by 
(11) U,9@ > %m)Ug = exp [- il + Yalylz,, %im) - 
Now, for instance, let us take a Fermi-type interaction for y(x,,%,), which 
should be invariant under both Rs and Rm due to our fundamental postulate and 


constituted from irreducible quantities given by Table I. For example, we investigate 
the following interaction in detail, 


H=9g | de, du, > Pyaypyay - 


a=5,6 


TABLE I. 
Type Rs Rm 
I PYaŸ scalar vector 
| py w 
II Bi vector scalar 
UV 5Y uP 
Il | VV Va Ÿ | tensor vector 
IV | PVa CaŸ | scalar scalar 
py „© 
Ir’ a vector vector 
UY sY pOaY 
Vi WV tu ria Oa tensor scalar 
À 0) a) 
Ya TR LE les je ven 
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Substituting for y from (7) and (8), one obtains many interaction terms among 
elementary particles. The general term consisting of four particles with quantum 
numbers !,, m, (i = 1, 2, 3, 4) and masses x; = kim, Can be expressed by 


(12) EEE u ane Yıdoyayı + YıysWayay Pa) + Gil PrP srs Vs — Pry 5¥2P3Y)] » 


where y, denotes Yl@,,x%,) and 


foo) 


(13) | = fr dy [Ip COOPER CAO 1, CAO Hl ye 
91 


0 
i { SE) DAC OPEN CODEC OPA (417) ] : 


The other type of interactions H", H'Y, HW, HY, which correspond to the respective 
row in Table I, can be also treated in the same way. Now referring to the special 
case given by (12), we shall tentatively summarize the main results: 

i) A universally conserving quantity (J+ 4) is obtained, which takes the place of 
the usual ones derived from invariances of several inversions. ii) With the exceptions 
discussed in iii), the even coupling and the odd coupling coexist, in general, that 
is, the violation of the parity conservation occurs in a definite rate, which can be 
predicted theoretically. The coupling constants of both interactions are always real, 
that is, as a result the theory is invariant under the time reversal of Wigner type. 
ii) For the cases as NNNN, AAAA in (1) (which are characterized as a strong 
interaction), where four fields belong to the same kind, the odd couplings in A, 
and HU, HUT g,=g;, Jo=Js) completely vanish, but this is not the case in H'!Y 4 
and HY. iv) As seen in (13), the strength of the effective coupling is determined by the 
internal structure of the elementary partiele, which acts as a form factor. It is 
expected that, for the cases of coupling as (2), where several kinds of particles take 
part in some irregular way, the strength of coupling becomes weak due to the 
unfavoured overlapping of the internal wave functions. 

By considering the above qualitative results, the present approach may be.able 
to explain the distinction of the strength of the actual interactions of elementary 
particles and to give the law of the violation of the parity conservation or the particle 
conjugation. Then, of course, the well-known puzzle of 6- and +-events may be 
solved qualitatively at the same time. The detailed discussion will be presented 
in a forthcoming paper. 


xxx 


The author wishes to thank Dr. K. Aizu and Dr. $. Macurpa for their helpful 
discussions. 
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On the Solutions of the Fluctuation Problem in Cascade Showers. 


J. W. GARDNER 


English Electric Oo. Ltd., Whetstone - Leicester, England 


(ricevuto il 14 Marzo 1957) 


In a recent paper with the above 
title (4) Professor MESSEL describes a 
practical method of obtaining numerical 
results in special cases for the longi- 
tudinal number distribution function in 
theory. The essence of the 
method is to use the following ex- 
pansion of the distribution function ® in 
terms of its factorial moments 7, (the 
notation of (1) is retained throughout). 


1 : 
o(e> — — 2) 
n + J 


JS (— IDNe 


1 
— Tir (: >—— , :) 3 
n + J 


For very restricted, albeit experi- 
mentally interesting, values of n and 2, 
this series converges rapidly enough to 
be terminated after the first few terms 
without practical error. In such cases, 
then, if one, knows the first few moments, 
the caleulation of ® is trivial. MESSEL 
was able to use numerical values of the 
moments 7,, T,, T, obtained from his 
work in collaboration with 
H. GELLMAN and the present author (?) 


shower 


earlier 


@) H. Messer: Nuovo Cimento, 4, 1339 
(1956). 
@) J. W. GARDNER, H. GELLMAN, and 


H. Messen: Nuovo Cimento, 2, 58 (1955). 


for computing the distribution functions 
tabulated in (1). 

Since Messer describes the work 
reported in (2) as «long and tedious » it 
is perhaps worth pointing out that this 
length and tedium (which are undeniable 
and probably ineluctable) stem primarily 
from the computation of the moments 
T,, Ts, T3, and only secondarily from 
the construction of ® by the polynomial 
method (+) using a Polya weight function. 
The problem of obtaining accurate nu- 
merical values of T,, T,, T, and, if pos- 
sible, 7, over an adequate range in € 
and 2, and for more realistic cascades 
than the simple model used in (?), is 
not circumvented by the method of (1) 
and remains in truth a fascinating chal- 
lenge to modern automatic computing. 
Given these numerical values the pro- 
cedure of (1) does indeed offer a quick 
practical method for calculating ® for 
a few restricted values of the parameters. 
The work reported in (?) aimed at fitting 
a distribution to a much wider range of 
parametric values, particularly in n, 
and was not claimed to be necessarily 
the best method if one were interested 
only in n<2. 


(2) H. S. GREEN and H. MESSEL: 
of Applied Maths., 11, 403 (1954). 


Quarterly 
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Law of Moleeular Interaction for Krypton (*). 


M. P. MADAN 


Research Laboratory of Electronics, Massachusetts Institute of Technology 
Cambridge, Massachusetts 


(ricevuto il 16 Marzo 1957) 


A study of laws of molecular inter- 
action using coefficient of thermal dif- 
fusion in conjunction with an expo- 
nential: asix potential energy function (+) 
is much more useful and preferable than 
any other method (»2). Using thermal 
diffusion, we report here the evaluation 
of force parameters for krypton. 

Different methods are used to reduce 
the values of the thermal separation ratio 
Rk, to a particular temperature (? 5). The 
relation ÆR7— A—B/T as assumed by 
Brown (') is never truly valid over any 
extended region, nevertheless it can be 


(*) This work has been supported in part by 
the U.S. Army (Signal Corps), the U.S. Air Force 
(Office of Scientific Research, Air Research and 
Development Command), and the U.S. Navy 
(Office of Naval Research). 


(+) Etr) =— \explatt = rir e : 
) EG ei Jos» MI a Saal 


for explanation of symbols, see reference (*) or (2). 
(1) E. A. Mason and W. E. Rick: Journ. 
Chem. Phys., 22, 843 (1954). 
(?) M. P. MADAN: Journ. Chem. Phys. 23, 
763 (1955). 
(?) B. N. Srivastava and M. P. 
Journ. Chem. Phys., 21, 807 (1953). 
(*) H. Brown: Phys. Rev., 58, 661 (1940). 
() E. M. HOLLERAN: Journ. Chem. Phys. 
21, 1901 (1953). 


MADAN: 
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used to reduce the data with different sets 
of constants for different regions of tem- 
peratures. Following a method by Srr- 
VASTAVA and MADAN (?), the thermal dif- 
fusion data (5) were examined to give Rz 
at different temperatures with the help 
of equations of the type 


(1) R=A+B(/T,— 1/T,)(n T,/T,)1, 


where R7 is the experimentally deter- 
mined value of R,. The values of R, 


thus obtained are plotted against T (K) 
and a smooth curve is drawn. This 
smoothing of the data to a certain extent, 
removes the uncertainty in the precision 
of the experimental measurements. The 
experimental curve R, versus T used in 
conjunction with the theoretical curve Rp 
versus kT/e for the exp: six-potential 
following a method reported in a previous 
paper (2) yielded the value of the para- 
meter e. The value of « is taken to be 
x—12 as suggested by viscosity data 


(8) J. W. CORBETT and W. W. WATSON: 
Journ. Chem. Phis., 25, 385 (1956). 

(7) W. G. KANNULUIK and E. H. Carman: 
Pree. Phys. Soc. (London), B 65, 701 (1952). 

(§) F. G. Keyes: Trans. Amer. Soc. Mech. 
Engrs., 77, 1395 (1955). 
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following a procedure described by MA- 
son and Rick (+). The values of e cal- 
eulated above from thermal diffusion 
can now be used to compute r,, from 
thermal conductivity data (7°). The re- 
sults show a slight dependence of e and 
r, on temperature, similar to one found 
for the case of argon (?*), however, we 
may select a mean value for the limited 
range 130 to 400 °K. The values of 
parameters thus found are e= 224.0 °K 
and r,,—3.972 A. These can be compared 
with the values e=158.3°K and r,= 
—4.056 A with «=12.3 found by Mason 
and RICE (!) using viscosity, crystal and 
virial properties and the values e= 
—135.50K and r,—4.341 À with «= 
—13.1 found by Srivastava (°), using 
thermal conductivity. 

To test the suitability of the para- 
meters e and r,, obtained above, only 
the self-diffusion and viscosity coeffici- 
ents (1%11) were used to compare the 
gy theoretical results with experiment 
thereby restricting the problem to non- 
equilibrium states. 


(°) B. N. SRIVASTAVA: 
ation. 

(1) W. GROTH and P. 
Electrochem., 47, 167 (1941). 


Private communic- 


HARTECK: Zeits. 


M. P. MADAN 


The calculated value of the self- 
diffusion coefficient is 0.0936 at a tempera- 
ture of 293 0K against the experimental 
value of 0.093+0.0045, (D,, in em?s-1). 

The comparison for calculated and 
observed viscosities is shown in Table I. 


TABLE I. — Comparison of observed and 
caleulated viscosity data for krypton. 
n°105 g-em-1s-1 


Temp. °K | Calculated | Observed 
wi as 
288.4 2.422 | 2.436 
289.2 2.428 2.441 
372.6 3.092 3.062 
283.8 2.379 2.405 
289.5 2.427 2.459 
373.2 3.106 3.063 


The agreement is seen to be good. 
If the experimental errors in the measu- 
rement of thermal diffusion are kept in 
mind, this agreement is very satisfactory. 
Details are being published’ elsewhere. 


(@) A. O. RANKINE: Proc. Roy. Soc. (Lon- 
don), A 88, 516 (1910); A 84, 181 (1910); A. G. 
Nasını and €. Rossi: Gazz. Chim. Ital., 58, 
433 (1928). i 
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Istituto di Fisica dell’ Universita - Catania 


Centro Siciliano di Fisica Nucleare - Catania 


S. FUBINI 


Fermi Istitute for Nuclear Studies - University of Chicago (*) 


(ricevuto il 22 Marzo 1957) 


In a recent paper FUKUTOME and 
NOGAMI (!) have discussed the results of 
an investigation of ours in which, after 
having deduced three sum-rules for the 
exact scattering amplitudes of the fixed 
source meson theory we made use of 
them with the purpose of testing the 
existing approximations to the unknown 
exact solution, and of investigating 
the properties of the latter (2). 

It was certainly very kind of these 
authors to summarize in their paper the 
results of our investigation. We dis- 
covered, however, that, due probably to 
our poor english, it happened that our 
conelusion: «It is shown that agree- 
ment between theory and experiment at 
low energy requires the high energy 


(*) On leave from Istituto di Fisica del- 
l’Università di Torino. 

() H. FUKUTOME and Y. NoGami: Nuovo 
Cimento, 5, 347 (1957), referred to in the fol- 
lowing as FN. 

(?) M. Crnt and S. FURINI: Nuovo Cimento. 
3, 1380 (1956), referred to as I; Phys. Rev., 102, 
1687 (1956), referred to as II; Proceedings of 
CERN Symposium 1956, 2, 171, referred to 
as III. 


31. 


(above the cut-off) contribution to the 
sum rules to be dominant » (3) has been 
reported as follows: «The possibility 
that the contribution (to the sum-rules) 
from the energy region above the cut-off 
is large is ruled out » (1). 

Since most people will be inclined to 
agree with us that the interpreters have 
slightly altered the meaning of our 
words, we hope that a brief summary 
of our statements will not be considered 
completely useless. 


1. — Test of the existing approximations. 


In I we find that if a square cut-off 
is adopted, the one-meson approximation 
is not a good approximation to the exact 
solution in the high energy region be- 
cause the sum-rules are violated by a 
large amount. No definite statement is 
made if the cut-off goes to zero sufficiently 
slowly as p—co. In II also this possi- 
bility is ruled out and we conclude that, 


(3) I, abstract. 
(*) EN, p. 348. 
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since « agreement between theory and ex- 
periment in the low energy region can 
only be obtained if high energy contri- 
butions are dominant », then many meson 
states must contribute appreciably at 
higher energies. In this case a square 
cut-off is admissible. In III we again 
summarize this with the 
words: « This failure (to satisfy the sum- 
rules) can be shown to be due to the 
neglect of states with two or more me- 
sons which give strong contributions to 
the scattering amplitudes in the energy 
region above the eut-off». We may add 
that the sum-rules have been used also 
to show (5) that the intermediate coup- 
ling approximation fails to describe the 
experimental low energy scattering, and 
gives inadmissible values for the quan- 
tities 0, and @,. 


conclusion 


2. — Discussion of the exact solution. 


Since the exact solution is not known 
infer from the sum-rules 
strict mathematical consequences, but 
two alternatives are left open. In I the 
situation was presented as follows: « We 
conclude that if the common viewpoint 
is adopted according to which the cut-off 
factor of the fixed source theory should 
make all high energy contributions neg- 
ligible, the exact solutions of this theory 
cannot agree with experiment even at 
low energies.» This clearly means that 
if the exact solution does agree with ex- 
periment in the low energy region, then 
the cut-off does not eliminate all the 
high energy contributions, i.e. large con- 
tributions arise from the region above the 
cut-off. This was explicitly stated in the 
abstract with the words quoted above (3). 
In II we further stressed this point by 
finding, as stated before, that many me- 
son states must contribute appreciably 
at high energies, and in III the situation 
was summarized as follows: « These re- 


one cannot 


(°) R. STROFFOLINI: “Phys. Rev., 104, 1146 
(1956). 


M. CINI and 8s. FUBINI 


sults lead us to formulate the following 
two alternatives concerning the be- 
haviour of the exact scattering ampli- 
tudes: (a) The exact solution agrees 
with experiment in the low energy re- 
gion, thus coinciding practically with the 
one-meson approximation, but must ra- 
dically differ from it in the region above 
the cut-off, showing complicated unphys- 
ical resonances due to manu meson 
states; (b) The exact solution is com- 
pletely different in the low energy region 
from the one-meson approximation.» It 
may be added that it is plausible that 
alternative (b) does not hold, but it 
cannot be proved. For further discus- 
sion on this point see a forthcoming 
paper by W. THIRRING and one of us 
(S.F.). 

A few further remarks about some 
other comments by F.N. are in order. 
About the possibility of determining an 
upper limit to the cut-off k,,,, we have 
stated in II that in the integral 


œ 


a) Pe en: 
. v 


(p}p (o,+ow,) 
7 
the contribution from the range above 
the cut-off is negligible. 

This statement is not based on any 
assumption on the behaviour (or to use 
the words of F.N. on an «improper 
treatment») of o(p)/v(p) but derives 
simply from the fact (clearly pointed 
out in II) that we have proved that in the 
integrals 


(2) ie o*(p) + o-(p) 
v2 (m)p ©, += @;) 


the contribution above the cut-off must 
be neghgible if agreement with exper- 
iment at low energies is required (°)(7). 


(°) M. Cini, S. FUBINI and A. STANGHEL- 
LINI: Nuovo Cimento, 3, 1380 (1956). 

(7) In the quoted forthcoming paper by 
THIRRING and one of us (S.F.) it is further shown 
that also a lower limit for max can be obtained. 
The two limits are very closetone another. 


SOME REMARKS ABOUT A PAPER BY FUKUTOME AND NOGAMI 


Of course if one manipulates (as done 
by F.N.) the integral (1) in order to 
reduce the powers of p in the denomi- 
nator which insure the convergence, then 
one does obtain expressions about which 
no definite statements can be made be- 
cause the contribution above the cut-off 
becomes important. It seems therefore 
somewhat «improper» to deduce any- 
thing from expressions as F.N. (4.3) which 
strongly depend on the unknown be- 
haviour of o(p)/v2(p) in the region above 
the cut-off. In this connection we may 
add that we have never assumed (as 
stated by the authors in question) that 
the total cross-section o(p) is proportional 
to v (p), and in fact we have stated in 
footnote (1!) of I exactly what they as- 
sert, namely that the inelastic part of 
Im g(p) is proportional to v?(p). 

That these authors probably payed 
little attention to our footnotes is further 
shown by the fact that two of the con- 
ditions rediscovered by them (æœ< —+ 
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and 1+2x—38 > 0 eqs. FN(2.4) and 
(2.5)) are contained in the « Note added 
in proof » of I and in eq. (10) and foot- 
note (5) of II. No mention to THIRRING, 
to whom—as stated in our papers— 
these relations are due, is found in F.N. 
It may be added that also the other two 
relations of FN(2.4) had been found by 
THIRRING and communicated to the 1956 
Rochester Conference (%). A sketch of 
their proof is even quoted in footnote (?) 
of another paper by one of us (®). 

As a conclusion we should like to 
emphasize that we are glad to see that 
the result of FN, even if the authors seem 
to be convinced of the contrary, confirms 
what we have repeatedly stated about 
the behaviour of the exact solution of 
the fixed source meson theory. 


(8) Proc. 6-th Rochester Conference 
3, 18 (New York). 

() S. FUBINI: Nuovo Cimento, 3, 1425 (1956), 
footnote (°), 


(1956), 
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Influenza dell’adsordimento e della migrazione superficiale 
sulla separazione isotopica nella diffusione di un gas 


attraverso una parete porosa (*). 


P. CALDIROLA e G. Rossı (+) 


Istituto di Scienze Fisiche dell’ Universita - Milano 


Istituto Nazionale di Fisica Nucleare - Sezione di Milano 


(ricevuto il 29 Marzo 1957) 


Nello studio della separazione di iso- 
topi col procedimento della diffusione 
gassosa attraverso una parete porosa, 
possono avere importanza, in determi- 
nate condizioni, i fenomeni di adsorbi- 
mento e di migrazione superficiale del gas. 
fatta una valutazione dell’in- 
fluenza di questi processi allo scopo 
soprattutto di stabilire la loro dipendenza 
dei vari parametri e in particolare dalla 
temperatura. 

Nella parete porosa, che supporremo 
costituita da granuli compressi (sinteriz- 
zati) a contatto col gas possono aver 
luogo, come illustrato in Fig. 1, i se- 
guenti processi: 


Si è 


a) adsorbimento di atomi del gas 
sulla superficie dei granuli; 


b) evaporazione di atomi adsorbiti 
dalla superficie dei granuli; 
adsorbiti 


c) migrazione di atomi 


(*) Lavoro eseguito nel quadro di una col- 
laborazione con i Laboratori CISE. 

(+) Attualmente all’Ufficio Studi dell’Agip 
Nucleare, Milano. 


lungo la superficie dei capillari risultanti 
dalla sinterizzazione dei granuli e entro 
i quali si manifesta il flusso di Knudsen. 


Fig. 1. - Schematizzazione del processo di migra- 
zione superficiale sui grani di una parete porosa. 


In condizioni stazionarie sarà valida 
la conservazione dei flussi per entrambi 
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gli isotopi considerati: 


(1) D = DEE DI Ge = I, 2). 


migr * 


L’arriechimento isotopico nella fase 
che attraversa la parete porosa in se- 
guito ai processi di adsorbimento e di 
migrazione superficiale sarà dato da: 

D? IDE 


9 à migr migr 

( ) migr — nai QU 

V1/V3 

essendo »,/v, il rapporto fra le densità 
dei due isotopi nel gas prima dell’attra- 
versamento. 


1.2 


Esplieitando la (1) si ha allora: 


Way 
SG) =O, w [at (E> ere 
} ; 
hyy—|E| 
= 80.n, > i a(E)-GY,dE + fn, be, 
s 0 
ô 


ove i simboli dei primi due flussi hanno 
lo stesso significato che in (I), mentre 
quelli che compaiono nel flusso di migra- 


& 


LS, 


die 1 air = 
0 10 20 30 40 50 


L — — = 
60 70 80 $0 100 


Fig. 2 - Dipendenza dalla temperatura dell’arrichimento isotopico della fase adsorbita che migra 
superficialmente (curva Sig) e dell'arricchimento isotopico totale (curva Otot) - 


Supponendo che l’adsorbimento abbia 
luogo in uno strato unimolecolare, un 
calcolo da noi sviluppato (1) partendo 
dalla teoria di Lennard Jones e colla- 
boratori, permette di valutare i flussi 
di adsorbimento e di evaporazione. 


(7) P. CALDIROLA e G. Rossi: Nuovo Ci- 
mento, 5, 1316 (1957) lindicato con (T)]. 


zione denotano rispettivamente: f un 
parametro connesso con la possibilitä di 
libero movimento di un atomo adsorbito 
nella direzione di attraversamento della 
parete, n, il numero di posti a disposi- 
zione per l’adsorbimento, per unità di 
lunghezza sul perimetro Z dell’imbocea- 
tura (« fronte » di migrazione) di un sin- 
golo capillare lungo le pareti del quale 
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ha luogo la migrazione e infine 7, è il 
valore medio dell’intervallo di tempo 
che separa l’adsorbimento di due atomi 
in un posto determinato del « fronte » 
di migrazione. 

Il caleolo di fe di 7; è piuttosto com- 
plicato; si pud perd rendersi conto abba- 
stanza facilmente che per i casi di inte- 
resse pratico è in generale Dir D. 
per cui il rapporto 0,/0, è praticamente 
eguale a quello calcolato in (I) nel caso 
del puro processo di adsorbimento. In 
queste condizioni si ha pure: Önier I Oaas - 

Abbiamo eseguito un’applicazione nu- 
merica al caso di un gas formato da un 
miscuglio dei due isotopi *He ed ‘He che 
attraversi una parete di polvere com- 
pressa di LiF, assumendo gli stessi valori 
dei vari parametri usati in (I). 

I risultati sono riportati in Fig. 2. 
La curva 0%, da la dipendenza dalla 
temperatura dell’arricchimento isotopico 
per il flusso di migrazione. E interessante 
osservare che dai nostri risultati deriva 
che quando il flusso di migrazione super- 
ficiale si sovrappone al consueto flusso 
di Knudsen, l’arriechimento isotopico 
risultante 6,,, viene ad essere diminuito 
rispetto a quello 6, che si ha per il solo 
flusso di Knudsen. Precisamente la dimi- 
nuzione è tanto più forte quanto più la 
temperatura & bassa e cid anche perche, 
diminuendo 7, diminuisce pure il rap- 
porto (?) D,/Doisr- 

Coneludendo vogliamo osservare che 
i risultati dei nostri calcoli si accordano, 


() Questo rapporto & stato valutato in 
base a considerazioni teoriche. In pratica & piü 
conveniente ricavare sperimentalmente la sua 
dipendenza dalla temperatura. 


almeno qualitativamente, con i risultati 
sperimentali ottenuti a Oak Ridge da 
TRAWICK e BERMAN (?), sperimentando 
sulla separazione isotopica dell’ossigeno, 
azoto e argon per mezzo della diffusione 
attraverso polveri compresse di silice. 
Detti autori, come & noto, non hanno con- 
fermato i risultati precedenti di Haut (*), 
che probabilmente non sono interpre- 
tabili come effetto dell’adsorbimento e 
della migrazione superficiale ma, come 
è stato gia osservato, come fenomeni 
transitori. 

Naturalmente una diminuzione del- 
Varricchimento isotopico rispetto a 6, = 
—=ı/m;/m, Si pud avere, oltre che per 
effetto dell’adsorbimento, anche per altre 
ragioni. Fra queste possono avere parti- 
colare importanza il fatto che il diametro 
dei pori della parete non & trascurabile 
rispetto al libero cammino medio delle 
molecole nel gas (°) e il fatto che quando 
il gas scorre tangenzialmente alla parete 
(come si ha di regola negli impianti) si 
produce la formazione di uno strato 
limite nel quale non si ha Vimmediato 
rimescolamento (°). 


@) W. G. TRAWICK and A. 8. 
Report A.E.C. K-1236 (1956). 


BERMAN: 


(4) R. A. W. Haun: Naturwiss., 41, 255 
(1954). 
(5) W. G. POLLARD and R. D. PRESENT: 


Phys. Rev., 73, 762 (1948); W. G. POLLARD and 
A. J. DE BÉTHUME: Phys. Rev., 75, 1050 (1949); 
v. anche: P. CALDIROLA e L. SELMI: Rapporto 
CISE n. 41 (1954). 

(5) P. CALDIROLA: Rapporto CISE n. 34 
(1953). L’esistenza di questo effetto & stata pro- 
vata da G. PERONA con esperienze eseguite 
presso i laboratori del CISE [cfr. G. PERONA: 
International Symposium on Isotope Separation 
(Amsterdam, 1957)]. 
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Progress in Nuclear Energy, serie II. 
Reactors, vol. I - Editors: R. A. 
CHARPIE; D. J. LITTLER; D. J. 
HUGHES; M. TROCHERIS. Per- 
gamon Press, London e New York, 
1956, pag. 492, prezzo 100s. 


Questo volume fa parte di una colle- 
zione recentemente iniziata sui diversi 
aspetti e problemi della produzione e 
dell’uso dell’energia nucleare; esso con- 
tiene articoli monografici ciaseuno dei 
quali descrive uno o più reattori nucleari 
destinati a scopo di ricerca o a produ- 
zione di energia; la raccolta & notevole 
per la sua completezza e per i dettagli 
sostruttivi che vi sono esposti. 

Sono qui riunite per la prima volta 
informazioni da tutti i principali paesi 
che hanno impostato e risolto problemi 
di costruzione di reattori nucleari, e gli 
articoli sono scritti dagli stessi specialisti 
che lavorano negli impianti o che colla- 
borano ai progetti: la possibilità di una 
simile rassegna internazionale deriva evi- 
dentemente dallo scambio di vedute che 
si è avuta l’anno scorso alla conferenza 
di Ginevra. 

I primi cinque capitoli sono dedicati 
ai reattori costruiti a scopo di ricerca: 
nel Canada, negli Stati Uniti, in Russia, 
in Inghilterra ed in Europa. 

Segue la descrizione di cinque tipi 
diversi di reattori per la produzione di 
energia, Sia gia costruiti che in progetto: 
"impianto di Shippingport ad acqua 
sotto pressione, un prototipo di reattore 
ad acqua bollente realizzato all’Argonne 
Nat. Lab., possibilità di impianto e pro- 


spettive economiche di reattori omogenei 
col «combustibile » in soluzione acquosa, 
reattori a grafite col raffreddamento a 
gas del tipo gia in esereizio nel Regno 
Unito; e finalmente pile col raffredda- 
mento a sodio liquido. 

L’ultimo capitolo & una rassegna sui 
reattori rapidi di potenza ad opera di 
W. H. Zinn. 

Il volume si chiude con un catalogo 
di reattori nucleari aggiornato al 15 Apri- 
le 1956, comprendente i reattori esistenti, 
quelli oggi demoliti e quelli in progetto. 

In questa linea sono inclusi numerosi 
riferimenti bibliografici. 

L’interesse del volume & evidente, non 
solo come rassegna generale, ma anche 
per le geniali soluzioni di tanti piccoli 
e grandi problemi, che possono essere di 
prezioso aiuto ad ogni futuro progettista, 
e per la riechezza di dati numerici, e co- 
struttivi, che fino ad oggi non era facile 
trovare riuniti. 

F. A. Levi 


Z. KoPpAL — Astronomical Optics and 
Related Subjects. North-Holland 
Publishing Company, Amsterdam 
1956; 428 pagg., 17 tavole fuori 
testo; prezzo non indicato. 


La storia delle Scienza ci offre nume- 
rosi esempi di una stretta collaborazione 
fra discipline affini ma il caso dell’ Ottica 
e dell’ Astronomia & veramente partico- 
lare. Ambedue queste discipline si pud 
dire che nascono e si sviluppano in stretta 
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unione ed i progressi dell’una si riper- 
cuotono in nuove conquiste per l’altra; 
gli astronomi sono anche ottici e se 
qualche sperimentatore incomincia a la- 
vorare come ottico ben presto diviene 
astronomo. Le vicende di Galileo, Ke- 
plero, Newton ed altri per arrivare fino 
al nostro G. B. Amici sono troppo note 
per insistervi. 

Nei tempi pit recenti la necessaria 
specializzazione fa si che le due discipline 
tendono a divergere anzichè marciare 
unite come prima per cui, salvo casi piut- 
tosto rari come il Lyot in Francia, il 
Colacevich in Italia ed il Baker negli 
S.U., gli ottici vengono a costituire una 
schiera di ricercatori ben differenziata 
dagli astronomi. Ma i punti di contatto, 
i problemi comuni non mancano e ad 
acuire il reciproco interesse e a provve- 
dere al necessario scambio di informa- 
zioni pensano i congressi specializzati o 
Simposii come il recente Simposio di 
Ottica Astronomica tenutosi per inizia- 
tiva di Zdenek Kopal nel 1955 a Man- 
chester. 

Il volume in esame rappresenta la 
raccolta delle note presentate a tale 
Simposio; esso consta di 428 pagine ed 
è suddiviso in sette sezioni nelle quali 
gli argomenti trattati sono strettamente 
affini. La divisione adottata per i 46 con- 
tributi originali rende superfluo un indice 


per materie che infatti l’Editore ha 
omesso. 
Voler riferire dettagliatamente su 


tutte le note & praticamente impossibile, 
ci limiteremo a dire che ii volume dä 
un panorama fedele dello stato attuale 
dell’ottica in relazione all’Astronomia, 
ed a riferire per sommi capi gli argo- 
menti prineipali qui nel seguito. 

Particolarmente interessanti per la 
novità degli argomenti sono le prime due 
sezioni che sono dedicate alla teoria delle 
informazioni in ottica ed allo studio delle 
immagini ottiche. Vi si espongono i pro- 
blemi connessi con il miglioramento della 
risoluzione e gli sforzi che si fanno per 
superare il limite teorico fino ad ora 
accettato. 


LIBRI RICEVUTI 


E RECENSIONI 


Pit classica la sezione seguente dove 
si tratta di interferometria e dei problemi 
di coerenza; si passa poi alle applicazioni 
dell’elettronica all’ottica astronomica ed 
in particolare si parla dei successi otte- 
nuti applicando le tecniche televisive 
all’osservazione del cielo, della luna e 
dei fenomeni solari. Rieco di promesse 
il dispositivo per immagazzinare gli im- 
pulsi luminosi che nelle speranze degli 
ideatori dovrebbe decuplicare la potenza 
degli attuali telescopi. 

Nella quinta sezione il massimo con- 
tributo al problema del potere risolutivo 
in relazione alle proprietà delle immagini 
ottiche viene dato dalla scuola di Arcetri; 
gli altri contributi riguardano invece la 
scintillazione atmosferica, l’analisi degli 
effetti, la sua natura e le possibilità future 
di compensare con dispositivi terrestri 
le irregolarita prodotte dalla nostra 
atmosfera. 

Il trasporto della luce lungo fibre di 
materiale trasparente viene abbordato e 
discusso insieme ai precedenti problemi, 
anzi si prevede gia un’importante appli- 
cazione tendente ad utilizzare tutta la 
luce dell’immasgine stellare nella spettro- 
scopia astronomica. 

Pitt teeniche le ultime due sezioni 
nelle quali sono trattati i problemi ri- 
guardanti le superfici asferiche, i sistemi 
erandangolari ed i filtri di luce per la 
fotografia. Particolarmente interessanti 
fra questi ultimi i filtri interferenziali a 
strati multipli che oggi hanno raggiunto 
un’altissima perfezione. Ne fanno fede 
le belle fotografie di oggetti celesti otte- 
nute dagli ottici inglesi sfruttando le 
prestazioni del telescopio di Asiago e di 
quello minore di Lojano (Bologna). An- 
cora agli inizii ma ben promettente il 
filtro ad alto ordine di interferenza capace 
di dare una banda passante di meno di 
due angström. 

Il volume, che inizia con una ben 
dosata messa a punto dei problemi di 
ottica astronomica da parte del Kopal, 
è dedicato al più giovane partecipante 
P. Y. Millns che a distanza di pochi mesi 
dalla fine del Simposio doveva perdere 


2 


LIBRI RICEVUTI E RECENSIONI 


la vita al Jungfraujoch mentre prose- 
guiva le esperienze di fotografia astro- 
nomica sulle quali aveva riferito durante 
il simposio stesso. 

Veste tipografica eccellente, caratteri 
nitidi, accurato indice per autori ed 
elegante rilegatura. 

x. RIGHINI 


Quantum Theory of Fields, fascicolo 
della « Series of Selected Papers 
in Physics», pubblicata a cura 
della Societa Giapponese di Fisic: 
(Physical Society of Japan, 1956). 


In questo fascicolo sono riprodotti 
aleuni dei più importanti articoli apparsi 
recentemente che riguardano la teoria 
dei campi. I recenti sviluppi in questa 
branca della Fisica teorica, spostando 
l’interesse della ricerca dalla elaborazione 
di metodi di approssimazione per la valu- 
tazione della matrice di scattering allo 
studio delle sue proprietà analitiche ge- 
nerali fondato essenzialmente 
della rappresentazione di Heisenberg, si 
sono svolti secondo due filoni principali. 
Il primo ha condotto alle note regole di 
dispersione di Goldberger stabilite dap- 
prima in via approssimata per il campo 
elettromagnetico, quindi in modo più 
generale per lo scattering pione-nucleone, 
e attualmente estese ad altri fenomeni 
come fotoproduzione. 

Questi risultati hanno condotto sul 
piano applicativo pratico ad una prima 
sistemazione, sia pure non ancora defi- 
nitiva, dei fenomeni mesonici sui quali 
fino a un paio di anni fa regnava ancora 
un buio quasi completo. Non altrettanto 
definitivi i risultati della seconda dire- 
zione di ricerca, mirante a stabilire dal 
punto di vista matematico l’esistenza 
stessa di soluzioni alle equazioni fonda- 
mentali della teoria dei campi, anche se 
le ricerche di Källén, Lehmann, Nambu 
e di Landau e collaboratori rappresen- 
tano un notevole passo avanti in questa 
direzione. 


sull’uso 
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In questo fascicolo il primo gruppo 
di lavori non &, purtroppo, molto esau- 
rientemente rappresentato, anche perche 
l’argomento & ancora tema di ricerca 
attivissima e ogni giorno, si puö dire, 
appare qualcosa di nuovo. Soltanto i 
primi lavori di GELL-MANN, GOLDBERGER 
e THIRRING (Phys. Rev., 95) e di GoLD- 
BERGER (Phys. Rev., 97 e 99) oltre a 
quello di KARPLUS e RUDERMAN (Phys. 
Rev., 98) sono riportati. Pid numerosi 
sono invece i lavori sul secondo argo- 
mento, che comprendono il lavoro di 
KALLHN sugli Atti danesi, tre lavori di 
LEHMANN e collaboratori, due di NAMBU, 
uno di GELL-MANN e GOLDBERGER, il 
lavoro di LEE che ha dato origine alla 
nota ai «ghosts», quattro di 
LANDAU e collaboratori (in russo), uno 
di MATTHEWS e SALAM. 

La raccolta &, anche se incompleta, 
molto utile per i ricercatori che si oceu- 
pano di questi argomenti. Svantaggio 
non commercio. 


:accla 


notevole è che sia in 


M. Cr 


A. DUSCHEK — Vorlesungen über hö- 
here Mathematik, I Bd, II Auflage; 
Wien, Springer - Verlag, 1956; 
pagg. x11-+ 440; fige. 169; DM. 48. 


Questa seconda edizione del 1° Volume 
del noto trattato di Analisi Matematica 
del Duscuek, si presenta notevolmente 
arricchita, soprattutto per un maggior 
approfondimento dei singoli argomenti. 
Caratteristica generale dell’opera, che 
consterà di quattro volumi, € di offrire 
ie ai teenici un vasto panorama 
dei rami dell’Analisi Matematica che più 
interessano le applicazioni e che normal- 
mente — per mancanza di tempo — 


non possono essere svolte nei corsi uni- 
versitari, sia di Ingegneria che di Fisica. 
Oltre al Calcolo differenziale e integrale, 
i volumi successivi tratteranno il Calcolo 
delle probabilitä, il Calcolo tensoriale e 
il Caleolo delle variazioni; inoltre la 
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teoria delle equazioni differenziali, ordi- 
narie e a derivate parziali avrà un assai 
ampio sviluppo insieme con le equazioni 
integrali e le trasformazioni funzionali 
(in particolare la trasformazione di La- 
place). 

Questo primo volume & come l’intro- 
duzione all’opera e ne rivela gia le carat- 
teristiche essenziali: grande semplicita di 
esposizione, senza rinunciare con cid al 
rigore; messa in luce opportuna dei 
risultati fondamentali di ogni teoria, 
illustrandoli spesso con esempi assai 
significativi. Il capitolo di Calcolo delle 
probabilitä, che nella prima edizione era 
inserito nel primo volume, & stato sosti- 
tuito con un capitolo sulle serie, che 
rende cosi più omogeneo il carattere 
propedeutico del primo volume. Il calcolo 
delle probabilita e le sue applicazioni 
passeranno à far parte, nella seconda edi- 
zione, del secondo volume, di eui & an- 
nunciata prossima l’apparizione. 

Il primo volume & diviso in 7 capitoli. 
Il I cap. contiene gli elementi della teoria 
degli insiemi e il concetto di limite per 
le successioni di numeri reali. Nel II cap. 
viene esposto il concetto di funzione e 
quello di limite per le funzioni, con par- 
ticolare riguardo alle proprietà delle fun- 
zioni continue. Il III cap. tratta dell’in- 
tegrale e della derivata. Seguendo un 
ordine poco consueto, ma forse ritenuto 
più adatto a chi la matematica intende 
solo applicarla, viene prima esposto il 
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concetto di integrale definito e le sue 
prineipali proprietà; vien poi dato quello 
di derivata di una funzione, ricollegando 
poi questo al primo mediante la nozione 
di un integrale indefinito. 

Dopo una parentesi (IV cap.) dedi- 
cata allo studio delle trascendenti ele- 
mentari (logaritmo, esponenziale, fun- 
zioni circolari e iperboliche e loro in- 
verse), nel V cap. vengono insieme com- 
pletati il calcolo differenziale e l’integrale 
per le funzioni di una variabile, con 
particolare riguardo alle applicazioni, sia 
alla geometria che alla meccanica. Il 
VI cap. & dedicato allo studio delle fun- 
zioni ed equazioni algebriche, con parti- 
colare rilievo ai metodi di calcolo nume- 
rico delle soluzioni. L’ultimo capitolo 
tratta delle serie: serie numeriche, serie 
di potenze e serie di Fourier. L’esposi- 
zione & assai rapida, pur contenendo i 
risultati di effettivo interesse generale 
per le applicazioni. 

Un’appendice dà la risoluzione dei 
problemi proposti in tutto il volume. 

Per la chiarezza e la semplicità del- 
l’esposizione ritengo che quest’opera ri- 
sponda pienamente allo scopo cui & 
destinata: offrire ai fisici e ai tecnici un 
quadro vasto e sufficientemente appro- 
fondito dei metodi e dei risultati che 
l’Analisi Matematica ha approntato per 
la Fisica e le Scienze applicate. 
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